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Abstract: In this article, we introduce a new class of submanifolds
namely GQR- lightlike submanifold of indefinite quaternion Ké&hler
manifolds. It is observed that there is no inclusive relation between QR
lightlike submanifolds and SQR lightlike submanifolds. We introduce a
generalized submanifold, namely GQR-lightlike submanifold of
indefinite quaternion Ké&hler manifold which contains QR lightlike
submanifolds and SQR lightlike submanifolds. Further, we study
various distributions of GQR- lightlike submanifolds and establish
some important results.
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1. Introduction

A quaternionic Ké&hler manifold is an oriented 4n-dimensional
Riemannian manifold whose restricted holonomy group is contained in the
subgroup® Sp(n)Sp(1) of SO(4n). As the restricted holonomy group of

the manifold to be a part of Burger’s work?, the study on these manifolds
drew attention to researchers. The indefinite quaternion Kahler manifolds
were studied in®*. Further, the lightlike hypersurfaces, quaternion lightlike
submanifolds, Screen real lightlike submanifolds, QR-lightlike
submanifolds, screen QR lightlike submanifolds, and screen CR-lightlike
submanifolds of indefinite quaternion Kéhler manifolds were studied in'.
We observed that QR lightlike submanifold does not contain quaternion
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lightlike submanifold, screen-real lightlike submanifold but lightlike real
hypersurfaces are its special cases. Also, the screen QR-lightlike
submanifold does not contain screen-real lightlike submanifolds and screen
real hypersurfaces but quaternion lightlike submanifolds are its special
cases. Due to this, we conclude that there is no inclusive relation between
QR-lightlike  submanifold and screen-QR lightlike submanifolds.
Therefore, we introduce a new class of submanifolds of indefinite
quaternion Kahler manifold namely generalized QR (GQR) lightlike
submanifold as an umbrella space that contains QR-lightlike submanifolds
and Screen-QR lightlike submanifolds as its special cases. This paper is
organized as follows:

In section 2, we recall all basic terminologies of the quaternion Kahler
manifold which are used throughout the paper. In section 3, we give the
definition of GQR-lightlike submanifold, an example of GQR-lightlike
submanifold and some necessary conditions on the dimension of GQR
lightlike submanifold. Further, we establish some important equations on
GQR-lightlike submanifolds and study various distributions of these
submanifolds.

2. Preliminaries

Suppose N be an n-dimensional manifold with a 3-dimensional vector
bundle Q consisting three tensors J;, J, and J, of the type (1,1) over N

Let a local basis {J,, J,, J,} of Q inany coordinate neighbourhood U of
N such that

(2.1) J=—1, J2=-1, Ji=-1,
and
(2.2) Jyd;=-3,3,=0,, 350, =-3,05=1J,, J,J,=-3,J,=1,.

The local basis {J;, J,, J;} is called a canonical local basis of the bundle

Q in U If U is another coordinate neighborhood such thatu NU’ {0} then
we have the following expression

3
(2.3) 3 =284y a=123,
b=1
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where(S,,) is an element of the proper orthogonal subgroup SO(3).
Suppose § is an indefinite metric on N such that

(2.4) §(J,U,3V)=§(u,v), YUV eT,N,xeN,

then (N,§,Q) is known as indefinite almost quaternion manifold**.

Suppose {E;} and {F;}_, , are timelike and spacelike vector fields,

:]_‘,.,n1
then it is possible to construct a basis B for N such that

B={E1, J.E.3,E, 05, E,  JE,  J,E,  J:E,
F,JF, 3R IR F Janz,Janz,J3Fn2}.

1 in,

If, for any U eTN, the metric connection V of N satisfies the following
equations

Vyd =r(U)J,-q(U)d,,
(2.5) Vud, ==r(U)J; +p(U)Js,

Vuds=q(U)J; - p(U)Jd,,
then (N,Q,Q) is known as quaternion Kahler manifold, where p, q and r
are local 1-forms. The equation (2.5) can be re-written as

3

(2.6) Vida=D Qw(U)J, a=123

b=1

where Q,, are local 1-forms locally defined on N such that Q, =-Q,,.
Also, the local 2-forms #»,, n,, 1, with respect to the above manifold are
defined as

(2.7) ni(U,V)zg(U,JiY), i=123,
for any vector fields U and V on N *. Clearly,

(2.8) =1 A+, ATy + 105 ATl
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is a 4-form defined on N .
The Gauss-Weingarten formulae are®

(2.9) VoV =VyV +h'(UV)+h*(UV),
(2.10) VuN=-AU +V|,(N)+D*(U,N)
and

(2.11) VW =-AV + V5 (W)+D'(V,W),

where W e F(S(TNL)) and N eT(Itr(TN)).
Let S" be a projection map of TN to S(TN), then we have

(2.12) VySV =V SV +h"(U,SV)
and
(2.13) Vyé=AU+V( (&),

where {V;SV,AU}eS(TN) and {h"(U,SV),V{ (£)] eRad (TN). We refer’
to understand the construction of all the above equations.

Theorem® 2.1: An indefinite almost quaternion manifold (N, g, @) is
an indefinite quaternion K&hler manifold if and only if v =0.

3. Generalized QR-lightlike submanifold

Definition 3.1: Let (N,g,S(TN)) be a lightlike submanifold of an
indefinite quaternion Kahler manifold (N,Q,Q), then N is a generalized

QR(GQR)-lightlike submanifold of N if the following conditions are
satisfied:
(i) There exist two sub-bundles D, and D, of Rad(TN) such that

Rad(TN)=D,®D,, J,(D,)=D;, J,(D,)=S(TN).
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(ii) There exist two sub-bundles D, and D’ of S(TN) such that
S(TN)={J,(D,®D’)} LD,

where a=123, D, is invariant, J,(£ L£,)=D" and £ and £, are
vector sub-bundles of Itr(TN) and S(TN") respectively.
The tangent bundle TN can be written as

(31) TN=D®D', D= Dl EBorth. DZ EBorth. ‘]a (Dz)@orth. DO'

Remark:
(A) N is a proper GQR-lightlike submanifold if D, ={0}, D, {0},
D, # {0} and £, #{0}.
(B) N is a proper QR-lightlike submanifold if D, #{0}, D,={0}, D, {0}
and £, ={0}.
(C) N is a proper Screen QR-lightlike submanifold if D, ={0}, D, ={0},
D, # {0} and £, #{0}.

From remarks (B) and (C), it is clear that QR-lightlike submanifolds
and screen QR lightlike submanifolds are special cases of GQR lightlike

submanifolds.The followings are the conditions on the dimensions of
various distributions of N with respect to a proper GQR lightlike

submanifold

(a) Condition (i) implies that dim(Rad (TN ))=>5.

(b) Conditions (i) and (ii) imply that dim(D)=4s>12 and dim(D’)=3k >6.
() dim(N)>12 and dim(N)=4n>16

(d) Any proper 12-dimensional GQR -lightlike submanifold is 5-lightlike.
(e) If N quaternion Kahler manifold and N is GQR -lightlike submanifold
then index (N ) >8.

Example 3.1: Let Ry’ be an indefinite Quaternion Kahler manifold with

+). Let us define a submanifold such that

X =Uyp, Yy =Uy, X; =Ug,
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Y, =Uy, X3 =U;SiNE —U,C0S8E , Y, =COSOU, +U,Sind
(3.2) X, =U,C080 + U,Siné , 'y, =U,Sind —u,cosd

X5 =Us —Ug, Y5 =Us +Ug, Xg =U; +Ug, Yg =—U; +Us,

X; =Ug, Y7 =U, X3 =U, Yg =cCONSt.
Then the tangent bundle TN is spanned by the following vectors
Z, = 0% +SIiN@0X; +C0SO0Y,, Z, =0y, —C0SHOX; +SIindody;,

Z, =0X, +singox, —cosdoy,, Z,=0y,+Cos6ox, +sindoy,,

L5 = 0Xs +0Y5, Lg = —0Xs +0Y5, Z7 = OX5 — O

Ly =% + Yoy Log=0%;, L9 =0Yq, £yy = 0%
Hence N is 5-lightlike submanifold with Rad(TN)={Z,,Z;,Z,,Z;,Z,}.
Also, D, ={Z;,2,,7,,Zs}, D,={z,} and J(D,)={Z,.Z;Z,}. It can be

easily verified that the above vectors satisfy the conditions of a 12— GQR -
lightlike submanifold of R’

Suppose P be the projection map from TN to the invariant distribution
D and {e,..e., f;,.., f,} be a local orthonormal frame on the vector sub-

bundle £, 1 £,.

Applying J, on above orthonormal frames we get an orthonormal frame
F={E By Ep By Eggyeons B By oo B ooy By Bgp o Py fOP DY

where J, (Vi)=E,, J.(f;)=Fy, i=L..r" j=1..k" and a=123.

= i — Taj

Now, any vector field U e TN can be written as

(3.3) U=PU +g{{§9bi (Y)Ebi}+{gegj (Y)Ry H

where

(3.4) 6 (U)=6(U.3,: )
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(3-5) 91;1 (U)ZG(Ustj);

are 1-forms defined on N Applying J, on equation (3.3), we get the
following expression:

(3.6) JU= JPU+Z{{Z€M E, -0, )Ebi—Hai(Y)ei}+
{Zeb, (Y) fy —0,(Y) f,}

It is known that a transversal bundle can be decomposed in the following
sense,

wr(TN)=L L L, ®oy, 4 L L,

therefore, for any vector V etr(TN,) we can decompose V in two
components as follows

(3.7) J.(V)=BV +CV,

where B,V eI'(D') and C,V e £ L L.
Now, we derive some important equations for GQR -lightlike submanifold.
Since N is GQR lightlike submanifold of a quaternion Kahler manifold

N, forany U, V e(TN), we obtain
(3.8) VudV =(Vyd )V +3,(VyV).

In equation (3.8), the terms V,JV, (V,J,)V, and J,(V,V) can be

expanded, respectively, in the following manner

(3.9) (V4N =V, J,PV+h'(U,3,PV)+h*(U,J,PV) Z{ Gy (V)VyEg +
6, (V)h' (U, E;)+6,(V)h* (U,Ey)+U (6, (V ))EC,} {(U6;(V))E,
+0; (V)Vy By + 65 (V)N (U, By )+ 6, (V)N (U, By }—{U 0, (V e,
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0, (V)AU +6,(V)V,e +6,(V)D* }+Z{ u(abJ ))f
+65 (V) Vy Fy + 6 (V)h! (U’ch)+‘9bj (V) (U, Fy U (65 (V) Fy
+6; (V)Vy Ry + 65 (V)N (U, Ry )+ 65 (V)h* (U, Ry - {u(e (v)) J

=0, (V) AU+, (V) V5 F+ 6, (V)D' (U, 1),
(310)  (VyJa)V =Qu(U)(PIV)+Qy (U)(PIV)

+Qabi {_gai (U)Ei -6, (U)e +6,(V)E, }
+Qab2{ Hbj(u)f +0y (U)Fal}

+Qac2{ i (U)Eq =65 (U)Ey —6; (U)ei}

and

-

(3.11) 3.(VyV)= {eb,(v V)E, Gci(VUVEbi—eai(VUV)ei)}

i=1
k
Jnlap(ﬁuv)Jrz{ebJ VoV )R, 6, (V Uv)I:bj—ef')u.(vuv)fj}

+B, (N (X,Y))J+Ca(h' (x,Y))+ B, (h*(X.Y))+C, (h*(X.Y))

Substituting the values from the equations (3.9), (3.10) and (3.11) in (3.8)
and equating tangential and transversal components, we obtain the
following equations, respectively.

(3.12) VyJ,PY + Zr: {ebi (V)VyEqg +U (65 (V))Eg —U (64E,)

i=1
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k
0, (V)VyEy +6, (V) AU+ {u () Fs + 6 VU Fy

i1
U (6 (V) Ry~ (V)Vu Ry + 6 (V) AU = Qup (U)PI,Y

+Quc (U)PIV + 3,V + > {-Qu, B + Qi Eqy + Qa6 Eyy

ai —ci ci —ai acai
i=1

_ebi Eai + Hbi (VUV ) E Hu (V V Eb|}+ Z{Qab CJ aj

j=1

—Q, (U)6,F, + Q05 F, — 6, F, +9t;j(vuv)FCj—H;j(vuv)Fbj}

ac”aj

(313)  h'(U,J,PV)+h° (U,JaPV)+Zr:,{0bi (V)h'(U Ey)

i=1

46, (V)P (U,E; )+ 6, (V)N (U, Ey )+ 65 (V)P* (U)(X,Ey)
~U(6;)e -0, (V)Y Hai(V)DS(U,ei)}+Z_;a{9k;j(V)h| uF,)

+605 (V)" (U, Fy )+ 65 (V)R (U Fy ) +65 (V)R (U Ry ) - U (65)

_Ht;J' (V)VEJ 1:j HC]( )DI (U f; )} {_Qabebiel Qac i i

i=1

0, (VyV e, +Z{ Quoy ;= Quelly T = 0 (VuV ) £}
j=1

+Ch' (UV)+C.h*(UV)

Equating Itr(TN) components in (3.13), we obtain

r

(3.14) h'(U.3,PV)+ 316 (V)N (U, Eq )+ 6 (V)h' (U, Ey ),

-U (6’3, (V))e — 0, (V)VU' f}+z{9';j (V)hl (U,FCj)

=

+6; (V)N (U, Ry )=, (V) D' (U, w; )} = Z{ 0,08,

—Qucbsi (V)ei — 0, (VUV) i}+Cah ( ’ )

Equating S(TN )l components in (3.13), we obtain
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(3.15) hS(U,JaPV)+i{9bi (V)h*(U,E4)+8, (V)h* (U,Ey)

U (6 (V))er =04 (V) D" (U &) + 3 {65 (V)h* (U, Fy )

=1

+05(V)h* (U, Fy ) -U (6 (V) £, -6 (V) V5 fj}

a

r

:Z{_Qacec'j (V) f; —Qubly (V) T, =6, (VoV) fj}+cah5(u V)

i=1

Theorem 3.2: Let N be a GQR -lightlike submanifold of a quaternion

Kahler manifold N , then

(i) the distribution D is integrable if and only if, h(U,J,V)=h(V,J,U).
(i) the distribution D defines a totally geodesic foliations if and only if,
h'(U,J3,v)=0 and h*(U,J.V)eL,.

Proof: The distribution D of GQR -lightlike submanifold N is integrable
if and only if, forany U, V eI'(D), [U,V]eD.
Claim: [U,V]¢D'. Suppose U,V eI'(D), then from (3.13), we obtain

(3.16) h(U,J,PY)-C,h(U,V)=—w, (V,V )y, —w; (V,V)w;.
Interchanging U and V in (3.16), we get

(3.17) h(V,J,PU)-C,h(V,U)=-w, (V,U)v, —w, (V,U)w; .
Subtracting (3.17) from (3.16), we obtain

(3.18) h(U,J,PY)-h(V,3,PU)=-w, ([UV])v, —wy ([UV])w;.
If h(U,J,PY)=h(V,J,PU), (3.18) becomes

(3.19) ~w ([UV])v —wy ([UV])w, =0.

Since v, and w; are linearly independent vectors, (3.19) reduces to
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(3.20) w, ([U.V])=0&wj ([U,V])=0.
Using (2.7) in (3.20), we obtain
(3.21) g([uVv]J.6)=0&g([UV]F,)=0.

From (3.21), we get [UV]eJ,(£) and [UV]eJd,(£,), this implies
[UV]eD' Clearly, [U\V]eD' implies that [U,V]eD. Therefore, D is
integrable if and only if h(U,J,V)=h(V,J,U).

(i) Claim: D defines totally geodesic foliations if and only if
g(VyV,J,&)=0, and g(VyV,F,;)=0. Suppose U,V er(D) and

£eRad(TN), then

g(VuV.3.8)=9(VoV -h(U.V),3,&)=9(VyV.3,&).
Above equation reduces to
(322)  9(VV.3.8)=9((Vuda)V -V 3V, &) ==g(h' (U,3.V).€).
On the other hand, we have
323)  g(VuV.FRy)=9(VoV -h(U.V),Fy)=-g(h*(U.JV).w).

From (3.22) and (3.23), we conclude that D defines totally geodesic
foliations if and only if h'(U,J,V)= 0 and h*(U,J,V)e L,

Theorem 3.3: Let N be a GQR -lightlike submanifold of a quaternion
Kahler manifold N, then the distribution D’is integrable if, for any
G,G'eD',Neltr(TN), nse{el,...,erl,fl,...fkl}, the following equations are
satisfied
(i) 9(VsG',J.X)=o0.
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(i) for Neg, then (h"(G,G'),J.N)=0 g(f,D°(J,N,G))=0,
g(e; A )=0 and for Nez' then(VgG',I:N)=0, g(n,,V5J,N)=0,
g( f,.h* (3N, )) =0, g(e;,h"(J,N,Ey))=0

(iii) g(h"(G,G").6) =0, g(VeG'E,)=0 and g(A G,e)=0.

Proof: We know that D’ is integrable if and only if, for any G,G’ belongs
to I'(D’), [G,G']eT(D’). To prove [G,G']leD’ is equivalent to prove
[G.G'] 2D, therefore, we will prove the following claims.

Claim 1: For any G,G'e D', if g(V¢G',J.X)=0 then [G,G'] « D,. Suppose
G,G'eD’ and X eD,, then using (2.6), (3.7) and Gauss-Weingarten
equations, we obtain

(3.24) 9([G.G"],X)=g(VeG'-VsG', X).

If G=E,,G'=E,, then (3.24) reduces to

i
9([BarEy | X )= 9(Ve, By ~ Ve, Ea X).

After some calculation calculations, we get

(3.25) g([Eai,EaJ,X):g(A?J Eai,JaX)—g(Ael E,.J.X)=0.

If G=F, and G'=F,. then (3.24) reduces to

(3.26) 9([FarFa]. X) =9 (A, Far X ) =g (A Fy, 3.X ) =0,

If G=E, and G'=F,, then (3.24) reduces to

(3.27) 9([Ea Fa ] X) = 9( A Eqn JaX )= 9(A Fan duX ) =0.

If G=E, and G'=E,;, using (3.11), (2.6) and (3.8), (3.24) reduo
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(3.28) g([Eai,Ebj],X):g(§EaiEbj—§Ebani,X).

Since J,=J,J.,=-J3.J, and J,=J.J,=-J,J., to above equation reduces
to

(3.29) g([Eai'Ebj:I'X):_g(VTEai Eaj'JcX)_g(V;bj Ebi"]cx)'
Similarly, If G=F,, G'=F,, then
(3.30) g([FaI'FbI']'x):_g (VT:E, Fal'chX)_g(V;b,, Fbl"]cx)

and if G=, G'=F,, then

(3:31) g([Eai Fa ], X ) =-9 (V;ai FaI’JcX)_g(val Eair Jc X )

If g(V&G'.3.X)=0,using (3.25),(3.26), (3.27), (3.29), (3.30) and (3.31),
we obtain [G,G'|¢ D,.
Claim 2: [G,G']¢Rad (TN) If, forany N ez,

(3.32) g(h"(G.G),9:N)=0, g(f,.D*(J,N.G))=0,9(e;, A, ,G) =0,
and, forany N ez},

(3.33) 9(VeGJ.N)=0, g(n,, VeI, N)=0,
g(f,,h*(3,N,F, ) =0, g(e;,h"(I,N,E,))=0.

Suppose G=E,;, G'=E; eD'and Neltr(TN), from Gauss-Weingarten
equations, (2.4), (2.6) and (3.7)

(3.34) o([ B By )= g(§Eai Ey Ve, Eai,N).

For N e £ cltr(TN), (3.34) reduces to
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0([Ea By ] N)=-0(e;. AynEa ) + 0 (e AnEy ).
For N e £ clir(TN), (3.34) reduces to
(3.35) 9([ BBy J:N)=0(e;:n" (3N, By )) g (e, 07 (3N, Ey )
Similarly, If G=F,, G'=F,, and N eltr(TN), we have
9([FaFar ].N) =9(Ve, Far = Ve, Fu . N).
For N e cltr(TN), the above equation is equivalent to
(3.36) 9([Fu-Far ]l N)=0( f,.,D° (3N, Fy)) =g (. D° (3,N,Fy ).
For N e cltr(TN), above equation equivalent to
(3.37) 9([Fa-Far ]l N) = ( £1.0° (3N By )) =9 (F.0° (3N, Fy )
Suppose G =E,, G'=E,, then (3.34) reduces to
(3.38) 9([EaBy J:N)=0(Ve, By N) -9 (Ve EaN),
if N e, then above equation is equivalent to
(3.39) 9([ EarBy | N)=-0("(Ea Ey ) 9N )= 9 (" (Ey By ) 3N ).
If N e £, then above equation is equivalent to
(3.40) 9([ BarBy | N)=-0(VE, Ey . IN ) - g(VEmEbi,JCN).

Suppose G =F,;, G'=F,, then (3.34) reduces to
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(3.41) 9([Fa-For ] N)==0(Ve, Far, IcN ) =9 (Vi R JN).
If N e then above equation is equivalent to
(3.42) 9([Fa-For ]l N)==0(h"(Fy Far ), 3N ) =g (0" (R, For ). 9N ).
If N e, then above equation is equivalent to
(3.43) 9([Fa-For . N)==0(VE, Fur 3N ) = (VE, R JN).

Suppose G=E,, G'=F,, then (3.34) reduces to

(3.44) 9([Ea Fal:N)=9( . Ve, JaN)—g(&, Ve, IN).

If N e, then above equation is equivalent to

(3.45) 9([Ea Fa ]l N)=0( 1,D° (3N, Ey ) )+ 9 (&, Ay Far)-

If N e £, then above equation is equivalent to

(3.46) 9([Ea Fa]:N)=—-0( Ve, J.N)+g(e, Vi, I.N).

Suppose G=E,, G'=F,, then (3.34) rduces to

(3.47) 9([Ea Fu]:N) ==9(Ve, Fa, I:N ) =9 (Vi By IN ).

If N e thenabove equation is equivalent to

(3.48) 9([Ea Pl N) ==9 (" (Eq. F ). 3N ) =g (0" (R By ). JN ),
if N e £, then above equation is equivalent to

(3.49) g([Eai Fal N):—g(JCN,VEm Fa )_ g(JchVT:b, By )
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From above sub-cases on the choice of G and G’, we obtain that if N e £,
then

(3.50) (h"(G.G),3:N)=0, g(f,,D°(3,N,G))=0,9(e;, A s ) =0,
and if N e, then

(3.51) (V&G 3N)=0, g(n,,V5,N)=0,
g(f,.h*(3,N,F, ) =0, g(e;.h"(3,N,E,))=0.

In, either case [G,G'] ¢ Rad (TN).
Claim 3: [G,G']eJ,(D,)if g(h"(G,G').6)=0,g(VsG'E,)=0 and
g(Aq(S)G,ek)zo.Suppose G=E,;, G'=E,, then

(3.52) 9([ BBy |- Enc) =9 (N (Ea By )-8 ) - 9(n" (B B ) &)
and
(353) 0([EuEq ) Eac)==9(A,Earec ) + 9 (AEqoe)-

Suppose G=F,, G'=F,, then

(3.54) g([ a0 Far ] Ebk) g(h (Fa.Far).g ) g(DI(FanI)’ek)
and
(3.55) 9([ a0 Far ] Fak)_ Q(Af ek)+g(Afa| Fal”ek)'

Suppose G =E,, G'=E,, then

(3.56) o([ EarEy | Eu )= 0(" (B By ) &)+ 9(" (Euin By ) &)
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and
(3.57) 9([Eu By ) En) = 9(VE, BapoBu) ~ (Ve B Eae ).

Suppose G=F,, G'=F,, then

(3.58) ([ a0 For ck) g(h (Fa.Far), ek)+g(h*(FbI’Fbl')’ek)
and
(3.59) 9([Fa-For ] Eac) = 9(Vr, Far B )+ 0V, Fir Euie ) -

Suppose G=E,, G'=F,, then

(3.60) g([Eai’ Fa, Eck): g(h (EaisFar)s ek)+ g(h*(Fm ' i )’ek)
and
(3.61) 9 ([Eai For ] Ea ) =9 (VEai Faiss Ebk)_ 9 (VT:b, i Ebk) :

From above sub-cases on the choice of G and G’, we obtain that, if
9(h"(G.6").&)=0, 9(VeG.E;)=0 and g(AG.e]=0, then
[G.G'|¢J,(D,). Therefore, GeD=D &, D,y Ja(D;) Do, Dy if
above claims 1, 2 and 3 are true.

Theorem 3.4: Let N be a GQR -lightlike submanifold of a quaternion
Kahler manifold N’, then the distribution D’ defines a totally geodesic
foliation if and only if, for any V e{e,,..e . f,,... f, | and GeB, A,G¢D.

Proof: By definition, D’ defines a totally geodesic foliation if and only if,
forany G, G'eD’, V,Ge D. Suppose G=E, and G'= E,, then

Ve E, =(aniJa)ej +J.Ve €,

which is equivalent to
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(362) Ve, Eq = Quy (Eai) By +Quc (Eai)Eg +Ja (A, Eai + VE, € + D' (Eaigy ).
Further , eqn (3.62) can be expanded in the following manner

(363) Ve Ey=Qu(Ea)Ey +Qu(Eq)Ey —3.S( A, Eul
{Zeb,(/\éE) . Qci(Angai)Ebi—Hai(Angai)ej}

(A )R (A )R s (A1)

+B (vs e;+D'(E,.¢ ))

airvj

el EMw

+
|

I
LN

Considering tangential components and neglecting other terms from the
R.H.S of equation (3.63), we obtain

(364) VEai Eaj = Qab ( Eai ) Ebj + Qac (Eai ) Ecj - ‘]aS ('A\ej Eai )

_é{iebi (Ae, E.i ) Ei =0 (Ab, E. ) Ebi}"‘é% (A\ej E. ) Fq

From (3.64), V¢ E,;eD’ if and only if A E;eD. Similarly, if
G=F,, G'=F,, then V. F,eD" if and only if A; F,D. Now, let
G=E,; and G'=E,, then

(365) V¢ Ey=3,Vee +(Ve e

Which is equivalent to

(3.66) Ve By =3,Ve € +Qy (Ey)Eg + Qi (B )Ey
Further, egn (3.66) can be expanded in the following manner

(367) VEai Ebj = Jb(_p%j Eai + staiej + DI ( j? a| ) +ch( ai ) Ecj + Qba (Eai ) Eaj'
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Now, using (3.2) and (3.5) in (3.67), we obtain

n

(3.68) Ve, By =—JpSA By _23:|:Z{0ai (Aej Ebi)Ebi — 6By _eciei}

b1 | it
+2{9c| (A\ej Ebi)FaI ~0, (A\ej Ebi)FcI -6, (Aej Ebi) fj}:|
+B, (V?Eai)ej +D' (e, EaD)) + Quc(ELE, j + Qua(ELi)E, |-

Now, equating tangential components from equation (3.68), we obtain

(3.69) Ve, Ey = —JbSA:j E. _Zngi{aai ('A\ej Ebi)Ebi — 6, Eai}

b1 | (i
+0y ('A\e, Eyi ) Fa —6a ('A\e, Eyi ) Fa }:|+ B, (VSEaiej +D! (ej B ))
+ch (Eai ) Ecj +Qba (Eai ) Eaj '

Therefore, from (3.69), V¢ E; <D’ if and only if A E, does not have
components in D. Similarly, if G=F,, G'=F,, then V. F, D’ if and

G'=F, or
Fo, then V¢ F, or V¢ F,eD’ if and only if A;E, does not have
components in D . From above all conditions, we conclude that V;G'e D’

only if A; F, does not have components in D, and if G=E

ai !

if and only if, for any Vele,.e,f,..f | and GeB, AG does not
belongto D.

4. Conclusion

The generalization of any theory is always fascinating due to its nature
to bring various cases under one roof, particularly, when there are no
intrinsic relations between these cases. In this article, we introduce a new
class of submanifolds, namely, Generalized-QR or GQR lightlike
submanifolds which is a generalized class of QR and SQR lightlike
submanifolds of quaternion Kahler manifolds. We establish this class by
giving a definition and one example which contains QR lightlike and SQR
lightlike submanifolds as its sub-cases. Further, we study the geometry of
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distributions and derive various important results from them. These results
are helpful for further study of totally umbilical, totally geodesic, and
mixed geodesic GQR-lightlike submanifolds.
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