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Abstract: In this paper, the integrability conditions of a Para Framed manifold have
been obtained and some related results are derived. Few lemmas have also been
discussed which are used in subsequent theorems.

1. Introduction

LetV (n=r+s andreven),bea manifold wiht F-structure of rank r. Let there exist on

V,, s vector field T and s 1-forms ;& , such that
X

(1.1)a F?of =-A®T
(L.Db F(T)=0

* - lif x=
(1.1 A(Yy")=cz={u{/.\-3y}

Then we say that F-structure has complemented frames and Vi said to be a Globally Para
Framed F-manifold simply a Para Framed manifold.

2. Integrability Conditions

Theorem (2.1)- The necessary and sufficient conditions for V., (n=r+s andreven),
be a Para Framed manifold is that it contains tangent bundle 7, of dimension m, a tangent

bundle T, complex conjugate to Ty and a real line T, such that

Ty O =0 T AFpy =0 T s =4,
and Ay Iy I =4 tangent bundle of dimensionn = 2m+s,
projections I,m,n on T > Tom > s being given by

B
@.a 2 o
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def
2.1)b 2m=-F?+F

def’
2.1 no= F2~I,,:—A®T
b4

Proof Let V (n=2m+s) be a Para Framed manifold with the Para Framed structure
{F, T A }. Corresponding to the eigen value 1, let P (o=1,2,....m) be m-linealy independaent
elfzne vectors. 5 be complex conjugate to P Correspondmg to eigen value 0, let T x=12,..5)

be s- linearly lndependent eigen vectors.

a a
ap=0=a=0Va,

a

a
=0=b=0Va,

SR
R &

X X
hT =0= h=0Vx,

Now

a [24 X
cP+dS+eT =0
a X

a

a o __ a o
=c(P)+d(S)=0=CP-dS=0
o o

a [0

a (24
=cP+dS=0,
a o

All these equations imply

X o a

elT=cP=ds=0

X a a

or e=c=d=0yq andx.

Thus {5 .S, 1‘} is a linearly independent set. From the euations (2.1), it can be easily seen that
o
(2.2)a (h==P Q2b EE=0, (22) qF =@

pre  mi=d, @y mE==S. @ mI=0,
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5

o 070 eap  "5=0, @ae  nT=-T

X
Thus, we prove that on a Para Framed manifold V,_ . there is a tangent bunlde n_ of

dimension m. a tangent bundle T, complex conjugate to 7, and a real line 7., such that
71-)11 m”( = ¢’ ,Z.Nl M ﬂ-m = ¢’ ”"l m”Y = ¢'

and 7, U7, Uz, = a tangent bundle of dimension 2m+s, projections on T, , Ty, , T
being ¢, mand n respectively.

Conversely, suppose that there is a tangent bundle m,, of dimension m, a tangent bundle

R, conjugate to 7, and real line 7, such that

Ty O Ey =@ Ty T, =0, Ty T, =8,
7, I, Unr, =atangent bundle of dimension 2m+s.
Let g be m-linearly independent vectors in 7, and E complex conjugate to E be m-
linearly independent vectors in 7, and I be s-linearly independent vactors in 7. Let
{E,E ,')1:} span a tangent bundle of dimension 2m+s. Then {}U)E ,I }is a linearly

independent set. Let us define the inverse set { g ,E ,_;&}, such that

o o X
(2.5)a I, = P®P+S®S+A(x)T, or
a [74 X
a a X
2.5)b X =P(X)P+S(X)S+A(x)T,
o a X
Let us put
def «a a
.6)b F={P®P-S®S}
def o a
(2.6)b FX ={P(X)P-S(X)S}. then
a a
@7 FFX={P(FX)P-S(FX)S},
a o

From the equation (2.5)b and (2.6)b, we get
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Q28)a PFX)=P(X)
2.8)b S(FX)==S(X)>
@8 A(FX)=0

Using the equations (2.8)a and (2.8)b in (2.7), we get
04 (¢4
29 FFX = {P(X)P-S(X)S}
a (vd
From the equations (2.5)b and (2.9), we get
2.10) FFX = {X - A(X)T}

X
Thus, we see that V, _admits a Para Framed structure{ .7, 4/}, Hence the condition is
X

sufficient.

Corollary (2.1). we have

a
2.1)a {=-PRP,
a

a
2.1 m=~8®S,
a
Q.11 n=—-A®T,

Proof. From the equations (2.1)a and (2.1)b, we have
(2.12) F=-(¢-m)

Since 1 and -1 are eigen values of F, corresponding eigen vactors being Sand g . we have

from the (2.6)a

(24 o
@2.13) F={P®P-SS}.
a

Comparing the equations (2.12) and (2.13), we get the equations (2.11)aand (2.11)b, Equations
(2.1)yield

2.19) ¢+mtn=-1.
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Equation (2.11)c is obtained from the equations (2.5)a, (2.11)a, (2.11)b and (2.14).
Corollary (2.2) . We have

2.15) Vm=m/?=nff=/mn=nm=0,
2.16)a (2=-y¢
2.16)b m’>=-m
(2.16)c nZ=-n

Proof. From the equations (2.11)b and (2.2)b, we have
(24
(m=-S®S=0.
a
Other equations of (2.15) follow the same pattern. Equations (2.11)aand (2.2)a yield
24 a
02 =-PRQIP=POP=~.
a a

Equations (2.16)band (2. 16)c follow the same pattern.
Lemma (2.1). Wehave
(2.17)a (d7)(nX,nY)=0,

2.17b (dP)(X,nY)=0.
Proof. Using the equations (2.11)a and (2.11)cin

(d¢)ymX,nY)= - ¢ [nX, nY], we obtain

(dt) (nX,nY) =~ (P® P)[A(X )T, ACY)T]
(74 X X

X X a
=A(X)A(Y)P(T.T])P
X X a
=0
The proof of the equation. (2.17)b follows the same pattern.
Lemma(2.2). We have

(.18)a 2(dm)(€X,0Y )= F2[€X,¢Y ]~ F[€X, (Y],

(2.18)b ) 8(dm)(&X,€Y)=FZN[FX,FY]—FN[FX,FY].
Proof. In the consequence of the equations (2.1) and (2.15), we have

2(dm)(#X,0Y )= -2m[ X, ¢Y ]
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=—{—F’[0X,0Y]-F[(X,0Y]}

=F[0X,0Y]-F[(X,0Y]}.

Also we have
(2.19) 8(dm)(1X,0Y ) =-2m[ 20X, 20Y ]
=F[F’X,F’Y]+F’[F°X,F’Y]
+F[F’X,FY]+F [F°X,FY]
~F[F’X,F’Y]-F[F’X,FY]
~F[FX,F’Y]-F[FX.FY]
Now, using the equations (1.1)a, (1.1)band (1.2) in (2.19), we get the equation (2.18).

Lemma (2.3). We have

(2.20) (dn)(ex. ey )= L\'x/ IXAY]T
@21) 4(dv (EX.LY)= AN, Y) T + A(N(EX. FY) T

= {ANCFX, )T + 4 (N(X. FY) T }

Proof. Asinlemma(2.2)
@) (£X,/Y)=-n[/X, (Y]

Using the equation (2.1)c in this equation, we get the equation (2.20). Now
Q22) 4(EX0Y)=[-F’X -FX,- F’Y - FY]

= (F°X,FY)+[F’ X,FY)+ [FX,F’Y]+[FX,FY]

Now, applying n in the equation (2.22) and using the equations (2.1)c, (1.1)d and (1.2), we get
the equation (2.21).

Theorem (2.1). The distribution of ng is integrable

Proof. From the equation (2.14), n_ is given by

(223)a F=0  (223bm=0 (223)c n =1,
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In order that 7 is integrable, it is necessary and sufficient that
¢ =0 and m =0 be integrable, that is
(d¢) (X,Y) =0 and (dm) (X,Y) =0
be satisfied for any vector satisfying.
(223)b or X=nX.
Thus, we have
d ¢ (nX,nY) =0.
But, from lemma (2.1), we see that see that these equations are identically satisfied.

Hence, we have the theorem.
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