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Abstract: The notion of Quasi Einstein manifold (QE) was introduced in a recent
paper' by M. C. Chaki and R. K. Maity. Further in paper’ M. C. Chaki has
introduced the notion of generalized Quasi Einstein manifold and manifold of
generalized quasi-constant curvature with some properties. In present paper we
have obtained relations of associated scalars and scalar curvature of Quasi-constant
curvature in Kahler manifold and also obtained some result on specific curvature
tensor.

1. Introduction

Let {MZH,g} be 2n-dimensional Kihler manifold with respect to Levi-civita connec-
tion V , then we have

||

(L) +X=0  X=FX

(12) g(XY)=g(XY)

(1.32) Let 'p(x.v)= g(X.y) »then
(1.3b) CF(X,Y)¥F(Y.X)=g(XY)+g(X.Y)=0
(14) (VyF)(Y)=0

where X, Y are arbitrary vector field.

Let K be the curvature tensor on M, ,

def
(1.5) K(XY.Z)=VyVyZ-VyVxZ-V,xyiZ

and we have

(1.6) 'K(X,YZW)="K(XYZW)=K(X, Y, ZW )
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W) "K(XY.ZW)=K(X.Y.ZW)

and Ricci tensor Ric

(1.8) Ric(X,Y )=Ric(X,Y)

(1.9) RY = RX

The Wyle's projective tensor denoted by W, defined as

(1.10) W(XY,Z)=K(XYZ)+

] 7 {Rict X.Z)Y = Ric(Y.Z )X }

and on Kihler manifold satisfy following properties

(1.1 "W(X, Y, Z,U)=W(X, Y ZU)
(1.12) "w(X,Y,ZU)=W(X,Y,Z,U)
where

” def
(1.13) "W(X.Y,ZU)=gW(XY.Z)U)

The Concircular curvature tensor denoted by C is defined as

(1.14) COXY.Z)=K(X,Y.Z)+———{g(Y.Z)X -g(X.2)Y]

(n-1)
and have
(1.15a) 'o(X,Y,ZU)=C(X,Y,ZU)
(1.15b) C(Y,Z)="C(Y,Z)
(1.15¢) ‘(Y. Z)+C(Y.Z)=0
where
(1.16) *C(Y,Z)=(trC)(Y,Z)

Conformal curvature tensor V is defined as,
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def

= K(X,Y,Z)—( !

V(X,Y,Z) T {Ric(Y,Z)X —Rie( Z,X )Y —g(X,Z )RY

.17 +8(Y.Z)RX }+ {g(Y.Z)X—-g(X,Z)Y}

_r
(n=1)(n-2)
and Conhormonic curvature tensor denoted by L is defined by,

def
L(X,Y.Z) -—{K(X,Y,Z)— f
(1.18) (n-2
-g(X,Z)RY +g(Y,Z)RX }

; {Ric(Y,Z)X —Ric(Z,X )Y

A non-flat Riemannian manifold {M,, ,g} is called quasi-Einstein if its Ricci tensor

Ric of type (0,2) is not identically zero and satisfy the condition
(1.19) Ric(X,Y)=ag(X,Y)+bA(X )A(Y )
where a, b are scalars of which p = ¢ and A is nonzero 1-form such that,

(120) g(X,U) =A(X) VX, and U is unit vector field.

In 1972 Chen and Yano® introduced the notion of a manifold of quasi-constant

curvature according to them a Riemannian manifold {M",g} (n >3) is said to be quasi-

type (0,4) satisfies the condition

'K(X,Y,ZW)=a[g(Y.Z)g(XW)-g(X,Z)g(Y.W)]
(1.21) +b[g(Y,Z)A(X)AW )-g( X, Z)A(Y)A(W )
+8(XW)AY)A(Z)-g(Y.W)A(X)A(Z)]

where a, b are scalars of which b = 0 and A is nonzero 1-form such that,

(122) gX, ) =AX), VX

U is unit vector field. In such case a and b are called the associated scalars. A is
called associated 1-form an U is called generator of manifold. Such an n-dimensional

manifold was denoted by the symbol (QC), in the paper*.

2. Scalar curvature and associated scalars of (QEK)

Theorem (2.0): On Quasi-Einstein Kdhler manifold (QEK), for (n#2) the
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associated scalar a and b are related by

@n a:(2n—3)b

nfn-2)
and the scalar curvature r will be
(2n-35)b
@2 Sy
Proof: From (1.21), we get
o K(X,Y.Z) :a[g(Y,Z)X—g(X,Z)Y]+b[g(Y,Z)A(X)U—g(.\’,Z)A(Y)U
23) +A(Y)A(Z)X - A(X)A(Z)Y ]

and from (2.3), we get

K(XY.Z)=a[g(Y,Z)X -g(X,2)¥ J+b[g(Y,Z)AX)U~g(X.Z)AT )U

24) AV )A(Z)X - AR )A(Z)Y ]

From (2.3) and (2.4), using (1.6) and (1.3a), we get

alg(Y.Z)X - g( X, Z)Y ] +b[g(Y.Z)A(X )U—g(X,Z)A(Y U + AY)A(Z)X
~AXJAZ)Y | =al'F(Y,Z)X~F(X,Z)Y J+b['F(Y,Z)A( X JU
“F(X,Z)AY)U+AY)AZ)X-A(X )4 2)Y ]

On contracting (2.5) over X and Y, we get
(26) n(n-2)a+b(2n-3)=0 , which yields (2.1)

On contracting (1.19) over X and Y, we get
27) r=na+b
Using (2.1) in (2.7). we get (2.2).

Theorem (2.1): On Quasi-Einstein Kcihler manifold the scalar curvature is given by

2.8) r=n{(n-1)a+ 2b]

if quasi constant curvature ' K satisfy relation (1.6).

Proof: From (1.21) and (1.6), we get by using (1.2)
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'K(X,Y,Z,W) = a[g(Y,Z)g(X,W)—g(X,Z)g(Y,W)]
2.9) TGV Z)AX)AW )~ g( X, Z )A(Y )4 )
YBOXW)AY JA(Z )~ g(Y. W )ACX )A(Z )]

From (2.9), we get

K(XY.Z)=a[g(V,2)X -g(X,2)¥] ~bl(Y.Z)AX)U +g(X,Z)4¥ )T ]
+O[AY)A(Z )X - A(X)A(7 Y]

(2.10)
On contracting (2.10) over X, and using (1.3) and (1.20)
@.11) Ric(Y.Z)=[(n~1)a+b]g(Y,Z)+nbAT )47 )

Further contracting (2.1 1) over Y, we get (2.8).

3. Properties of Wyle's Projective curvature tensor

Theorem (3.1): On quasi-Einstein Kéhler manifold the Wyle's projective curvature
tensor W satisfy following relations,

G.1) W(Y,Z)="w(y,z)
(3.2) W(Y,Z)+'W(Y,Z )=0
iff

(33) ACY)JA(Z)+ A(Y )A(Z )=0

Proof: From (1.10)

/
(n-1)

G4) W(XY.Z)=K(XY.Z)+ {Ric(X,Z)Y = Ric(Y,Z )X }

and from (1.21), we get

K(X,Y,Z) =a[&(V.Z)X~g(X,Z)Y J+b[g(Y,Z)A(X )U~g(X,Z)A(Y )U
(3.5) +A(Y)A(Z)X - A(X)A(Z)Y]

using (3.5) and (1.19) in (3.4). we get
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afn-2)
(n-

(6) + {"((:_” - }[A(Y)A(Z)X ~A(X)A(Z)Y]

LBl (Y. Z)AX U -g(X.Z)A(Y U]

W(X)YZ)= { }[ (Y, Z)X-g(X,Z)Y]

G.7) Let "W(Y,Z)=(rW (Y. Z)

Contracting (3.6) over X and using (3.7), we get

(3.8) ‘W(Y,Z)=[a(n-2)+b]g(Y,Z)+b(n-2)A(Y )A(Z)
and
(3.9) "W(Y,Z)=[a(n-2)+b]g(Y,Z )+b(n-2)AY JA(Z)

From (3.8) and (3.9), we get (3.3) and from (3.3) we get (3.1) and (3.2).

Corollary (3.2): On (QEK), Wyle's scalar curvature tensor r' is given by
(3.10) r' =b(4n-5)
Proof: Contracting (3.8) over Y and using (2.1), we get (3.10).

Theorem (3.3): On Quasi-Einstein Kdhler manifold Wyle's projective curvature ten-
sor W satisfy following,

@3.11) WX YZ)=W(XY,Z)+W(XY,Z)+W(X,Y,Z)
(3.12) W(XYZ)=W(XY.Z)+W(X,Y.Z)+W(X,Y,Z)
- .

(3.12). AY)AZ)X+ AV )AZ)X +AY)AZ)X =AY )A(Z )X

Proof: From (3.6), we get

— }[g(Y,Z))T—g(X,Z)?J

+{”((” 2)}[A(Y)A(Z)X AX)AZ)Y ]
n

+b[g(Y,Z)A(X)U~g(X,Z)A(Y)U]

W(X,?,Z):{

(3.13)
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W(XY,z)= { ‘;(” — f)’ }[g(x Z)X-g(X,2)r]
— ;

G.14) +{ b((n”_‘f)) }/A( VIMZ)X-AX)4z)r)

+O[R(Y,Z) A X)U-g( X Z)A(Y)U]

W(X,7,2) ={ ‘;( n ‘Ii)}[g(?,z )X ~g(X,2)7]
~

G.15) +{ ”((’:’:f))}[m?)xt(zvf-A(X)A(2)7/

+O[8(Y,Z)AX)U-g( X 7 JAY U]

and

W(X,Y,7)= { ‘;( ”“Ii)}[g(y, Z)X-g(X.Z)¥]
=

G.16) +{ "((:_"Ij) }[A(Y)A(E)X—A(X)A(Z)Y]

+6(g(Y,Z)A(X U - 8(X.Z)AY U]

Adding (3.14), (3.15) and (3.16) we get (3.12), Further if (3.12) holds then Wyle's
projective curvature tensor W satisfy relation (3.11) and from (3.11) we get (3. 12).

4. Properties of Concircular curvature tensor

Theorem (4.1): On Quasi-Einstein Kihler manifold the Concircylar curvature ten-
sor C satisfy Jollowing condition i (3.12) holds

@.n C(X,7,2)=C(,?,Y,Z)+C(X,Y,Z)+C(X,Y,z‘)

@42) CXVZ)=C(X,V.Z)+C(X, Y.Z)+C(X.¥,z)

Proof: From (1 .21) we have

rK(X,y,z)=a[g(y,Z)X—g(X,Z)Y]+b[g(Y,Z)A(X)U‘g(X'Z)A(Y)U
@3) HAY)AZ)X -4 X)aZ)U]
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Using (4.3). (2.7) in (1.4), we get

C(X.Y,Z)=a[g(Y.Z)X-g(X, Z)Y]+b[g(Y Z)A(X U —g( X, Z)A(Y U

)[ (Y.Z)X-g(X.Z)Y]

(44) +A(Y)A(Z)X - A(X)A(Z)Y]+[ -
After simplification from (4.4), we get
4.5)

C(X,Y.Z) :(”((”"f)))[g(y,zu—g(X,Z)y]+b[g(Y,Z)A(X)U
n-—

g( X, Z)A(Y U+ A(YJA(Z)X = A(X)JA(Z)Y —g(Y. Z)X + e(X.Z)¥]

From (4.5). we get

(4.6)
C(X,Y, Z):Lf((—”—f)lj[g(y Z)X-g(X,Z)Y]J+b[g(Y, Z)A(X U
n
_o( X, Z)AY JU+AY)A(Z)X - AX)AZ)T-g(Y.Z)X+g(X.Z)Y]
@7

c(X.Y.Z) —(—((———][ (Y.2)X -g(X,Z)Y ] +b[g(Y, Z)A(X U
n

_g(XZ)AY U+ A(YJA(Z)X ~ A(X)AZ)Y = g(Y, Z)X+g(X,Z)Y]

48)
CXT.Z)= (%—Q][g(y 2)X -g(X,2) J+b[&(V.Z)A( X U

e X.Z)AT U+ AT JAZ)X ~AX)AZ)Y ~g(V.Z)X +8(X, Z)F]
49)

C(XY.Z)= (T(fz)—)j[g(y Z)X -g(X,Z)Y]+b[g(V.Z)A(X)U

—g(X.Z)JAY U +A(Y)A(Z )X - AX)AZ)Y-g(V.Z)X+8(X.Z)Y]
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Adding (4.7), (4.8). (4.9) and using (4.6) and (3.12). we get (4.1)and (4.1) vields (4.2).

Theorem (4.2): On Quasi-Einstein Kihler manifold for g=p the properties of
Concircular curvature tensor C in Kéhler manifold defined by (1.15b) and (1.15¢)
holds as well as in (QEK), for n >2 if (3.3) holds.

Proof: Contracting (4.7) over X, we get

(4.10) CY,Z)=(n~2)[(ab J8(Y.Z)+ A(Y)4(Z)]
and
@11 C(Y,.Z)=(n-2)[(a-b J8(Y.Z)+ A(Y )A(Z )]

From (4.10) and (4.1 1) we find that if (3.3) holds we get (1. 15b) and further (1. 15b) yield
(LiSc)fora = b .

Corollary (4.3): On ¢ QEK ), the scalar curvature of Concircular curvature tensor
satisfy following relation
(4.12) rC=na(n-2)-(n-1)p

Proof: From (4.5) using (1.15a) we get
4.13)

a(n-2)
(n-1)
~8(XZ)AY U+ AY)A(Z )X - 4/ X JA(Z)Y -g(Y,Z )X + g(X.2)Y]

C(X,Y,Z) =( )[g(}’, Z)X=g(X,Z)Y J+b[g(Y,Z)4( X JU

Contracting (4.13) over X and Y, we get (4.12).

5. Conformal curvature tensor

Theorem (5.1): If Quasi-Kéhler manifold is conformally flat then scalar curvature
tensor r satisfies following relation

na__ (n-1)b]
(n=1] (n=2) |

r=|
G [_

Proof: Let

(52) V(X.Y,Z)=0
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Then from (1.17). we get

- !
K(XY.Z)= e {Ric(Y,Z)X = Ric(Z.X )Y —g( X, Z)RY
n-2)

(52) . r o
4o Y Z)RX e o(Y Z)X —g( X, Z )} }
g JRX | meT)in- 7).g( )X ~-g(X,Z)Y]

Using (1.19) and (2.7) in (5.2), we get after simplification

K(X.Y.Z)=—2—[a(Y.Z)X-g(X.Z)Y]
(n—1)

b
— [(n=1){g(Y.Z)AX)U~g(X Y
(5.3) +(n_])(n_2)[(n )He(Y.Z)AX)U~g( X, Z)AY)U

FAYJACZ)X = ACX)JACZ)Y }~{g(Y.Z)X —~g(X,Z)Y }]

From (5.3), we get

K(X.7,Z)= ( : T [e(V.Z)X-g(X,2)¥V]
n—: L.

b — — s -
- 8% - Z)A(Y )U

(5.4) +(n_])(n_2)[(ﬂ 1){g(Y Z)A(X)U-g(X,Z)A(Y)
AT JAZ)X —ACX)JAZ)T }~{8(V,Z)X -g(X,Z)Y }]

On Kihler manifold (5.3) and (5.4) yields.

b
$————[(n-1 Y, Z)A(X)U
(’ nI)n 2)[(" He(Y.Z)A(X)
—g(XZ)A(Y)U+A(Y)A(Z)X A(X)A(Z)Y} (8(Y.Z)X-g(X.Z)Y}]
5.5 = VA X, Z)Y ]J+——— 1 Y,Z)AX)U
(.5 (n [g(Y )X -g( )]+( l)( 2)[(n ) e(Y.Z)A(X)

~g(X, Z)A(Y)U+A(Y)A(Z)X AX)AZIY }—£8(Y.Z)X -g(X. Z)Y }]

On contracting (5.5) over X, we get

a b = T
NA(Z )= —— AY
ag(Y.Z)+bA(Y )A(Z) (n_l)g(Y,Z)+(n_2)[A(Z) (Y)

(5.6) +A(Y)A(Z)-g(Y.Z)]
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Further contracting (5.6) over Y, we get (5.1).

Theorem (5.2): If on Quasi-Einstein Kihler manifold is conformally flat and satisfy-
ing the relation (3.12) then curvature tensor K satisfy the relation

)] K(IXY.Z)=K(X.Y,Z)+ K(X.Y,Z)+K(XY.Z)

Proof: From (5.3), we get

K()?,Y,Z)=L[g(Y,Z)Y—g(X,Z)7]
(n~1)

b _ _

5 (= ){(Y.Z)AX U~ g X.Z) AT U

(58) +(n_[)(n_2)[fn DE(Y.Z)AX)U ~g(X,Z)A(Y )
+A(7)A(Z)/?*A(/?)A(f)f}—{g/Y.Z)/?—g'(X,Z)f}]

K(Y,Y,z)z_L-[g(Y,z/)?—g( X,Z)y]
(n-1)

b — o
—[(n-1 VZ)A(X)U-g(X,Z)A(Y )U

(59) +(n—l)(n—_7)[(n HE(YZ)AX)U-g(X,Z)A(Y )
FAVIAZ)X - AX)MZ)Y }~(g(Y,2)X - (X, 2)¥ 1]

K(X,?,Z):L,[g(?,zpf—g(x,zi] ' 8
. (n-1) -

b : oo ‘ o

—— [(n- Y. Z)A(X)U~g(X,Z)AY U

(5.10) : +(n—1)(n—2)[(” DIg(Y.Z)A( X )U - g( )()_
+A()7)A(Z)X—A(X)A(Z)f}—{g(f,Z)X-g(X,Z)Y}]

and
K(XY.Z)=—"_[g(V.Z)X-g(X,Z)¥]
(n-1)
b _ _
e [N~ 1){ (Y, Z )A(X)U - g( X.Z JA(Y JU
G.11 +(n—1)(n—2)[(n (Y. Z)AX)U-g(X,Z)A(Y)

AY)A(Z)X - A(X)ACZ)Y }~{ g(7, Z)X-g(X,Z)Y}]

Adding (5.9), (5.10), (5.11) and using (5.8), (1.3b) and (3.12), we get (5.7).
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