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1. Introduction

The fundamental theory of curves, their characterization and
corresponding relations between the curves are very interesting and
important topics in Differential geometry. Two curves that have some
special properties at some corresponding points are called curve pairs. One
of the most interesting curve pairs is the Bertrand curve which was
discovered by J. Bertrand in 1850. It has a special property that the
principal normal vector of « coincides with the principal normal vector of
a” at the corresponding points of curves. The characterization for these
types of curves is a Bertrand curve if and only if ak(s)+bz(s)=1 holds,

where k(s) and z(s) represents the curvature and torsion of the curve,

respectively and a, b are real constants'. In?, Matsuda and Yorozu gave a
definition of the generalized Bertrand curve in E*. In®, Balgetir et al.
defined a non-null Bertrand curve in 3-dimensional Lorentzian space. In*,

Ucum and llarslan studied a timelike Bertrand curve in E?. In®, Ilarslan and
Aslan studied a spacelike Bertrand curve in E?. In®, Ucum et al. defined a
generalized Bertrand curve with a timelike (1, 3)-normal plane in
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Minkowski space-time. Recently in’, Uzunoglu et al. introduced an
alternative frame (N, C,W) in E*® where N is a unit normal vector, W is
Darboux vector, and C=W xN. In®, Yilmaz and Has defined WC" partner
curves in E® as the vector field W of & coincides with the vector field C*
of «” at the corresponding points of the curves. In view of this, we
investigate the existence/non-existence of WC* partner curves in E* and
3.

2. Preliminaries

Let a=a(s) be a regular unit speed curve in the E° where s measures
its arc length. Then, the Frenet formula for the Frenet frame (T, N, B) of
the curve « is given as™

T' 0 k OYT
(2.1) N'|=|-k 0 7| NJ|
B’ 0 -z 0O)\|B

where k(s) and z(s) are curvature and torsion of «, respectively. When

the Frenet frame moves along a curve « in E?, there exists an axis of
instantaneous frame's rotation and the direction of such an axis is given by
the Darboux vector. From (2.1), the unit Darboux vector W of « is
defined as:

T + kB

V2 +k? '

Uzunoglu et al. introduced the alternative frame (N,C,W) and its

(2.2) W=

derivative formula in E* are given as’:

0 1 0

N \ T
(2.3) C|=| — 0 z N |,
W V2 +k? V2 +k? B

T k

0
V2 +k? V2 +k?
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N’ 0 f 0)N
(2.4) C'|=|-f 0 g]cC|

W’ 0 —-g O0O)\W
where
(2.5) f =kt HZ, g=

1+H
(2.6) C=-kT+7B, W =7T +kB,
(2.7) T =—kC+7W, B=7C +kW,
and R:E,fzi.
f f

On the other hand, the Lorentz-Minkowski E? is a space with metric,
(y=—axZ +dxZ +dx,

where (x;,X,,%;)is a rectangular coordinate system. With respect to this
metric, an arbitrary vector a=(o,a,,a;) is said to be spacelike if
(a,a) >0, timelike if (a,a)<0 and lightlike if (a,a)=0. Similarly, if
a=a(s) denotes the position vector of an arbitrary non-null curve inE2,
then it is called timelike and spacelike if all of its velocity vector «'(s) are
timelike and spacelike, respectively. The norm of the vector « is given by
lla'|l= | {a',a’y| . A non-null curve «(s) is parameterized by arc length s
if (a'(s),a’(s))==1.

Let a(s) be a regular unit speed curve in EXwhere s measures its arc

length. Then, the Frenet-Serret formula of the curve « is given in’ as
follows:

TY (0 ek OYT
(2.8) N [=| -k 0 7| N
B’ 0 —¢r O0)\B
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where (T, T)=¢,, (N,N)=¢, (B,B)=¢,, and ¢,,¢,c, e{-11},and TxN =B,
N x B =¢c,T, BxT =¢¢,N, and k(s), z(s)are curvature and torsion of « .

The unit Darboux vector of the unit speed non-null curve « is given in’
as follows:

B (67T +6,kB)

|2 + ek |

(2.9) W

3. WC* Partner Curves in E?

Definition® 3.1: Let a(s) and «”(s") be two regular space curves in E3
parameterized by its arc length s and s”, having Frenet frames (T, N, B)

and (T*,N*,B*)with curvatures kand k*, and torsions r and 7,

respectively. Also, let(N, C,w) and (N*,C*,W*) be the alternative moving

frames of curves with alternative curvatures f, g, and f,g,

respectively. Curves « and «"are called WC” partner curves if the vector
fields W and C”coincide, i.e., W =C"holds at the corresponding points of
curves. The parametric representation of «"(s") is defined as

(3.1) a’ (s)=a(s)+ A(S)W(S),

where A= A(s) denotes the distance function between corresponding points
of curves e and a”.

If 0 is the angle between vector fields W™ and N, then from®
(3.2 N” =cosfC +sindN, W™ =sindC —coséN ,
(3.3) N =—cosédW ™ +sindN", C=sindW " +cosdN".

Theorem 3.1: There do not exist any WC* partner curves in E°.

Proof: Differentiating (3.1) with respect to s, we have

(3.4) T*%:T + AW - AgC.
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Using (2.6) and (2.7), we get

*

(-k'C” +f*w*)cc'ji=—|Zc +7W + AW - AgC,
S

wherein using the second relation of (3.3) and W =C", we find

*

(3.5) (-kc’ Jrf’*w*)oc'jiS = —K(sinW " + cosoN ") + 7w

+A'W —ﬂg(sinevv* +cos«9N*).

Comparing coefficients of C*, N*, and W™ in (3.5), we obtain

*

~. ds
3.6 A=—F-k —/—,
(3.6) F-k—
K
3.7 A=—,
(3.7) .
and

[f*ds+ Esinej
ds

3.8 A=
(38) —gsing

respectively.
Now, taking the inner product of (3.4) with itself, we get

SN2
(3.9) (Zisj —14 2%+ 2%g2 + 227 + 229K .

Using (3.8) and (3.6) in (3.9), we obtain

2 2 . 2
(3.10) L B +% #98  Ksing
ds ds (sind) ds
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2| 7 E*di f—i 3 di+ksm9 +2¢k*di
ds sin@ ds ds

Further, solving (3.10), we find

(3.11) 2 cos e[ds J =0,
ds

* *

whereby we get © =0 as cos@=0 and C:iisio' Since f*z%, which

gives 7 =0. Hence, the curve «" has to be a plane curve.

On the other hand, differentiating the first relation of (3.2) with respect
to s, we get

(3.12) f *C*di = cos@(% —f
s

jN +sin0{—d—9+ ij+ gCcosoWw .
ds ds

Since W =C”, therefore from (3.12), we have

dé

1 f=
(3.13) o

Using (3.13) in (3.12), we find

(3.14) f'C zis—gcosew

Similarly, differentiating the second relation of (3.2) with respect to s and
using (3.13), we obtain

(3.15) -g'C c:ji_gsmﬂvv

Using (3.14) and (3.15), we find

*

— =—tand,

g
f
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which gives

K™ r ’
3.16 - | — | =—tan@.
R [kj

Putting " =0in (3.16), we get —tan@=0, which implies =0. Using this
in second relation of (3.2), we have

(3.17) W =-N.

Differentiating (3.17) with respect to s and using (2.4), we get

(3.18) g ® g,
ds

Since 7" =0, we getg” =0 and using this in (3.18), we get
(3.19) f=0.

Using (3.19) in (2.5), we have 0=k?*+ 7%, which gives
(3.20) k=0, and z=0.

Using (3.20) in (2.2), we get the Darboux vector W =0, a contradiction,
which completes the proof.

Remark 3.1: In%, the authors studied WC* partner curves in E*. They
obtained the following expressions on page 7 in lines 8, 13, and 14:

*

(3.21) T*Ocliis “T+ AW + AW,
(3.22) E*‘zis __(F+ ),
- ds”

(3.23) = =—(k+Ag)sing.
ds
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Unfortunately, they did not solve (3.21), (3.22) and (3.23), further. Infact
taking the inner product of (3.21) with itself, we get

)
(3.24) (Zi] —14 A2 4222 4207 + 240K .
S

Using (3.22) and (3.23) in (3.24), we obtain
(3.25) ' =0.

Using (3.25) and following the proof of Theorem 3.2 of the present paper,
we get W =0, which is a contradiction.

4. WC* Partner Curves in E?

Similar to an alternative frame given in® inE®, we obtain an alternative
frame (N,C,W) for a curve «(s) in E? as follows:

N 0 1 0 -
(4.1) C|= —ok il N |
W \/| T + 6K | \/| €T + 6K | B
6T 0 6K
|? + 6,k | | e + 6K |

Theorem 4.1: Let «a=«(s) be a unit speed regular non-null curve in

E?. Then, the derivative formula for an alternative frame (N,C,W) is
given by:

N’ 0 f 0 \(N
4.2) C'|=|-ee6f 0 g C|,
W’ 0 g 0w

where
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H’ T
4.3 f=k«/ H?+e¢ |, g=————, H=—.
(4.3) l& &l 9 |(60H2+€2)| K

Proof: Differentiating (2.9) with respect to arc-length parameter s and
using (2.8), we get

(kz' —K'7)(KT — ¢y, 7B)

(& 2+ € k2)3/2

W=

which gives
(4.9 W'=-¢gC.
Using (2.9) in C=W x N, we obtain

B (6,7B — ¢ kT)

|62 +6,k? |

(4.5) C

Differentiating (4.5) with respect to arc-length parameter s and using (2.8),
we have

9 ’

(k) Jeor? +6k? |
which gives
(4.6) C'=¢,gW —¢q6 fN.
Using (2.8) in (4.5), we find

(4.7) N'=fC

Combining (4.4), (4.6) and (4.7), we complete the proof of Theorem 3.1.
From (4.1) and (4.3), we obtain

(4.8) C=—kT +67B, W=¢7T +kB,
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(4.9) T =& (W —KC), B=¢e7C+kW,
where k=X, 727
f f

From the definition of WC” partner curves, the parametric representation
of & (s") is as follows

(4.10) a (s)=a(s)+ A(S)W(s).
From (2.9) and (4.5), we have
(4.11) (W,W)=e=+1(C,C)=—€¢,(N,N)=¢.

Now, we consider following cases of WC* partner curves in E?.

Case 1. If « be a spacelike or timelike curve with a spacelike principal
normal vector in EZ. If W be a spacelike then W " is a spacelike or timelike
vector, and

(4.12) C =sinhOW ™ +coshON ™, N =sinh@N" +coshew ",
or
(4.13) C =sinhON" + coshow ™, N =sinh@W " +coshoN ™,

for some function 9 =46(s).

Case 2. If « be a spacelike or timelike curve with a spacelike principal
normal vector in E}. If Whbe a timelike then W and N” are spacelike
vectors, and

(4.14) N =sindN" —cosdW~,  C=cosdN" +sindW",

for some function 9 =49(s).

Case 3. If o be a spacelike curve with timelike principal normal vector
N in E?then N”is a timelike or spacelike vector, and



WC* Partner Curves in E; 505

(4.15) C =sinh&ON” +coshow ", N =sinh@W " +coshoN",
or
(4.16) C =sinhOW ™ +coshdN", N =sinh@N" +coshew ",

for some function 9 =46(s).

Theorem 4.2: There do not exist any WC* partner curves in E.

Proof: We give proof of this Theorem under the assumption of Case 1 of

the WC™ partner curve. The proof of the other cases is similar to this pro-
of.

Differentiating (4.10) with respect to s and using (4.2), we obtain

(4.17) % 1w +agC.
ds

Using (4.9) in (4.17), we get

*

—(—k’C’ +f*W*)C:ji=—(fW “KC)+ AW + AgC,
S

wherein using (4.13) and W =C”, we have

(4.18) —(-k*C” +f*w*)‘:ji =(A' =7)C" +(k+Ag)sinhN”
S

+(k + Ag)coshow ™

Comparing coefficients of C*, N*, and W " in (4.18), we obtain

*

(4.19) A=F+k —,
ds

k
4.20 A=-=,
(4.20) g

and



506 Stuti Tamta and Ram Shankar Gupta

[f*c:jser Ecosh&]
(4.21) A=o

gcoshé

respectively.
Now, taking the inner product of (4.17) with itself we get,

*\2
(4.22) (‘Zis} =1+ -2%g*-21'F-29K.
Using (4.19) and (4.21) in (4.22), we obtain

%\ 2 *\2 * 2
(4.23) ol I T ) T )
ds ds (cosho) ds

—25[f+|2*dij+ s (T di*"COShg}rZTk*?ji

ds cosh@ ds S

Further, solving (4.23), we obtain

*\2
(4.24) f*zsinhze[?jiJ =0,

S

* *

where by we get 7" =0as sinhd=0 and (:jis;to. Since f*z%, which

gives 7 =0. Hence, the curve « has to be a plane curve.
On the other hand, solving (4.13), we obtain

(4.25) N* =cosh(6)N +sinh(6)C, W™ =-sinh&N +coshdC

Differentiating the first relation of (4.25) with respect to s and using (4.2),
we find

(4.26) f*C*Oli = smh@(d—— ij +cosh9(f _d_&jc gsinhow,
ds ds d
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wherein using W =C”, we have

do

4.27 f==".
(4.27) i

Using (4.27) in (4.26), we obtain

(4.28) f*c*‘;i=—g sinhow .
S

Similarly, differentiating the second relation of (4.25) with respect to s and
using (4.2) and (4.27), we get

*

(4.29) —e;g*C*(:jiz gcoshow .
S

Using (4.28) and (4.29), we obtain

*  *

(4.30) 6°f% ~ cothd,
which gives
k™ T ,
4.31 — — | =cothd.
( ) |eoz-2+ezk2|3’2(k J

Putting " =0 in (4.30), we get cothd=0, which is a contradiction. This
completes the proof of the theorem.
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