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Abstract: In the present paper we obtain scalar curvature R of Two-dimensional 

Finsler space with cubic metric. Some special cubic metrics have been considered 

and explicit expression for scalar curvature R has been found. Variation of scalar 

curvature has been shown in various figures for x and y.    
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1. Preliminaries 
 

There are few papers on cubic Finsler spaces where certain properties
1-6

 have been 

studied. There are various papers on the geometry of spaces with a cubic metric as a 

generalization of Euclidean or Riemannian geometry. In 1995 M. Matsumoto and K. 

Okubo
7
, introduced the Christoffel symbols of m-th order, they obtained connection 

coefficients of Berwald and the differential equations of geodesic. They specially treated 

the two-dimensional Finsler space with cubic and quartic metrics and obtained the main 

scalar. 

 In Two-dimensional Finsler space F 
2
 the main scalar I and curvature R have important 

roles. The purpose of the present paper is to obtain scalar curvature R of Two-dimensional 

Finsler space with cubic metric. Some special cubic metrics have been considered and 

explicit expression for scalar curvature R has been found as given in equations (3.2), (3.3). 

Variation of scalar curvature for x and y has been plotted in the figure. 

 The cubic root Finsler metric L(x, y) of an n-dimensional differentiable manifold M
n
 is 

defined as 

(1.1)                       
3
( , ) ( )

i j k
ijkL x y a x y y y=               

where ( )ijka x  are components of a symmetric tensor field of (0, 3)-type, depending on the 

position x alone, and a Finsler space with this metric is called the cubic Finsler space.  

Let us define ( , )ija x y  and ( , )ia x y by 
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(1.2)             ( ) ( )
k

ij ijkL a x a x y=      and        
2

( ) ( )
j k

i ijkL a x a x y y=  .             

Then the normalized supporting element i il L= ∂ɺ
 
the angular metric tensor ij i jh L L= ∂ ∂ɺ ɺ  

and the fundamental tensor 21

2
ij i j ij i jg L h l l= ∂ ∂ = +ɺ ɺ  and the C-tensor 21

4
ijk i j kC L= ∂ ∂ ∂ɺ ɺ ɺ  

are respectively given by the equations 

(1.3)   a) 
 i il a= ,  b)  2( )ij ij i jh a a a= − ,    c)  2ij ij i jg a a a= −  

  d)  ( 2 )ijk ijk jk i ki j ij k i j kLC a a a a a a a a a a= − − − +  

 Let us call ( , )ija x y the basic tensor because this played an important role
1
. The metric 

L  is called regular, if the basic tensor has the non-vanishing determinant. Throughout our 

theories of cubic root metrics, we would suppose the regularity of the metrics. 

 By ija (x, y) we denote the reciprocal of ( , )ija x y . Then the reciprocal ijg (x, y)  of  

( , )ijg x y is given as 

               2 ijg = ija + ia ja      and             il ia= , 

where i
ia a = 1,  

i ij
ja a a= ,    i i ij

jl y L g l= = . 

 

2. Scalar Curvature of Two-dimensional cubic Finsler space 
 

  In two-dimensional Finsler space the Berwald frame ( , )i il m  has important role
8
. Any 

tensor field can be expressed in terms of this frame.  

 We are concerned with a cubic Finsler space equipped with a Berwald connection BΓ 

= (Gj
i
k, G

i
j, 0) where, i i

j jG G= ∂ɺ  and  i i
j j kG G= ∂ɺ , 2 2( ) 4i r

j ij j r jG g G y L L= = ∂ ∂ − ∂ɺ , 

j∂ɺ represent partial derivative with respect to y
i
 and i∂  represent partial derivative with 

respect to x
i
.  

 There are five torsion tensors and three curvature tensors in the theory of Finsler space 

equipped with any Finsler connection. If we are concerned with Berwald connection BΓ the 

only non-vanishing torsion tensor is (v)-h torsion tensor 
i
jkR  given by 

(2.1)                 i
jkR = 

i i
k j j kG Gδ − δ                                                               

where .r
k k k rrGδ = ∂ − ∂ɺ  

 The (v)-h torsion tensor 
i
jkR  in two-dimensional Finsler space

8
 may be written as  

(2.2)                     ( ),i i
jk j k k jR LRm l m l m= −

 

where R is the h-scalar curvature and 
i ij

jm g m= . 
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The cubic metric in two-dimensional Finsler space is given by (1.1) with i, j, k =1, 2. If 

we put ( a111,  a112,  a122,  a222) = (c0, c1, c2, c3) and 1 2( , ) ( , )x x x y= , 1 2( , ) ( , )y y x y= ɺ ɺ . Then, 

(1.1) may be written as 

                             L
3
 = c0 xɺ 3 + 3c1 xɺ 2 yɺ  + 3c2 xɺ yɺ 2 + c3 yɺ

3
                                                     

 The Christoffel symbols of third order for a cubic Finsler space has been defined by M. 

Matsumoto
7
, and is given by 

(2.3)  

 

( )
1

{ , } .
4

i jkh j ikh k ijh h ijkijk h a a a a= ∂ + ∂ + ∂ − ∂                     

By putting 1
a

a

c
c

x

∂
=

∂
 , 2

a
a

c
c

y

∂
=

∂
, a = 0, 1, 2, 3, we get eight Christoffel symbols of third 

order as follows: 

     {111, 1} = c01/2,              {111, 2} = (3c11-c02)/4,                {112, 1} = (c02+c11)/4,      

     {112, 2} = c21/2               {122, 1}=c12/2,                             {122, 2} = (c22+c31)/4,       

     {222, 1} = (3c22-c31)/4,    {222, 2} = c32/2          

 If we put H = L
2
det aij, then from (2.3) and (1.2), we have  

(2.4)                H = 2 2( ) ( )A x Bxy C y+ +ɺ ɺɺ ɺ  ,                                                         

where  2
0 2 1A c c c= − ,     0 3 1 2B c c c c= − ,       2

1 3 2 .C c c c= −  

The value of 1G , 2G in two dimensional cubic Finsler space are the solutions of linear 

equation
1

{ , }
3

r j k h
ira G jkh i y y y

L
=  and are given by

7
 

(2.5)           1 4 3 2 2 3 4(3 )(2 ) ( ) ( ) ( ) ( ) ( )( ) ( )H G a x b x y c x y d x y e y= + + + +ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ                                          

where  a =
1

2
c1(c02 - 3c11) + c2c01,          b = - (3c1c21 - 2c2c02 - c3c01), 

                   c = - 3{
1

2
c1(c22 + c31) - c2(c12 – c21) -  

1

2
c3(c02 + c11)}, 

                   d = - (c1c32 + 2c2c31 - 3c3c12),       e = - {c2c32  + 
1

2
c3(c31 - 3c22)} 

and   

(2.6)          2 4 3 2 2 3 4(3 )(2 ) ( ) ( ) ( ) ( ) ( )( ) ( )H G f x g x y h x y k x y l y= + + + +ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ  

where   f =  - {
1

2
c0(c02 - 3c11) + c1c01},         g = (3c0c21 - 2c1c02 - c2c01), 

                   h = 3{
1

2
c0(c22 + c31) -c1(c12 – c21) -

1

2
c2(c02 + c11)},  

                   k = (c0c32 + 2c1c31 - 3c2c12)),          l = {c1c32 + 
1

2
c2(c31 - 3c22)} 
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 In two-dimensional Finsler space, the non-vanishing components of 
i
jkR  are 

only 1 1
12 21R R= −   , 2

12R  = - 2
21R  . We are concerned with 1

12R  . From (2.1), we have 

(2.1)'           
1 1 1 1 1 1

1 1 2 1 21 1 1 2 2 2
12 2 2 1 1( ) ( )

G G G G G G
R G G G G

y x y x x y

∂ ∂ ∂ ∂ ∂ ∂
= − + − + +

∂ ∂ ∂ ∂ ∂ ∂ɺ ɺ ɺ ɺ
     

 and from (2.2), we have 

(2.2)'           1 1
12 1 2 2 1( )R LRm l m l m= − .                                                                 

Firstly, we are concerned with equation (2.2)' for the metric (2.3). The equation (1.2) 

explicitly may be written as 

           11 0 1La c x c y= +ɺ ɺ ,         12 1 2La c x c y= +ɺ ɺ ,        22 2 3La c x c y= +ɺ ɺ ,             

          2 2 2
1 0 1 2( ) 2 ( )L a c x c xy c y= + +ɺ ɺɺ ɺ ,     2 2 2

2 1 2 3( ) 2 ( ) .L a c x c xy c y= + +ɺ ɺɺ ɺ        

With the help of above equations, the expression (1.3c) may be expressed as 

(2.7)     

4 2 4 2 2 2 3 2 4
11 0 1 0 3 1 2 1 3 2

4 4 2 2 4 4
12 0 1 1 2 0 3 2 3 21

4 2 4 3 2 4 2 4
22 0 2 1 0 3 1 2 2 3

( ) 2 ( ) ( ) 2( )( )( ) (2 )( )

( ) ( )( ) ( ) ( )

(2 )( ) 2( )( ) ( ) 2 ( ) ( )

L g c x c x y c c c c x y c c c y

L g c c x c c c c x y c c y L g

L g c c c x c c c c x y c x y c y

 = − + − + −



= − + + =

 = − + − − +


ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ

 

Since ,j
i ijl g l=  we have 

(2.8)    
1 11 12

2 21 22 .

Ll g x g y

Ll g x g y

= +


= +

ɺ ɺ

ɺ ɺ

  

Then, in view of (2.7), equation (2.8) reduces to 

(2.9)    

5 2 5 4 2 3 2 2 3
1 0 0 1 1 0 3 1 2

2 4 5
1 3 2 2 3

5 5 2 4 3 2 2 2 3
2 0 1 0 2 1 0 3 1 2 2

4 2 5
2 3 3

( ) ( ) 2 ( ) ( ) ( 3 )( ) ( )

(2 )( )( ) ( )

( ) (2 )( ) ( 3 )( ) ( ) 2 ( ) ( )

( )( ) ( ) .

L l c x c c x y c x y c c c c x y

c c c x y c c y

L l c c x c c c x y c c c c x y c x y

c c x y c y

 = + − + −



− − +

 = + − + − −



+ +

ɺ ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ

 

         The components  im and  im (i =1, 2) of Berwald frame are related with il and  il  by 

the relations
8
 

(2.10)  

1 2
2 1

2 1
1 2

1
( , ) ( , )

( , ) ( , )

m m l l
g

m m g l l


= −




= −

 

where g = det( ijg ).  In view of (2.10), equation (2.2)' reduces to 

(2.11)        1 1
12 1 2 2 1 2 1 2( ) ( )R LRm l m l m Rl l x l y= − = − +ɺ ɺ                                       
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where 1l   and 2l  are given by (2.9). 

Secondly, we are concerned with equation (2.1)'. From (2.4), we have 

(2.12)   1 2
H

H Ax By
x

∂
= = +

∂
ɺ ɺ ɺ

ɺ
,       2 2

H
H Bx Cy

y

∂
= = +

∂
ɺ ɺ ɺ

ɺ
,         

2

11 2
2

( )

H
H A

x

∂
= =

∂

ɺ

ɺ

 

            
2

22 2
2

( )

H
H C

y

∂
= =

∂

ɺ

ɺ

,            
2

12 21

H
H B H

x y

∂
= = =

∂ ∂
ɺ ɺ

ɺ ɺ
, 

            2 2
1 1 1 1( ) ( )( ) ( )

H
H A x B x y C y

x

∂
= = + +

∂
ɺ ɺ ɺ ɺ ,    

2 2
2 2 2 2( ) ( )( ) ( ) ,

H
H A x B x y C y

y

∂
= = + +

∂
ɺ ɺ ɺ ɺ  

               1
12 2 22 ( ) ( )

H
H A x B y

y

∂
= = +

∂

ɺ

ɺ ɺ ,    2
21 1 1( ) 2 ( )

H
H B x C y

x

∂
= = +

∂

ɺ

ɺ ɺ  

where 1

A
A

x

∂
=

∂
,    1

B
B

x

∂
=

∂
 ,     1

C
C

x

∂
=

∂
 ,    2

A
A

y

∂
=

∂
,    2

B
B

y

∂
=

∂
 , and 2

C
C

y

∂
=

∂
. 

Since i i
j jG G= ∂ɺ   and i i

jk j kG G= ∂ ∂ɺ ɺ , from (2.5), we have 

(2.13)           

1 3 2 2 3 1
1 1

1 2 2 1 1
11 11 1 1

1 2 2 1 1 1
12 12 1 2 2 2

1 3 2 2 3
2 2

6 4 ( ) 3 ( ) 2 ( )( ) ( ) 6

6 12 ( ) 6 ( ) 2 ( ) 6 12

6 3 ( ) 4 ( ) 3 ( ) 6 6 6

6 ( ) 2 ( ) 3 ( )( ) 4 ( ) 6

HG a x b x y c x y d y H G

HG a x b x y c y H G H G

HG b x c x y d y H G H G H G

HG b x c x y d x y e y H

= + + + −

= + + − −

= + + − − −

= + + + −

ɺɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺɺ ɺ ɺ ɺ

ɺ ɺ ɺɺ ɺ ɺ ɺ

ɺɺ ɺ ɺ ɺ ɺ ɺ
1

1 2 2 1 1 1
21 21 2 1 1 2

1 2 2 1 1
22 22 2 2

6 3 ( ) 4 ( ) 3 ( ) 6 6 6

6 2 ( ) 6 ( ) 12 ( ) 6 12

G

HG b x c x y d y H G H G H G

HG c x d x y e y H G H G










 = + + − − −


= + + − −

ɺ ɺ ɺɺ ɺ ɺ ɺ

ɺ ɺɺ ɺ ɺ ɺ

 

Also from (2.6), we have 

(2.14)            

2 3 2 2 3 2
1 1

2 3 2 2 3 2
2 2

6 4 ( ) 3 ( ) 2 ( )( ) ( ) 6

6 ( ) 2 ( ) 3 ( )( ) 4 ( ) 6

HG f x g x y h x y k y H G

HG g x h x y k x y l y H G

 = + + + −

 = + + + −

ɺɺ ɺ ɺ ɺ ɺ ɺ

ɺɺ ɺ ɺ ɺ ɺ ɺ

   

From (2.13), we have 

(2.15              

1
3 2 2 31

2 2 2 2

1 1
11 1 2 2 1

1
3 2 2 32

1 1 1 1

1 1
21 2 1 1 2

6 4 ( ) 3 ( ) ( ) 2 ( )( ) ( )

6 6 6

6 ( ) 2 ( ) ( ) 3 ( )( ) 4 ( )

6 6 6

G
H a x b x y c x y d y

y

H G H D H G

G
H b x c x y d x y e y

y

H G H D H G

 ∂
= + + +

∂

− − −

 ∂

= + + +
∂


− − −

ɺ ɺ ɺ ɺ ɺ ɺ

ɺ

ɺ ɺ ɺ ɺ ɺ ɺ

ɺ
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where 2 2a a= ∂ ,  2 2b b= ∂ ,  2 2c c= ∂ , 2 2d d= ∂ , 1
2 2D G= ∂ ,  1 1b b= ∂ , 1 1d d= ∂ ,    

1 1e e= ∂ ,   1
1 1D G= ∂ .   

In view of equations (2.4), (2.12), (2.13), (2.14), (2.15), the equation (2.1)' reduces to 

(2.16)                 1
12 236

X
R

H
=                    

where  

5 2
2 1 2 2

4
1 1 2 2 2

3 2
1 1 1 2 2

2

{8 3 24 6 }( ) {3 8 2 24 6 24 18

6 12 }( ) ( ) {2 24 4 15 48 9 24 18 12

6 12 18 }( ) ( ) {6 36 6 10 12 48 6 12

18

X fc bg a A b A x b bc gc fd bh a B b A

b B c A x y bc ad hc gd fe bk a C b B c A

C c B d A x y hd ge bd kc bl ae d A c B

b

= − + − + − + + − + + −

− + − − + + − + + +

− − − + + − − − − + +

+

ɺ

ɺ ɺ

ɺ ɺ

2 3
1 1 1 2 2

4 2 5 1
1 1 2 1 21

1 1 1 1 1 1 1
2 1 1 2 22 2 2 11 1 1 12

12 18 24 }( ) ( ) {24 2 3 24 16 12 6

18 24 }( )( ) {3 12 16 12 6 24 }( ) {24 (

) 24 ( 2 ) 6 ( 2 ) 6 (

C c C d B e A x y eh cd kd be cl c C d B

d C e B x y d kl ce dl d C e C y a H G

H G H G f H G H G b H G H G g H G

− − − + − − − − + +

− − + + − − + − − +

+ + + − + −

ɺ ɺ

ɺɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺ 1
1 2

1 3 1 1 1 1 1 1
2 1 21 2 1 1 2 22 2 2 11

1 1 1 1 2 1 1 1
1 1 12 1 2 2 1 21 2 1 1 2 22

1 1 1 1
2 2 11 1 1 12

)}( ) {18 ( ) 18 ( 2 ) 12 (

2 ) 12 ( )}( ) ( ) {12 ( ) 12 (

2 ) 18 ( 2 ) 18 (

H G

H G x b H G H G H G g H G H G c H G

H G h H G H G H G x y c H G H G H G h H

G H G d H G H G k H

+

+ − + + + + − +

− + + − + + +

+ − + −

ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺɺ ɺ

ɺ ɺ ɺ ɺ 1 1 1 2 1
1 2 2 1 21

1 1 1 1 1 1 1 1
2 1 1 2 22 2 2 11 1 1 12 1 2

1 3 1 2 1 2 1 1
2 1 1 1 2 2 12 21 1 2

1
2 1 2 1 1 2

)}( )( ) {6 (

) 6 ( 2 ) 24 ( 2 ) 24 (

)}( ) {18 12 72 18 36 (

G H G H G x y d H G

H G H G k H G H G e H G H G l H G H G

H G y bH G cH G aH G bH G A H G H G H D

H G H D H G

+ + −

+ + + + − + − + +

+ + − − + − +

+ − −

ɺ ɺ ɺɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺɺ

ɺ 1 2 1 2 1 2 1
1 1 2 2 12

1 1 1 1 2 1
21 1 2 2 1 2 1 1 2 1 1 2

2 1 1 1 1 2 1
2 12 21 1 2 2 1 2 1 1 2 21

1
2 1

)}( ) {24 36 36 24 36 (

)}( )( ) {18 72 24

18 36 ( )}( ) 36(

x cH G dH G bH G cH G B H G

H G H D H G H D H G x y dH G eH G cH G

dH G C H G H G H D H G H D H G y H G

H G H

− + − − +

− + + − − − + − −

− + − + + − − +

+ +

ɺ ɺ ɺ ɺɺ

ɺ ɺ ɺ ɺ ɺɺ ɺ

ɺ ɺ ɺ ɺɺ

ɺ ɺ 1 1 2 2 1 1 1 1 1
1 2 1 2 1 22 2 2 2 11 2 1)( ) 36 ( 2 ) 36 ( 2 )G H G H G H G H G H G H G H G H G− + + − +ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ

  

 

Now in view of (2.11) and (2.16), we have 

(2.17)                  

)(36
.

2

.

12
2

ylxllH

X
R

+

−=                                                                                       

where 1l  and 2l  are given by (2.9). 

        Theorem 1: The (h)-scalar curvature R of a two-dimensional Finsler space with a 

cubic metric is given by (2.17). 
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 The expression of R given in (2.17) is very lengthy. Due to this fact it will be very 

difficult to study any more properties of two-dimensional Finsler spaces with cubic metric. 

Therefore in the next article we shall consider special cases of cubic Finsler metric. 

 

3. Two-dimensional special cubic Finsler metric 
 

 Now, we consider symmetric metric  

                             L
3
 = c0( xɺ

3
 + yɺ

3
) + 3c1( xɺ

2
yɺ  + xɺ yɺ

2
)  

where we put c0 = c3,     c1 = c2. 

 In order to simplify it a bit more, we take 

 Case 1:  c1 = 0,      L
3
 = c0( xɺ

3
 + yɺ

3
),     2

0H c xy= ɺɺ   

 Putting these values in equation (2.17), we get 

(3.1)         

2
01 02 0 012 02 0 0223 2

0

2 3 5 3
2 2 2
01 0 011 01 02 0 012 01 022 4 2

[2{ 2 } {13 12 }
48 ( )

( ) ( ) ( ) ( )
{13 12 } {2 4 }

( ) ( ) ( )

L
R c c c c x c c c y

c y

y y y y
c c c c c c c c c

x x x x


= − + −





+ − + − + +


ɺ ɺ

ɺ

ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ

  

where 1ab
ab c
x

c
=

∂

∂
,  2ab

ab c
y

c
=

∂

∂
 ,    a = 0, 1, 2, 3 and  b = 1, 2.  

Further 

(A)      For  0c x= ,  the metric L is given by 3 3 3(( ) ( ) )L x x y= +ɺ ɺ  and the (h)-scalar 

curvature R from (3.1) reduces to 

(3.2)               
3

3

3 8

( 1)( 13)
( ) ,

(48)
x

t t
R R t

x

+ +
= =                                                                                  

where 
3

3

( )

( )

y
t

x
=
ɺ

ɺ

. 

 Theorem 2: The (h)-scalar curvature R of a two-dimensional Finsler space with cubic 

metric 
3 3 3(( ) ( ) )L x x y= +ɺ ɺ  is given by (3.2). 

In particular, at x = 1, we consider the indicatrix of the metric 3 3 3(( ) ( ) )L x x y= +ɺ ɺ . 

Fig.1 shows the indicatrix curve in the orthonormal co-ordinates ( , )x yɺ ɺ , which is obtained 

from ( , )x yɺ ɺ
 
by 045− rotation. Indicatrix curve is symmetric with respect to yɺ -axis and xɺ -

axis is an asymptote to the indicatrix. Variation of indicatrix as a point P moves along the 

indicatrix is shown in Fig. 2 (M. Matsumoto and K. Okubo
7
, page-102, Fig. 2). Further, 

variation of scalar curvature which is given by (3.2) is shown in Fig. 3 at x = 1. As a point P 

moves A B C D→ → →  along the indicatrix curve as shown in Fig. 1, the variation of 

scalar curvature has also been shown in Fig. 3 with the point P ( A B C D→ → → ). 
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C  

B  I  

t  

xɺ  1  1/ 2  0  1/ 2−  

1  

1/ 2  

xɺ  yɺ  
D  

C  

A  

yɺ  

Fig. 1 

Fig. 2 

Fig. 3 
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Analytical analysis is given below: 

       
3

3

( )
1, 1, , 0, 0

( )

y
t y x x y y

x
= − ⇒ = − ⇒ = − ⇒ + = ⇒ =

ɺ
ɺɺ ɺ ɺ ɺ

ɺ

, which corresponds to A. 

       30, ( ) 0,t y x y= ⇒ = ⇒ =ɺ ɺɺ , which corresponds to B. 

       
3

3

( )
1, 1, , 0, 0

( )

y
t y x x y x

x
= ⇒ = ⇒ = ⇒ − = ⇒ =

ɺ
ɺɺ ɺ ɺ ɺ

ɺ

, which corresponds to C. 

        , ( ) 0,t x y x→ ∞ ⇒ = ⇒ = −ɺ ɺɺ , which corresponds to D. 

          From the equation (3.2) it is obvious that ( ) 0xR t <  when 13 1t− < < −  and 

( ) 0xR t =  for t = -13 and t = -1. ( ) 0xR t >  when 13t < −  or 1t > − . ( )xR t → ∞  when 

t → ±∞ . 
8

0.0199
(0)xR

x
≈  and min. 8

0.0199
(0)xR

x
≈ −  at 4t = − .  

In Fig. 2, 
y

t
x

=
ɺ

ɺ
and in Fig. 3, 

3

3

( )

( )

y
t

x
=
ɺ

ɺ

. 

(B):  For 0c y= , the metric L becomes 3 3 3(( ) ( ) )L y x y= +ɺ ɺ  and the (h)-scalar curvature R 

from (3.1) reduces to 

(3.3)               

3

3

3 8

1 1
( 1)( 13)

( ) .
(48)

y
t tR R t

y

+ +

= =                                                                            

        Theorem 3: The (h)-scalar curvature R of a two-dimensional Finsler space with cubic 

metric 
3 3 3(( ) ( ) )L y x y= +ɺ ɺ  is given by (3.3). 

             In particular, at y = 1, we consider the indicatrix of the metric 3 3 3(( ) ( ) )L y x y= +ɺ ɺ . 

Fig. 1 shows the indicatrix curve in the orthonormal co-ordinates ( , )x yɺ ɺ , which is obtained 

from ( , )x yɺ ɺ by 045− rotation. Variation of scalar curvature which is given by (3.3), is shown 

in Fig. 4 for y = 1 graphically. As a point P moves A B C D→ → →  along the indicatrix 

curve as shown in Fig. 1. The variation of scalar curvature has also been shown in Fig. 4 

with the point P ( A B C D→ → → ). Analytical analysis is given below: 

     
3

3

( )
1, 1, , 0, 0

( )

y
t y x x y y

x
= − ⇒ = − ⇒ = − ⇒ + = ⇒ =

ɺ
ɺɺ ɺ ɺ ɺ

ɺ

, which corresponds to A. 

      30, ( ) 0, , ( )yt y x y R t= ⇒ = ⇒ = ⇒ → ∞ɺ ɺɺ , which corresponds to B. 

      
3

3

( )
1, 1, , 0, 0

( )

y
t y x x y x

x
= ⇒ = ⇒ = ⇒ − = ⇒ =

ɺ
ɺɺ ɺ ɺ ɺ

ɺ

, which corresponds to C. 

       , ( ) 0,t x y x→ ∞ ⇒ = ⇒ = −ɺ ɺɺ , which corresponds to D. 
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From the equation (3.3) it is obvious that ( ) 0yR t <  when 13 1 1t− < < −  and 

( ) 0yR t =  for 1/ t = -13 and t = -1. ( ) 0yR t >
 
when 

1
13

t
< −  or 1t > −  . ( )yR t → ∞  when 

1

t
→ ± ∞ .  

 

 

 

 

 

 

 

 

 

 

 

 

(C):   For 0c = constant, the metric L becomes, 3
L = constant 3 3(( ) ( ) )x y+ɺ ɺ , and the (h)-

scalar curvature R from (3.1), reduces to R = 0. Thus 

Theorem 4: The (h)-scalar curvature R of a two-dimensional Finsler space with cubic 

metric 
3

L = constant
3 3(( ) ( ) )x y+ɺ ɺ vanishes. 

       Remark: When 0c
 
is a constant, 01c is zero and hence the expression for R in (3.1) 

vanishes. On the other hand when 01c is calculated for x = 1 it comes out to be one and the 

value of scalar curvature R is different from zero. This case is different from the case when 

in the metric 0c  is taken as a constant. 

Case 2:- 0 0c = ,     3 2 2
13 (( ) ( ) ( )( ) )L c x y x y= +ɺ ɺ ɺ ɺ ,      2 2 2

1 (( ) ( ) )H c x xy y= − + +ɺ ɺɺ ɺ , 

     Putting these values in equation (2.17) we get 

(3.4)                      1

2
2 1 236 ( )

X
R

H l l x l y
= −

+ɺ ɺ

                                                                                                

 where  

2 5 2 2 4 2 2
1 1 2 1 1 11 2 1 1 11 2

3 2 2 2 2 3 2 2 4
1 1 11 2 1 1 11 2

2 2 5 1 1 1
1 11 2 21 2 1 1 2

{18 (2 )}( ) {18 ( 5 2 )}( ) ( ) {9 (3 12

10 )}( ) ( ) {18 (4 3 2 )}( ) ( ) {18 (2 3 )}( )( )

{9 (3 2 )}( ) {24 ( ) 6

X c M M x c c M M x y c c M

M x y c c M M x y c c M x y

c c M y a H G H G H G

= − + − + + −

− − − + − −

− − + + −

ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺɺ
1 1 3

11 1 1

1 1 1 1 1 1 1
21 2 1 1 2 11 1 1 12 1 1

1 2 1 1 1 1 1 1
2 1 21 2 1 1 2 22 2 2 11

( 2 )}( )

{18 ( ) 12 ( 2 ) 12 (

)}( ) ( ) {12 ( ) 12 ( 2 ) 18 (

b H G H G x

b H G H G H G c H G H G h H G H G

H G x y c H G H G H G h H G H G d H G

+

− + + − + − + +

− + + + + −

ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺɺ ɺ
 

B  

t  

D  
C  

1−  

A  

( )yR t  

Fig. 4 
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1 1 1 1 2 1 1 1
1 1 12 1 2 2 1 21 2 1 1 2

1 1 1 1 1 3 1 2
22 2 2 12 1 2 2 1 1 1

1 2 1 1 1 1
2 2 12 21 1 2 2 1 2 1 1 2

2 ) 18 ( )}( )( ) {6 ( )

6 ( 2 ) 24 ( )}( ) {18 12

72 18 36 ( )}

H G k H G H G H G x y d H G H G H G

k H G H G l H G H G H G y bH G cH G

aH G bH G A H G H G H D H G H D H G

− + + − + + +

+ − + + + +

− − + − + + − −

ɺ ɺ ɺ ɺ ɺ ɺ ɺɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ ɺɺ

ɺ ɺ ɺ ɺ 2

1 2 1 2 1 1
1 1 2 2 12 21 1 2

1 1 1 2 1 2
2 1 2 1 1 2 1 1 2 2

1 1 1 1 2 1 1
12 21 1 2 2 1 2 1 1 2 21 2 1

1 2

( )

{24 36 36 24 36 (

)}( )( ) {18 72 24 18

36 ( )}( ) 36(

x

cH G dH G bH G cH G B H G H G H D

H G H D H G x y dH G eH G cH G dH G

C H G H G H D H G H D H G y H G H G

H G

− + − − + − +

+ − − − + − − −

+ − + + − − + +

+

ɺ

ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺɺ ɺ

ɺ ɺ ɺ ɺɺ

ɺ 1 1 2 2 1 1 1 1 1
1 2 1 22 2 2 2 11 2 1)( ) 36 ( 2 ) 36 ( 2 )H G H G H G H G H G H G H G H G− + + − +ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ

 

                        

5 2 3 2 2 2 3 2 4
1 1 1 1

5 2 4 2 3 2 2 2 3
2 1 1 1

2 ( ) ( ) 3 ( ) ( ) ( )( )

( ) ( ) 3 ( ) ( ) ( ) ( )

L l c x y c x y c x y

L l c x y c x y c x y

 = − − +

 = − − −

ɺ ɺ ɺ ɺ ɺ ɺ

ɺ ɺ ɺ ɺ ɺ ɺ

 , 

                       1 4 3 2 2 3
1 11

3
(3 )(2 ) [( ) 2( ) ( ) ( ) ( ) 2( )( ) ]

2
H G c c x x y x y x y= − + + −ɺ ɺ ɺ ɺ ɺ ɺ ɺ  and 

                       2 2 2 3 4
1 11

3
(3 )(2 ) [( ) ( ) 2( )( ) ( ) ]

2
H G c c x y x y y= − + +ɺ ɺ ɺ ɺ ɺ ,    

                        1 112 2 3 2 2a b c d c c h k l= = = − = − = = = ,  

                       1 1 1 11M c c= ∂ ,                 2 2 1 11M c c= ∂ .       
                               

       Theorem 5: The (h)-scalar curvature R of a two-dimensional Finsler space with cubic 

metric 
3 2 2

13 (( ) ( ) ( )( ) )L c x y x y= +ɺ ɺ ɺ ɺ  is given by (3.4). 
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