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Abstract: The present work deals with the dynamics of Bianchi type-V
cosmological model in modified f(R,T) theory of gravity. The

solution of the field equations is obtained with the help of bilinear

oy —a,t

varying deceleration parameter (BVDP) q= 11 , where «,

a,
(dimensionless) and «, (dimension of inverse of time) are the positive
constants. The behaviour of the BVDP shows early time cosmic
deceleration and present cosmic acceleration which is in good harmony
with the recent observational data. The time-variation of various
cosmological parameters such as Hubble parameter, directional Hubble
parameters, shear scalar and anisotropic parameter has been examined.
For the stability of solution of the derived model, the behaviour of
energy conditions has also been explored graphically. We have also
observed the nature of statefinder pair (r,s).
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1. Introduction

Since the beginning of human scientific endeavors, scientists have been
eager to learn about the mysterious existence of the cosmos. Cosmologists
have always been trying to investigate the origin, evolution and ultimate
fate of the universe. Multiple cosmological observations made through
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Supernovae type 1a'®, WMAP collaboration*®, Planck data®’ and other
sources have confirmed accelerated expansion of the present universe. This
fact of accelerated expansion of the universe begs us to question whether
our fundamental theories are incomplete or if there is a need for new
insights.

Some authors are of the opinion that various categories of dark energy
such as Quintessence, k -essence, Phantom model, Chameleon fields,
Chaplygin gas, Polytropic model and cosmological constant A could be
responsible for the present scenario of the universe. Another group of
scientists are making attempts to explain the present cosmic acceleration
using modified theories of gravitation.

Einstein’s General Theory of Relativity (GTR) is known to be, the
fundamental theory to explain all the aspects of the universe. However, it
has certain limitations such as- lack of compatibility with Mach’s principle,
singularity problem and its inability to explain the late time cosmic
acceleration. Therefore, various modified theories have been proposed

from time to time. Few of them are f(R) gravity®®, f(R,T) gravity" and
scalar tensor theories of gravitation. All of the above mentioned theories
have their own importance.

In the present communication, we have constructed cosmological
model in f(R,T) gravity formulated by Harko et al.”®. In this gravity

theory, the gravitational Lagrangian is described by an arbitrary function of
Ricci scalar R and trace T of the energy-momentum tensorT,, . This

modification in the form of coupling between the matter and geometry
gives the possibility to explain dark energy and late time accelerated
expansion of the universe in a better way. Various authors including our
peer research group have investigated cosmological models in f(R,T)

gravity'. Mishra et al."* have constructed dark energy cosmological model
with variable deceleration parameter in f (R, T) theory where the solution

of the field equations is obtained with the help of suitable assumption of the
scale factor R(t). Tiwari et al.** have constructed cosmological model to
study the time dependence of G and A in modified f(R,T) theory of

gravity. Reddy et al.®®* have examined the dynamics of five dimensional
spherical and symmetric universe with cosmic strings in f (R, T) gravity

theory.
Hubble parameter and deceleration parameter (DP) are two basic
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parameters to discuss the cosmological evolution of the universe. Hubble
parameter measures the expansion rate of the universe. However, DP infers
about the nature of the expansion of the universe. The early time cosmic
deceleration and present cosmic acceleration *” infer that there must be
variation in the sign of DP. Such fact encourages many authors to study
cosmological models with variable DP*'**. Akarsu and Dereli*® have
investigated models of the universe with linear varying deceleration
parameter (LVDP) i.e.q=-kt+m-1;k,m>0. Mishra et al.® have proposed

a(l-t)
1

a new form of DP as q = , Where o >0 is a constant and called it as

bilinear varying deceleration parameter (BVDP). Thereafter, Singh et al.
have also studied cosmological model in Brans-Dicke theory of gravity
with BVDP and some other similar forms of DP. They have examined the
behaviour of bulk viscosity in the presence of the Chaplygin gas equation
of state (EoS). Sahoo et al.? have studied Bianchi type-1 cosmological
model with magnetized strange quark matter distribution in f(R,T)

gravity where the exact solution of field equations is also obtained with the
help of BVDP. Certainly, this reflect the importance of BVDP to study the
various aspects of the cosmological models. Further, Mishra et al.”* have
also studied Bianchi-111 cosmological model with BVDP in f (R, T) gravity

theory in which dynamics of the universe has been discussed in terms of

BVDP q:ﬁ, where «, and «, are positive constants. Mishra and
+a,

Heena * have studied bulk viscous string models of the universe in

alternate theory of gravity and field equtions have been solved with the

help of BVDP. Under this motivation, in this communication, study of

Bianchi type-V cosmological models with BVDP in f(R,T) gravity
theory has been done.

The outline of this communication is as follows: In section 2,
formulation of f (R, T) gravity theory has been presented. Section 3 deals

with the basic equations governing the cosmological model. Solution of the
field equations with the help of BVDP has been obtained in Section 4. The
behaviour of the various physical and geometrical parameters has also been
explored in section 4. Section 5 deals with the stability of the
corresponding solutions. Finally, in last section i.e. section 6, results have
been summarized. In the present study, we have used natural system of
units with c=G =1.
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2. Review of f(R,T) Gravity Theory

As discussed in introduction, f(R,T) gravity theory formulated by
Harko et al.” is obtained by modifying the geometric sector of the Einstein-
Hilbert action. The gravitational field equations of this theory are
formulated from the modified action in the following way

2.1) A= j[ fig;:) N Lmjﬁd“x,

where f(R,T) is an arbitrary function of the Ricci scalar R and the trace
T of the energy-momentum tensor T, , g is the determinant of metric
tensor g,, and £, is the Lagrangian density of matter source. As usual,
the energy-momentum tensor of matter is defined by

2 6(Jy-9£,)
2.2 T =-
( ) Hv H 59/1\/

and its trace is defined as T=g*T, . It is assumed that the Lagrangian
density of matter £ depends entirely on the metric tensor g,, and not on
its derivatives. In such case, we obtain

oL

(23) T;zv = _2 ag/Tv + g,uvﬁm :

Following are the field equations of f(R,T) gravity theory which are
obtained by varying the action A given in Eq.(2.1) with respect to the
metric tensor components g*”

1
(2'4) (g,qu _V/tvv) fR(R’T) _E f (RYT)g,uv + fR(R’T)RIuv

=8T,, - f,(RT)O,, - f,(RT)T,,

af (R,T)

of (R,T)
here f,(RT)="—"2 f(RT)=—2"1
where . (R.T) oR f(RT) oT

, W=V*V, =g"VV,, V,

v ou!

represents the covariant derivative and
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_ O°L,
(25) ®yv - gyv/:’m _2Tnv _Zgw W !

Contraction of Eq.(2.4) gives an important relation between R and T as
(2.6) WL (R,T)-2f(RT)+ fr(R,T)R

=8xT - f,(R,T)T - f.(R,T)O,
where @ =0 .

It is assumed that matter behaves like a perfect fluid and hence energy-
momentum tensor of matter is given by

(2.7) T,=-pg, +(p+pu,u,.

Here p and p are the energy density and pressure of the cosmic fluid
respectively. u“=(0,0,0,1) is the four velocity vector in co-moving
coordinate system satisfying the relations u“v u,=0 and u,u*=1. Since

there is no unique definition of the matter Lagrangian density, it can be
taken as £, =-p. EQ.(2.5) now becomes

(2.8) e, =-2T,-pg,,-
Various forms of f(R,T) gravity have been given by Harko et al.”®, viz.,
f(R,T)=R+2f(T),
f(R,T)=f,(R)+ f,(T)
and
f(RT)=f,(R)+ f,(R)fy(T).

In this paper, we have considered

f(RT)=1f,(R)+ f,(T).
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For this choice of f(R,T), the gravitational field equations are given by

(2.9) (0. W -V, V)R -2 6(R), + LRI,

uov
_ v 1 -
_87[T,uv+ fZ(T)p+§f2(T) g,uv+ fZ(T)Tpv'

We have considered a particular forms of the functions f,(R)= 4R and
f,(T)=B,T,where B and g, are arbitrary parameters. In this study, it has
also been assumed that g, = 3, = # so that Eq.(2.9) becomes

1
(2.10) (9,W —V”VV),B—Eﬁ(R +T)g,, +BR,, =8xT,, + BT, +5pg,, .

Setting (g9,,W -V ,V,)B=0, Eq.(2.10) becomes

uov

(2.11) R,--Rg, = (%HJTW +(%T + p]gw .

3. Equations Governing the Cosmological Model

We wish to consider a homogeneous and anisotropic universe described
by a Bianchi type-V space-time metric as

(3.1) ds® = dt® —r2dx* —e > (r’dy® + r2dz?),

where 1, r, and r, are the scale factors in three different directions x, y
and z respectively.

The field equations (2.11) for the above metric (3.1) and energy-
momentum tensor (2.7) reduce to the following differential equations

3 (87 3
(3.2) H1H2+H2H3+H3H1—E—2=[;+5Jp—g,

(3.3) (H2+H3)2—H2H3+H2+H3—i2=£—[8—ﬁ+ijp,
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- - 1 87 3
(3.4) (H, +H,)? —H1H3+H1+H3——r12 =§_{_ﬂ +§Jp,

.1 8z 3
& et e =2

(3.6) 2H,—H,-H, =0,

where H, =5 H, =% and H, = % are the directional Hubble parameters
n I s
in x, y and z direction respectively.
For our model, physical quantities such as spatial volume (V) , Hubble
parameter (H), the expansion scalar (8), shear scalar (o*) and anisotropy
parameter (A,) are defined as

(3.7) V=i,
1 (¢t f, T
3.8 H=Z(H,+H, +H.,)==| L+24+23 |
(38) 3( 1+H, +Hy) 3(r1+r2+r3J
(3.9) p=3H=1,%,5
r;l r2 r3
3
(3.10) o2=tynz 3y,
2,u=l 2
(3.11) _1g(H,-H 2
. A“_sﬂﬂ —

In the next section, we have obtained the solution of the field equations
(3.2)-(3.6) using a certain assumption.
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4. Solution of the Gravitational Field Equations and
Behaviour of Various Physical Parameters

DP plays an important role in the description of cosmic observations
and in theoretical discussions. Being a first non-linear term of the Taylor
series expansion of the scale factor R(t), it helps to describe the kinematics

of cosmic expansion in more detailed way. It is a dimensionless quantity
and is defined as

-RR
R?

(4.1) q=

Since we are constructing cosmological model with an anisotropic
background, following form of the DP has been considered in the next
proceeding of the paper

“2) q=—[”+H2j,

H2

(¢ f, T
where H==| 2+ 2423 |,
3 r;L I‘-2 r3

As discussed in introduction, we have found the solution of the

gravitational field equations with the help of BVDP proposed by Mishra et
al.” In this study, we have considered the following bilinear form of DP

43 t:al_—azt,
(4.3) q(t) et

where ¢, (dimensionless) and «, (dimension of inverse of time) are
positive constants. From Eq. (4.2)

1

Using above form of q(t) (4.3), we obtain the following value of H

_ 1
- aJog(1+a,t) +k, |

(4.5)
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where a, = (ﬁ + i] and k, = (kl —i] IS a constant.
a, o, a,

It is well known that expansion rate of the universe is very high during the
cosmic inflation, therefore, k, must be zero. The above expression of the

Hubble parameter can be rewritten as

1

(4.6) H==———
alog(1+ a,t)

» {1

Figure 1. Plot of deceleration parameter Figure 2. Plot of Hubble parameter (H)
(g) versus cosmic time (t). Versus cosmic time (t) .

This expression of H can be further simplified as

-1
242 343
(4.7) H= ! {1—a2t(l—a—zt+a2t _%+ .................... H )

. (e 1, T . . . .
Since H =—(—1+—2+—3j, on integrating above expression, spatial volume
r;l. r2 r3

for the model is obtained as

3

(4.8) V=rnr=r e exp(3M (t))

where
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242 343 4,4
M (t) = at ot N ot 3 19¢,t LO(t)
20+a) 24(1+e«) T72(1+¢,) 2880(1+¢,)

and r, is a constant of integration. Without any loss of generality, we take
r, to be unity. Integration of Eq. (3.6) gives

(4.9) 2=y,

Using the above relation (4.9) and field equations (3.3)-(3.5) scale factors
r,, r, and r, are obtained as

1

(4.10) =t exp(M (1)) ,
e dt
(4.11) r,=k,t7 "t exp(M (t)) exp k4j 5 :
"1 exp(3M (t))
1
(4.12) . =kit“"l exp(M (1)) exp| —k, [ ——o ,

3

11 exp(3M (t))

where k, and k, are constants.

Using above expressions of the scale factors (4.10)-(4.12), the directional
Hubble parameters (H,,, #=1,2,3) are obtained as

(4.13) H=b=__ 1
L aslog(l+a,t)
(4.14) Hy=k=__1 Kk ,
r, alog(l+a,t)
t7 exp(3M (1))
r 1 Kk
(4.15) H,==2 - 4 :

r. :alog(1+at)_ o
2 7 " exp(3M (1))
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The other physical quantities such as expansion scalar (9), shear scalar
(¢?) and anisotropic parameter (A,) are found to be

(4.16) -3
azlog(1+a,t)
2
(4.17) ot =K ,

£ exp(6M (t))

(4.18) A = % ks [f:slog (L+a )]

£ exp(6M (1))

It can be observed from the above set of equations that H,, H,, H, and 6

approach to zero as t —oo. However, from Eq. (4.8), it is clear that spatial
volume is zero at t=0 (which is big-bang scenario) and thereafter it is
increasing exponentially with the passage of time. Also, it becomes infinite
as t—oo. From Eq. (4.18) it is observed that A, —0 as t-—oo. This
indicates that our model of the universe shows transition from early
anisotropic stage to present isotropic stage. Such behaviour of the model is
in good agreement with the recent observational data.

Using egs. (3.2)-(3.3) and (4.13)- (4.15), expressions for the energy density
pand pressure p are obtained as

(4.19) p=( 21_1j{£3y_ng2_(7+%j\%+(%_3yJ%_H]

where 7=(8§+§j and H ={ % }H

2 1+ a,t)log(1+ a,t)

S 1J{@3@Hz(;W)ng{yg)?gzm]

o
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Figure3. Plot of ehergy density (p) Figure 4. Plot of pfessufe (p) versus

Versus cosmic time (t) for cosmic time (t) for g =-15
B =-15 and k, =0.001. and k, =0.001.

5. Statefinder Diagnostic and Energy Conditions

5.1 Statefinder pair: Besides Hubble parameter and deceleration
parameter, it is useful to consider the other parameters which involve
higher order time derivatives of scale factor R(t). They help us to get more

detailed description of the cosmic expansion. Sahni et al.” have introduced
a new diagnostic pair (r,s) called as Statefinder. This pair is constructed

from the the scale factor R(t) and its derivatives upto third order. Both the

parameters r and s are dimensionless and allow us to differentiate
between various forms of dark energy models. This statefinder diagnostic
pair is defined as

1(,, H 1] r-1

51 r=1+—| 3H +— d s==| —|.
(5.1) +H2[ +HJ and s 3 1
72

For the presented model, both the parameters are obtained as

2
(5.2) foq 3Ura) (o) log(12+ af), 2 |
1+ (ZZt (1+ azt) |Og (1_+_ szt)

(5.3)

_ 2(1+a,)?log (1+ ayt) 1+ 2 Mt a)
31+ e, t) (20, —3a,t -1) log(1+ a,t) 2a1—3a2t—1'
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From Eq. (5.2) and Eq. (5.3), it is observed that the pair (r,s)—(1,0) as
t —oo i.e. our obtained model of the universe approaches to A CDM model
at late times.

5.2 Energy Conditions:We have also explored the behaviour of some of
the important energy conditions such as weak energy conditions (WEC),
dominant energy condition (DEC) and strong energy condition (SEC).
These are given by

* WEC: p>0, p—p=0
*DEC: p+p=>0
* SEC: p+3p=>0

It is observed that both the WEC and DEC are well satisfied in our model.
But SEC is not satisfied in our model.

Figure 5. Plot of Energy Conditions versus cosmic time (t) for
a, =6.726, o, =2.001, f=-15 and k, =0.001

For the present universe, t,=13.8 GYR and q,=-0.73%*. Using these
values, following relationship between «, and «, can be obtained from Eq.
(4.3)

(5.4) a, —3.726a, = —0.73.

In all the graphical representations of the various physical parameters, the
values of «, and «, are chosen in such a way that they satisfy the relation

(5.4).
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6. Concluding Remarks

In this communication, we have examined the dynamics of Bianchi
type-V universe in f(RT) gravity theory. The gravitational field

equations of the model have been solved with the help of BVDP proposed
by Mishra et al.®. This choice of the DP vyields spatial volume
3

V(t) =t exp(3M (t)), which shows that our model of the universe starts
from initial big bang singularity (i.e. V=0 att=0) and is expanding
exponentially with cosmic time. Moreover, our model reaches isotropy at
late times which is in good harmony with the present day data. The
behaviour of various physical parameters have been analysed with the help
of their pictorial representations. Following are the main features of our
model

(i) From Eq. (4.3), it is observed that q>0 if t< % q=0 if t=%4 and

az 0‘2
q<0 if t>% . This flipping nature of the sign of the DP indicates that our
a,

model of the universe undergoes phase transition from past decelerated
phase to present accelerated phase which is in good agreement with the
recent observational and theoretical data. Fig.l also indicates same
behaviour of the DP. Thus, our choice of considering BVDP is physically
viable.

(i) Fig.2 represents the variation of Hubble Parameter against time t. The
graph also indicates that H—0 as t-—»>ow. We have obtained the
cosmological model which represents non-rotating, shearing and
accelerating universe which starts with initial big bang singularity and
gains isotropy at late times.

(iii) Fig.3 represents the variation of energy density o versus cosmic time

t. It is noticed that energy density is a positive decreasing function of time
as expected. Moreover, it converges to zero as t—oo.

(iv) Fig.4 represents the time-varying behaviour of pressure p. It is
observed that in our model, pressure remains always in negative zone
throughout the cosmic evolution which could be the indication of dark
energy. It starts from very large negative value and is reaching to zero at
late times.
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(v) The behaviour of various energy conditions for «,=6.726 and
a, =2.001 is represented in Fig.5. The graph indicates the same behaviour
for other sets of values of «, and «,. It is observed that weak and

dominant energy conditions are well satisfied in our case. However, strong
energy condition is violated at present epoch. Such violation of strong
energy condition gives anti-gravitational effect which could be responsible
for the current accelerated expansion of the universe?.

10.

11.

12.

13.

References

S. Perlmutter et al., Discovery of Supernova Explosion at the Half the Age of the
Universe, Nature, 391 (1998), 51.

S. Perlmutter et al., Measurements of QQ and A from 42-High-Redsfift Supernovae,
Astrophysics J., 517 (1999), 565.

A. G. Riess et al., Observational Evidence from Supernova for an Accelerating
Universe and Cosmological Constant, Astrophys. J., 116 (1998), 1009.

D. N. Spergel et al., First Year Wilkinson Microwave Anisotropy Probe (WMAP)
Observations: Determination of Cosmological Parameters, Astrophys. J. Suppl., 148
(2003), 175.

D. N. Spergel, et al., Wilkinson Microwave Anisotropy Probe (WMAP) Three years
Results: Implications for Cosmology, Astrophysics. J. Suppl., 170 (2007), 377-408.

P. A. R. Ade et al., Planck 2013 Results. XVI. Cosmological Parameters, Astron.
Astrophys., 571 (2014), A16.

P. A. R. Ade et al.,, Planck 2015 Results. XIII. Cosmological Parameters, Astron.
Astrophys., 594 (2016), Al13.

H. A. Buchdahl, Non Linear Lagrangians and Cosmological Theory, Mon. Not. Royal.
Astron. Soc., 150 (1970), 1-8.

T. P. Sotiriou and V. Faraoni, f(R) Theories of Gravity, Rev. Mod. Phys., 82 (2010),
451-497.

T. Harko, F. S. N. Lobo, S. Nojiri and S. D. Odintsov, f(R,T) Gravity, Phys. Rev. D,
84 (2011), 024020.

R. K. Mishra et al., Dark Energy Models in f (R,T) Theory with Variable
Deceleration Parameter, Int. J. Theor. Phys., 55 (2016), 1241-1256.

R. K. Tiwari et al., Time Varying G and A Cosmology in f (R, T) Gravity
Theory, Astrophys. Space Sci., 362 (2017), 143.

K. Dasunaidu, Y. Aditya and D. R. K Reddy, Cosmic Strings in A Five Dimensional
Spherically Symmetric Background in f (R, T ) Gravity, Astrophys. Space Sci., 363
(2018), 158.



418

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

R.K. Mishra and Heena Dua

A. K. Singha and U. Debnath, Accelerating Universe with Special Form of
Deceleration Parameter, Int.J. Theor. Phys., 48 (2009), 351-356.

O . Akarsu and T. Dereli, Cosmological Models with Linearly Varying Deceleration
Parameter, Int. J. Theor. Phys., 51 (2012), 612.

M. Shen and L. Zhao, Oscillating Quintom Model with Time Periodic Varying
Deceleration Parameter, Chin. Phys. Lett., 31 (2014), 010401.

R. K. Mishra et al., String Cosmological Model From Early Deceleration to Current
Acceleration Phase with Varying G and A , Eur. Phys. J. Plus, 127 (2012), 137.

A. Chand, R. K. Mishra and A. Pradhan, FRW Cosmological Models in Brans-Dicke

Theory of Gravity with Variable g and Dynamical A -Term, Astrophys. Space Sci.,
361 (2016), 81.

R. K. Mishra and H. Dua, Phase Transition of Cosmological Model with Statistical
Techniques, Astrophys. Space Sci., 365 (2020), 131.

R. K. Mishra and A. Chand, Cosmological Models in Alternative Theory of Gravity
with Bilinear Deceleration Parameter, Astrophys. Space Sci., 361 (2016), 259.

G. P. Singh and B. K. Bishi, Bulk Viscous Cosmological Model in Brans-Dicke
Theory with New Form of Time Varying Deceleration Parameter, Adv. High Energy
Phys., 2017 (2017), 1390572.

P. K. Sahoo et al., Magnetized Strange Quark Matter in f (R, T) Gravity with
Bilinear and Special Form of Time Varying Deceleration Parameter, New Astron., 60
(2018), 80-87.

R. K. Mishra, H. Dua and A. Chand, Bianchi-I1l1 Cosmological Model with BVDP in
Modified f (R,T) Theory, Astrophys. Space Sci., 363 (2018), 112.

R. K. Mishra and H. Dua, Bulk Viscous String Cosmological Models in Saez-
Ballester Theory of Gravity, Astrophys. Space Sci., 364 (2019), 195.

V. Sahni, T. D. Saini, A. A. Starobinsky and U. Alam, Statefinder-a New Geometrical
Diagnostic of Dark Energy, JETP Lett., 77 (2003), 201-206.

C. E. Cunha et al., Estimating the Redshift Distribution of Photometric Galaxy
Samples Il. Applications and Tests of a New Method, Mon. Not. Royal Astron. Soc.,
396 (2009), 2379-2398.

R. R. Caldwell et al., Sudden Gravitational Transition, Phys. Rev. D, 73 (2006),
023513.



