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Abstract: If X(to),teRis stable process of index ol < < 2then it is seen that the

stochastic integral ﬁ F)dX(t)is defined in the sense of mean for felL? Denote

1 i 2r '
a,=— fﬂe""’ fode for fel” 1<as<2and A,,((U)=Lj. eMdX(t,®). In this
2r @ 2’

o

int
paper it is established that the Random Fourier-Stielties (RFS) series ZanAn(m)e

n=-—w

| 4|4
converges to the stochastic integral EEI ft-u)dX(uw) in the sense of mean.
0D

int
Further it is proved that the RFS series ZanAn(m)e is Abel summable to

n=-m

L e

1. Introduction
Let X(t,0),teR bea continous stochastic process with independent increments

and f be a continuous function in [a,b]. Then the stochastic integral j: f()dX(t)is defned

in the sense of convergence in probability and is a random variable (cf. Lukacs', p.148). If

X(t,w)is a symmetric stable process of index a,1 <o <2 then the stochastic integral

1 or
—2-—I02 flydX(w)is defined in the sense of convergence in probability for
T

feLP[027],p2za (cf. Nayak, Pattanayak, and Mishra2). Further if X(t, o) is a stable process
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ofindex o, <a <2 ,and fe[”[02x]thenthe stochastic integral _’j J()dX(w)is defined

in the sense of mean (cf. Kwapien, Woyczynski®). Hence in particular

1 2z
1.1 A(w)=—| e"dX(Lw)
(1) )=5-h f
exists for the orthonormal set {¢™™}*___ and is the Fourier - Stieltjes coefficients of X(t,0).

The series Z A, (@)™ is a Fourier - Stieltjes expansion of X(t,0) . No doubt A (o) are

n=-o0

not independent random variables. A series of the form

(12) Y a,A, (o)™

n=-

with weights (a, )i._,, is known as Random Fourier - Stieltjes (RFS) series. Convergence of

the series (1.2) in the sénse of probability were studied extensively by Mishra, Nayak and
Pattanayak® and Nayak, Pattanayak, and Mishra2. They have shown that for a symmetric

stable process of index @,/ <a <2, the RFS series (1.2), where A (w)are defined as in

1 g=
(1.1), converges in probability to the stochastic intergral —Z-;_L f(t -u)dX(u, ) for some

fel’[02r],p>a suchthata, are the Fourier cofficients of f.

If X(t,) is a symmetric stable process of index a,l <a <2, thenitcan also be shown
(see Theorem 3.4) that the seris (1.2) converges in the sence of mean to the

1 =
stochastic >~ _L f(t-wydX(u,0) If fel’[02r] p=1 and

1 T in
13) q=—1| ¢ "fydin=...-2,-1,0,1,2..

are the Fourier coefficients of f then it is easy to see that for eachrwith 0 <r <1, the series

(14) Zanr;n einl

n=-oo

converges uniformaly and represents a continuous function on [0,2%}. Let us write

(15) f)= 2 arte™,
N==00
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Then the stochastic integral

(16) [T dxe.o)

is defined. Since each f(t) is continuous, it belongs to LP[0,2n] for all p=land

13y

a,r.n= —2,-1,0,1,2,... are the Fourier coefficients of f(t). So the random series

el
(17) ZanAnr” eml
n=-o0
will converge to the stochastic integral

(1.8) 5’; jf’}f,.(z-u)cmuw )

in the sense of convergence in mean. Here f (8) is the harmonic extension of f to the disc {z
:]z| < 1} given by the Poission integral

1 g=n 1-r?
s f(t)dt
19 ; px L |—2rcos(@-t)+r1° '

ofd #
It can now be shown (see Theorem 3.5) that L f.(t-udX(u @) converges to

2 - ;
Lﬂ fit-wdX(u,@) as ¢ — 1" in the sense of mean. This would mean Z:anAnelnl is Abel

n=-o

2 T 1 = . 5i
summable to L St -wdX(u, @) InfactaFourier series an +Z(an cos nx + by, sin nx)
n=1

T b i o
- <aid 10 be Abel Summable to s if for 0r<l, 7 * (3 COSTX ¥y SIIXY

n=1

o0
. int | .
convergestos. In complex form it would mean- a Fourier series zane is said to be Abel

n=-o

@0
nojnt

summable to s if for eachr with 0 <r <1, ’1’_’:] alr e =s
=0
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2. Definitions
Definition 2.1. A sequence of random variables { X, }n-; is said to converge in mean
to a random variable X if

lim E|\X,-X|=0
n—>w ’

Definition 2.2. The class of functions f satisfying Ib | /) 1P dx < = is denoted by
a
LPlab].

s o]
Definition 2.3. A series Z“" is said to be Abel summable to s if for
n=0

e o

o0
n - , n_
Iri<i, Z upr” convergestosas r —>1 ie r”_”:l Z""’ =5,
n=0 n=0

3. Results

To prove that the series (1.2) converges to the stochastic integral (1.8) in the sense of
mean, we require the following result.

Lemma 3.1. If X(t,0)is a symmetric stable process of index &, [<a<2and

fell[ab],p>a then the following inequality holds:
9 a
[ maxton)s— [ 1r a

2
* ; J'u:>1

Proof of this Lemma requires the following two results:

I-exp(-lul® [ 91" db)
: du.

u

Lemma 3.2: (c.f Shiryayev’, p.341) A stable random variable X(1) always satisfies
the inequalityE| X |"< o forallre (0,a),0 <a < 2.

Lemma 3.3: (cf chow, Teicher®) If ¢ is the characteristic function of a random
variable X(1) then

2 @ I-Reg(t)
I:|X|dF(X)=;[;————tZ—-——dt.
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-

Proof (of Lemma 3.1): Let the characteristic function of the increment
X(t+7r,w)-X(t,w)be

exp(-|t||ul® ) l<a<2
Then the random variable Y = f f(t)dX(t,») will have characteristic function

w(u) = exp(— I lul®l f(e)® dt),1<a£2

as is established in Lukacs'[p.150]. Lemma 3.2 implies that E[Y]| exists as

1€ (0,a),1 < a £2. Using Lemma 3.3 we get

E|Y|=ﬁ|YldF(Y)

2 @ I-y(u)
") d
- [ g

= [ ""’(")du+L 1) gy,
29 >l u

112

Now
I-exp - ul® f |f(t)"‘dt)
L I—V/(u)duzf  du
</ u.? ! uZ
< [I|u|""2 f | f(1)1* dt du(-:1-e™ <x forx>0)
=2 et a1 d
T
a-1
So

1 [ moaxeon)s =2 [ o a
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/ ) 3
" l-exp -lul® r ;f(t)“dt)x
- \ \
+; -ru!>l 2 du

u

which proves the Lemma.

Theorem 3.4: Let X(t.o),te R be a svmunetric stable process of indexa.

1 < o €2 with period 2r and

A (w)= 21 )'!pflte"”’d/\/(!,ru), nel
-
Then the RFS series
(1.10) >a,Ae™
n=-r

converges in mean to the stochastic integral
1 @n
ol L £(t - u)dX(u.0)
2n

for some f € LP[0,2n], p > o such that o, are the Fourier coefficients of

n
ik
Proof: Let Sa(1)= Z aAxe™ be the partial sum of the RFS series
k=-n

(1.10) and that of fbe 5,(1) = e’

k=-n

n .
S”([) = ZakAke’“

k=-n

= Z ak(_]- r” e'ik"dX(u,a))}ik’
k=-n 2 Y

"
1 @7 e
= Zak-—— ) e Y X (1, w)

k=—n 2z

] gz o R
=___I }’ake/k(/ "'d)((u,a))

2 k=-i1
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] g v
o J‘, s,(t—ujdX(u,w)

Now

E[I ! fz/(t wdX(u.w)-S,(1)]
= - (L) )=
2” ) 1 Z
_f-L j fit-w)dX (@) - —— f”s (- wdX(uw)|
2 20 "
1 271
= E(I———I St -w-s, (1 -wdX(u, w);]
2r N

2 fﬂ | flt-u)-5,(t—u}|” du

_rrz(a—l) )

2l
] I—C’xp(-!vla IT |f(t-u)—.s',,(t—u)l" du)
+— ) dv (by Lemma3.1)

”-7 u>1 V2

It is known (c.f. Zygmund’ [p.266] that for f e LP[0,27], p > 1

27
L | flt-w-s,(t—u)|" du=0,

Now if p = a then we have

>0

oFd
lim E(I L j fit-wdX(uw)-S,(t) 1] =0
2r ¥ ’
Hence it is proved that the RFS series (1.10) converges in mean to

I’z?(t -w)dX(u, o).

In the next theorem it is established that the RFS series Z ay Ane™ is Abel summable

n=-0

1 &=
to 5— Lf(t -u)dX(u,®) in the sense of mean.
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Theorem 3.5. Let X(t,w) be a symimetric stable process of index ol < o <2, and f)

| @2r _; B ! 27 _;
be in 1.'[0,2a], p>o . If .4,1(w)=;L e"MdX(w) and a, = 2—]{) e f(1)dl,
& T

==

T int !l ¢z .
then the series Z a,4ne™ s Abel summable to . J;f( t-w)dX(u) jnthe sense of mean.

In) ,int

o
Proof: As we know, for each r with 0 <r <1, the series Zanr €

n=-o

uniformly and represents a continous function and hence belong to LP, for all p>1. Denote

converges

f()=Ya,rMe™0<r<1.
n=-w
Since f € L?, p>a,a, isits Fourier coefficientand 0 < r < 1. each fisin LP,p>a. Soby

23
n_int P
Theorem 3.5 the random series aAr e will converge to the stochastic integral

H=-c0

D
1 2r . . int
2—J0 Jrt-w)dX(uw) in the sense of mean. Since the random Fourier series ZanAne
4

n=-0

]l 27 .
converges to the stochastic integral ‘2;]; J(t-w)dX(uw) in the sense of mean we have

[ 2z 1 27 ‘
El— [ ftt-wdXuw)-—— [ fit-waXtu)|

= Bl [ (- ft-whaxueo)

2
_——2—2— j "1 fot-10)- flt-w)|*du
7 (a-1)"
a (27 @,
J [—exp(—|v] -[0 | frlt-w- flt-u)|“du)

;7 >/ Ve

dv (by Lemma3.1).

We know that the integral

2;
[ - fit-w) % du
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. 1
tendsto O as r— lif felP.p>1(ct Zygmund’ [p.150], As —5 in the integrand of the
u

second integral is dominated by 1 the second integral also tends to 0. Thus itis proved that

< i ! 2z .
the RFS series ZanAnelm is Abel summable to —2—”— j” fit - wdX o ).

HESES

Note: The Abel summability of the random series Z""n“"nelm as defined in (1.10) in the

n=-0

sense of probability can also be proved using the inequality

C'2cx+l "
p(\ f f)dX(t, 0) > aj et E’\ ft) | dt,

forall §>0,where <8 andcisa positive constant and the fact that the random series

[ee]

int . P _
ZanAne converges in the sense of probability to the stochastic integral
n=—o

l ¢gr i
P L f(t~u)dX(u,®) (cf. Nayak, Pattanayak, and Mishra?).
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