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1. Introduction

In 1994, Matthews', introduced the concept of partial metric space and
proved the Banach Contraction Principle in complete partial metric space.
After that many authors, Valero?, Oltra et al.® and Altun et al.** gave some
generalizations of the result of Matthews. One of the most interesting
properties of a partial metric is that p(x, x) may not be zero for xeX . In

(1999), Heckmann® introduced the concept of weak partial metric space
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(WPMS), which is a generalized version of Matthews partial metric space
by omitting the small self-distance axiom.

Using the concept of weak partial metric space many authors as Altun et
al.”, Durmaz et al.® obtained some interesting results. In (2004), Ranadive et
al.® introduced the concept of absorbing maps in metric space and proved
the common fixed point theorems. They observed that the new notion of
absorbing map is neither a subclass of compatible maps nor a subclass of
non-compatible maps. In (2008), Mishra et al.”® proved some common fixed
point theorems in fuzzy metric spaces by using the notion of absorbing
maps. In (2001), Popa™, introduced the notion of implicit relation and
obtained many interesting results. In this paper first we introduce the notion
of absorbing maps in weak partial metric spaces and then we prove some
common fixed point results in weak partial metric spaces by using the
notion of absorbing mapping.

2. Preliminaries

In this section, we recall some definitions and some properties of theirs.
For more details, see [Matthews', Valero?, Oltra et al.?, Altun et al.**, S.
Romaguera®)

Definition 2.1: (Matthews'). A partial metric on a non-empty set on X
is a function p: X x X —R" such that for all x,y,ze X :
(R) x=y ifandonly if p(x, x)=p(y, y)=p(x y),
(R) p(xx)<p(xy),
() p(xy)=p(y %),
(P) p(x2)<p(xy)+p(y. 2)=p(y. y).
The pair (X, p) is called a partial metric space.

It is clear that, if p(x, y)=0, then, from (R) and (P,), x=y. But if
x=y, p(x y) may not be 0. A basic example of a PMS is the pair (", p),
where p(x, y)=max{x, y} forall x,yeR".

Each partial metric p on X generates a T, —topology =, on X which

p
has as base the family of open p-balls {B,(x &): xe X,&>0},

where B, (x, £)={y e X: p(x, y) < p(x, x)+&} forall xe X and £>0.

If p is a partial metricon X, then (x, y)=p(x, y)—min{p(x, X),
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p(Yy, y)} is a ordinary metricon X .

Definition 2.2: (Matthews"). Let (X, p) be a partial metric space and
{x,} beasequencein X .Then
(i) {x,} convergence to a point xe X if and only if
p(Xx, X)ZnIL"l P(X,, X).

(ii) A sequence {x,} is called a Cauchy sequence if lim p(x,, x,) exists
and is finite.

Definition 2.3: (I. Altun and G. Durmaz’). A partial metric space
(X, p) is said to be complete if every Cauchy sequence {x,} in X

converges with respect to z,to a point xe X such that
P(x x)= lim p(x, x,).

Remark 2.1: Let {x,} be a sequence in a partial metric (X, p) and xeX .
Then limd,(x,, x)=0if and only if p(x, x)= lim p(x,, )_ lim p( 0 X ) -
Following is the definition of weak partial metric space.

Definition 2.4: (Heckmann®) A weak partial metric on a nonempty set
X isafunction p: X xX -»>R*"such that forall x,y,ze X :

(@R) x=y if
(@P;) p(x y)=p(y.x),
(@P;) p(x.2)<p(x y)+p(y.2)- (V. Y).

<
The pair (X, p) is called a weak partial metric space.

and only if p(x, x)=p(y, y)=p(x y),

Obviously, every partial metric space is a weak partial metric space, but
the converse is not true. A basic example of a WPMS but not a PMS is the

pair (R, p), where p(x, y):(%y) for all x, yeR". We need the
following lemmas to give some fixed point results on aWPMS.

Lemma 2.1: (1. Altun and G. Durmaz’). Let (X, p) be a weak partial

metric space. Then
(a) {x,}is a Cauchy sequence in (X, p) if and only if {x,} is a Cauchy

sequence in metric space (X, d,).
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(b) (X, p) is complete if and only if (X, d,) is complete.

Lemma 2.2: Let (X, p) be a weak partial metric space and {x,} isa
sequence in X . If limx, =x and p(x, x)=0, then lim p(x,, y)=p(x y),

n— oo

forall ye X.
Proof: By (wP,),

P(X, ¥)<P(X X, )+ P(Xyr Y)-
Hence
P(X ¥)—P(X %)< P(X Y)<P (X0 X)+ P(X, Y).

Letting n —, we obtain

lim p(X,, y)=p(x y).

n— o

Definition 2.5: (J. Ali and M. Imdad*®) Two pairs (A, S) and (B, T) of
self-maps of a weak partial metric space (X, p) are said to satisfy the

common property (E. A.) if there exists two sequences {x,} and {y,} in X

such that,
lim Ax, = lim Sx, = lim By, = lim Ty, =t, forsome te X..
n—oo n— oo

n — oo n— oo

Inspired by Ranadive et al.® we also define here the same notion of
absorbing mappings in the weak partial metric space as follows:

Definition 2.6: Let A and S be two self-maps of a metric space
(X, p). The map A is said to be S-absorbing if there exists >0 such
that,

p(Sx, SAX)<R p(Sx, Ax), forall xe X .

Similarly the map S is said to be A-absorbing if there exists % >0 such

that,
p(AX, ASX)<R p(Ax, Sx), for all xe X .

Similarly, we can defined point wise absorbing map, mapping A is said to
be point-wise S -absorbing if for given xe X there exists ® >0 such that,
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P(Sx, SAX)<R p(Sx, Ax),

and S is said to be point-wise A-absorbing if for given xe X there exists
R > 0 such that,

p(Ax, ASX)<R p(AX, Sx)

It is clear that the notion of absorbing maps is different from other
generalizations of commutativity which force the mappings to commute at
coincidence points (For detail see Mishra et al.”®, Gopal et al.**, Mishra et
al.®). Recently Ali & Imdad® gave implicit function as follows:

Let w, be the family of lower semi-continuous functions

F(t, bt t,, &, t ;RS >R satisfying the following conditions:
(F) F(u,0,u,0,0,u) forall u>0,

(F,) F(u,0,0,u,u,0) forall u>o0,

(F;) F(u,u,0,0,u,u) forall u>o0.

Now we give some examples for above implicit function:

Example 2.1: Define F(t, t,, t;, t,, s, t; )RS >R as

tc+t
F 1t 1t,t |t ,t :t _a.t _b —5 6 y
(ti 21 %31 M40 5 6) 1 3 (1+t2+t4j

where a,b>0 and a+b<1.
Example 2.2: Define F(t,, t,, t;, t,, t;, t; )RS >R as

b+t t,+t
F(tl’tZ’t3!t41t5,t6):tl_kmax{t2t3, 32 5,%}’

where k e[0,1].
Example 2.3: Define F(t,, t,, t;, t,, t;, t; )RS >R as

Ft, bt b, b, 1) =t —k max{t,, t, t,} —k, max {t;, ts },

where k;, k, >0 and k, +k, <1.
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Example 2.4: Define F(t,t,, t;, t,, ts, t; ;RS >R as

tt. +1t,t
F(t,t, t., t,, t,t )=t —q| 3246 |
(1 21 %31 Y41 %5 6) 1 [t2t3+1

where « €[0,1].

Example 2.5: Define F(t,, t,, t;, t,, t;, t; )RS >R as

Lot +tg
Ft,t ty t, b, tg) =t —max< tt,, a(tsts )2, >

where « > 0.
Example 2.6: Define F(t,t,, t;, t,, ts, t; ;RS >R as

Ft, bttt ts) =t —a(tty) — B(tts +1,t5)
where a, 8 €(0,1) and o+ f<1.
Example 2.7: Define F(t,, t,, t;, t,, t;, t; )RS >R as

t? —amax{t;ts, t,ts }
tS+t .
Ft, bty ty, b, tg)=1-8] 2—=> if t, +t, 20
t, +1

t if t,+t;=0.
where o+ <1 and B(0,1).

3. Main Results

Now we are ready to state and prove our main result as follows:

Theorem 3.1: Let A B,Sand T be four self maps on a weak partial
metric space (X, p) satisfying:

(1) s(X)and T(X) are closed subsets of X,
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(2) the pairs (A, S)and (B, T) satisfy the common property (E. A.),
(3) forall x,ye X and Fey,,

F(p(Ax, By), p(Sx, Ty), p(Ax Sx), p(By,Ty), p(Sx, By), p(Ty, Ax))<0

Then the pairs (A, S) and (B, T) have coincidence point. Moreover if A is

pointwise S - absorbing and B is pointwise T -absorbing then A B, S and
T have unique common fixed point.

Proof: Suppose that the pairs (A, S) and (B, T) satisfy the common
property (E. A.). Then by condition (2) there exist two sequences {x,} and
{yn} in X such that,

lim Ax, = lim Sx, = lim By, = lim Ty, =t,
n—oo n— oo

n— oo n— oo

for some te X. Since S(X) is closed subset of X, limSy, =te S(X),
n—o0

therefore there exists a point ueX such that Su=t. Now we claim that
Au = Su,, for if not then by condition (3), we have,

F(p(Au, By,), p(Su,Ty,), p(Au, Su), p(By,, Ty,),

p(Su, By,), p(Ty,, Au))<0.

Letting n —>o, we get,
F(p(Au,t), p(Su,t), p(Au,t), p(t.t), p(t.t), p(t Au))so,
ie. F(p(Au,t),0, p(Au,t),0,0, p(t, Au))<O0.

So by (F,) we get a contradiction. Hence Au=Su. Thus u is a coincidence
point of A and S. Now if T(X) is closed subset of X, then
lim Ty, =te T(X). Therefore there exists a point w in X such thatTw=t.

We claim that Bw=Tw, for if not then by (3), we have,

F(p(AX,, BW), p(Sx,, Tw), p(Ax,, Sx,), p(Bw, Tw),
p(Sx,, Bw), p(Tw, Axn))so
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Lettingn — o0, We get,

F(p(t, Bw), p(t, Tw), p(t, t), p(Bw, Tw), p(t, Bw), p(Tw,t))sO,
ie. F(p(TW, Bw), 0, 0, p(Bw, Tw), p(Bw, Tw), O)SO,

a contradiction to (F,). Hence Bw=Tw. Thus w is a coincidence point of
the pair (B, T). Now since A is point wise S -absorbing, there exists R >0
such that,

p(Su, SAU)<R p(Su, Au) i.e. Su=SAu=t=S5t.
Now we assert At =t, for if not then by condition (3), we get,
F(p(At, By,), p(St, Ty, ), p(At, St), p(BY,, T¥,), P(St, By, ), p(Ty,, At))<0.
Letting n >,
F(p(At,t), p(t,t), p(At,t), p(t, t), p(t. t), p(t, At))<0,
ie. F(p(At 1), 0, p(At,1),0,0, p(t, At))<O0,

a contradiction to (F,). Hence At=St=t. Also, B is point wise T absorbi-
ng, there exists R >0 such that,

p(Tw, TBW)<R p(Tw, Bw) i.e. Tw=TBw=t=Tt.
Now suppose t =Bt then by condition (3), we get,
F(p(Au, Bt), p(Su, Tt), p(Au, Su), p(Bt, Tt), p(Su, Bt), p(Tt, Au))so,
or  F(p(t, Bt), p(t.t), p(t,t), p(Bt, t), p(t, Bt), p(t, t))<0,
ie. F(p(t Bt),0,0 p(Btt), p(t Bt),0)<0,

a contradiction to (F,). Thus Bt=Tt=t. Therefore we have
At=Bt=St=Tt=t and hence t is a common fixed point of A, B,Sand T.
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For uniqueness of common fixed point, let as assume that v be another
common fixed point of A B, Sand T. Then putting x=v, y=t in (3), we
get,

F(p(Au, Bt), p(Sv, Tt), p(Av, Sv), p(Bt, Tt), p(Sv, Bt), p(Tt, Av))sO,

or  F(p(t, Bt), p(t.t), p(t,t), p(Bt, t), p(t, Bt), p(t, t))<O0,
ie. F(p(t Bt),0,0, p(Btt), p(t Bt),0)<0,

a contradiction to (F,). Thus v=t. Therefore we have At=Bt=St=Tt=t
and hence t is the unique common fixed point of A B, S and T . This
completes the proof.

Theorem 3.2: Let A B, S and T be four self maps on a weak partial
metric space (X, p) satisfying:

(1) A(X)<=T(X)and B(X)c=S(X),

(2) the pairs (A, S), (B, T) satisfy the common property (E. A.),

(3) forall x,ye X and F ey,

F(p(Ax, By), p(Sx, Ty), p(Ax, Sx), p(By, Ty), p(Sx, By), p(Ty, Ax))so.

Then the pairs (A S)and (B, T) have coincidence point. Moreover if Ais
pointwise S -absorbing and B is pointwise T -absorbing then A, B, S and
T have unique common fixed point.

Proof: The proof of this theorem will remain same as the proof of
theorem 3.1.

Theorem 3.3: Let A, B, S and T be four self-maps on a weak partial
metric space (X, p) satisfying:
(1) A(X)=T(X)(or B(X)=S(X)),
(2) S(X)(or T(X)) is closed subsets of X ,
(3) thepairs (A S) and (B, T) enjoy the property (E. A.),
(4) forall x,ye X and F ey,

F(p(Ax, By), p(Sx, Ty), p(Ax, Sx), p(By, Ty), p(Sx, By), p(Ty, Ax))so.
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Then the pairs (A, S) and (B, T) have coincidence point. Moreover, if A is
pointwise S-absorbing and B is pointwise T -absorbing then A, B, S and
T have unique common fixed point.

Proof: As the pairs (A, S) and (B, T) satisfy the common property
(E.A.). Then there exist two sequences {x,} and {y,} in X such that,

lim Ax, = lim Sx, :n"_rfl By, :nli_r)T!OTyn =Sz,

n— o n— oo

for some z e X. Now we assert that Az =Sz, for if not then putting x=z,

Y=VYn
by condition (4), we have,

F(p(Az By,), p(Sz,Ty,), p(Az, Sz), p(BY,, Ty, ), p(Sz, By, ), p(Ty,, Az))<0
Letting n — oo, We get,

F(p(Az, S2), p(S2,52), p(Az, S2), p(S2,52), p(S2, S2), p(S2, A2))<0,
ie.  F(p(Az S2),0, p(Az Sz),0,0, p(Sz, Az))<0,

which is contradiction. Hence Az=Sz. Thus z is a coincidence point of A
and S. Now if A(X)cT(X), then there exists teX such that Az=Tt.

Further we assert that Bt=Tt. If not then putting x=z, y=t in (4), we
have,

F(p(Az, Bt), p(Sz, Tt), p(Az, Sz), p(Bt, Tt), p(Sz, Bt), p(Tt, Az))so,
or  F(p(Tt, Bt), p(Tt, Tt), p(Sz, Sz), p(Bt, Tt), p(Tt, Bt), p(Tt, Tt))<0,

ie.  F(p(Tt, Bt),0,0, p(Bt,Tt), p(Tt, Bt), 0)<0,

a contradiction. Hence Bt=Tt. Thus t is a coincidence point of the
pair(B, T). Thus we have u=Bt=Tt=Az=Sz. Now, since A is pointwise
S -absorbing, there exists R > 0 such that,

p(Sz, SAZ)<R p(Sz, Az) i.e. Sz=SAz=u=Su
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Now we assert Au=u, If not, then putting x=u, y=y, incondition (4), we
get,

F(p(Au, BY, ), P(Su, Ty, ), P(Au, Su), p(By,, Ty, ), P(Su, By, ), P(TY, Au))SO
Letting n—oo,

F(p(Au, sz), p(Su, Sz), p(Au, Su), p(Sz, Sz), p(Su, Sz), p(Sz, Au))go,
ie. F(p(Au,u), p(u,u), p(Au,u),0, p(u,u), p(u, Au))<0,

ie. F(p(Au, u), 0, p(Au,u), 0,0, p(u, Au))so,

a contradiction. Hence Au=u=Su, which shows that u is common fixed
point of the pair (A, T). Similarly, B is pointwise T -absorbing, there exists

R >0 such that
p(Tt, TBt)<®R p(Tt, Bt) ie Tt=BTt=u=Tu.
Now suppose u =Bu, then putting x=z, y=u in condition (4), we get,

F(p(Az, Bu), p(Sz,Tu), p(Az, Sz), p(Bu, Tu), p(Sz, Bu), p(Tu, Az))<O0,
or F(p(u, Bu), p(u,u), p(u,u), p(Bu, u), p(u, Bu), p(u, u))<0,
i.e. F(p(u,Bu),0,0 p(Bu,u), p(u, Bu),0)<0,
a contradiction. Thus Bu=Tu=u Therefore, we have Au=Bu=Su =Tu
=uand hence u is a common fixed point of A, B, S and T . For uniqueness
of common fixed point, let as assume that w be another common fixed point
of A B,S and T. Then putting x=w, y=u in (4), we get

F(p(Aw, Bu), p(Sw, Tu), p(Aw, Sw), p(Bu, Tu), p(Sw, Bu), p(Tu, Aw))so,

or F(p(w, u), p(w,u), p(w, w), p(u, u), p(w,u), p(u, w))<0,
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i.e. F(p(w,u), p(w,u),0,0, p(w,u), p(uw))<0,

a contradiction. Thus w=u. Therefore, we have Au=Bu=Su=Tu=u and
hence u is the unique common fixed point of A B,S and T. This
completes the proof.

Now we give an example which illustrates our Theorems 3.1, 3.2 and
3.3.

Example 3.1: Let X =[2, 20] be a metric space with weak partial
metric p. Define A B, S and T self - mappings of (X, p) as:

Ax=2 if 2<x<5, Ax=3 if x>5;
Bx=2 if 2<x<5, Bx=3if xe[5, 20];

S,=2, Sx=3, 2<x<5, 3x=XT+1 if x>5 and

T,=2,T,=3, Tx=12+x if3<x<8, Tx=x-5if x=8.
Clearly, both the pairs (A, S) and (B, T) satisfy the common property (E.

A.) as there exists two sequences x, ={8+1}, Yn ={8+1}6X such that
n n

lim Ax, = lim Sx, =nli_rjl By, nIi_r)r!OTyn =3.

n— o n— oo

Also A(x)=1{2,3}c[2,20]=T(x) and B(x)={2, 3} =[2, 7]U{3} =S(x)
Define F(t,t,, t;, t,, ts, t):RS —>R as

F(ti’ bl G, t6)=t1—at2 _b[ts ;uj_c(t%;%j,

where a,b,c>0 and a+b+c<1.

By routine calculation we can verify that contraction condition of
theorem is satisfied for a=0, b=1/4, c=1/2. If x,ye[25) then

p(Ax, By)=0 and also if x, ye(5, 20]then p(Ax, By)=0 and verification is
of contractive condition is trivial. If x=5 and ye[5, 8), then
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Sx, T b
ap(Sx, Ty) + [ 5 5

:o.|3_12_y|+%[|3—2|+|12+y—3|]+%(|3—3|+|12+ y—2|]

p(Ax, Sx)+ p(By, Ty)}rc[ p(Sx, By)+ p(Ty, Ax)]

2 2
1(1+9+y|) 1([10+y]|
=04+ Z T 2 PR T IS - p(Ax By).
+4( 2 ]+2£ 2 P(Ax, BY)

Similarly, one can verify the other cases. Thus all the conditions of above
theorems are satisfied and 2 is the unique common fixed point of
A B,Sand T . Here one may notice that all the mappings in this example

are even discontinuous at their unique common fixed point 2.
4. Application

Let (X,p) be a weak partial metric space and X is a function
f:(X, p) = (X, p) suchthat Fix(f)={xe X: x= fx}.

Theorem 4.1: Let A B,S and T be four self-maps on a weak partial
metric space (X, p). Since theorem 3.1 holds for all x, ye X and F ey,
then

[le YOFix(S )]ﬂle [le YNFix(S )]ﬂFix(T)

Proof: Let x e[le JNFix(S ]ﬂ Fix(T). Then by theorem 3.1, we have
F(p(AX BX), p(Sx, Tx), p(Ax, Sx), p(Tx, Bx), p(Sx, Bx), p(Tx, Ax))<O0,
F(p(x Bx), 0,0, p(x, Bx), p(x, Bx), 0)<0,

If p(x,Bx)>0, then a contradiction of (F,). Hence, p(x, Bx)=0, which
implies x = Bx. Therefore

[ Fix(A)NFix(S) JNFix(T ) <[ Fix(B)NFix(S) JNFix(T)

Similarly, by theorem 3.1 and (F,), we obtain,
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[le JAFix(S )]ﬂle [le YNFix(S )]ﬂFix(T)

Hence,
[le JNFix(S )]ﬂle [le JNFix(S )]ﬂFix(T).

This completes the proof.
5. Conclusion

In this attempt we prove common fixed point theorems by using the
new notion called absorbing mappings for satisfying implicit relation and
we have given one interesting example in support of our theorem. In the last
we present the application of our result.

Acknowledgement: The authors are thankful to the learned referee for his
/her deep observations and their suggestions, which greatly helped us to
improve the paper significantly.
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