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Abstract: In this paper we have studied hypersurface of K-manifold and obtained
some of its basic properties. It has been proved that the manifold is cosymplectic
if and only if second fundamental form is proportional to ACX)A(Y). In the last
section we have discussed some properties of Anti-invariant submanifold of a K-
manifold.

1. Introduction

Let M be an m-dimensional complex K-manifold with GF-structure J and
Hermitian metric G satisfying

(1.1a) J?=d%1,
(1.1b) G(JX,JY) = -a*G(X,Y),
(1.1c) V=0,

where a =0 is constant real or imaginary, / is identity operator, V is the Riemannian

connexion in M and X, Y, Z are arbitrary vector fields on M. M is called nearly
K-manifold if (1.1a), (1.1b) and

(1.2) Vxs)(r)+([rs)(x)=0,

are satisfied' for arbitrary vector fields X and ¥ on M.
2. Hypersurface

Let M be the hypersurface of M with the immersion map b and the corresponding
Jacobian map B. If g is induced metric in M and N is unit normal vector to M, then

(2.1a) g(X,Y)=G(BX, BY)ob,
@.1b) G(N,N)=1,
@.1¢) G(N,BX)=0,



54 H. B. Pandey and S. P. Pandey

for arbitrary vector fields Xand ¥ in M.

Let V be the Riemannian connexion on M. Then Gauss and Weingarten equation
respectively are

(2.22) Viex BY = BV (Y + h(X,V)N,
and
(2.2b) Vex N =a*BH(X),

where 4 and H are the second fundamental forms on M such that
h(X,Y)=g(HX),Y)=gX, H({Y))= hY,X),
i.e. h is symmetric.

It is known that hypersurface of a K-manifold admits a structure (F, 7, 4, g) satisfying'

(2.32) F2X =a*(X - AX)T),

(2.3b) FT =0,

(2.3¢) AT =1,

(2.3d) AF(X)=0,

and

2.4) g(FX,FY)=-a*g(X,Y) - AX)AY),

where F is a tensor field of type (1,1), T is a vector field and A is an 1-form on M. We call
such M with the structure (F, T, 4, g) as ACM-manifold.

In ACM-manifold, we have

(2.5) g(FX,Y)=-g(X, FY)
and
(2.6) g(X,T)= A(X) .

An ACM-manifold on which
/
2.7 VXF=0©(VXF)(Y,Z)=O,
is called Cosymplectic manifold.

An ACM-manifold on which

(2.8) (V x F)Y,Z) = AQY)V x AFZ) - AZXV x AXFY),
is called a generalized cosymplectic manifold.

Let us put
2.9 J(BX) = BFX + A(X)N

and
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2.10) - JN =a®BT .
By Gauss and Weingarten formulae and by (2.9) and 2.10), we have?
VaxJBY = Vgx (BFY + A(Y)N)

= BV FY + h(X,FY)N + A(Y)Vx N

B(VXF)Y+B(PVXY)+h(X,FY)N+A(Y)azBH(X),
Also,

Vsx JBY (VsxJ)BY +JV 5y BY
= J(BVyY + WX,Y)N)
= BFV Y + A(V 4 Y)N + h(X,Y)a’ BT .

Comparing the above two, and collecting the tangential and normal parts, we get

(VyF)YY +a? A(VYH(X) = a*h(X,1)T, ie
2.1 (Vi F)Y = a*(h(X,Y)T - A(Y)H(X))
and

AV YY) = h(X,FY)
which implies
(2.12) (Vy AY = -h(X,FY).
The equation (2.11) implies
(2.13) (VyFXYZ) = a* (WX, )A(Z) - AY)H(X,Z)).
Now (V , FXYZ) = 0 implies

2.19) WX NAZ)Y- AY)NX,Z) =0,
which implies

WT,TYA(Z)- ATYWT,Z) = 0.
This, in view of (2.3c), gives
(2.15) WT,TYA(Z)-WT,Z) =0.
Putting 7 for Z in (2.14), we get

WX, V)AT)- AY)H(X,T) =0, which implies
(2.16) WX,Y)- AYYH(X,T) =0.
From (2.15) and (2.16), we get
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217 hX,Y) = A(X YANT,T) .

On the other hand, if we suppose (2.17), then (2.12) implies
AV 4 1) = A(X)A(FY) WT,T) =0,

for AF = 0. This implies
(VyF)Y =0.

Thus we have:

Theorem 2.1: Hypersurface M of a K-manifold is cosymplectic if and only if the
second fundamental form h(X,Y)=AX)AY), if (T, T)=1.

Since VyF)Y.Z)= a® (X, VYAZ)- ANIX,Z)) is  equivalent to
(VyF)XY)= at (WX, V)T - A(Y)HX), we find that if HX = 0, we havé
(2.18) VxF=0.
Hence M is Cosymplectic.
On the other hand, if V y F = 0, we have
WX,Y)T = A(Y)HX ,
but this is satisfied if and only if HX =0.

Hence we have:

Theorem 2.2: The generalized cosymplectic hypersurface of K-manifold is
cosymplectic if and only if HX =0.

For a cosymplectic manifold the condition

(VF)T=0

implies

2.19) F(V,;T)=0.

Operating with £~ on (2.19) and using (2.3a), we get
VT - ANV TT =0.

Using (2.6), we get

V,;T-gV,;T.7)T= 0,

which implies

for g(V,T,T)=0.
From (2.4) and (2.6), we have
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(2.20) g(FX,FY) = —azg(X,Y)—g(X,T)g(Y,T).
Differentiating (2.20) covariently with respect to 7, we get
FX (Vi FYY)+ F(V )+ g((Vr F)X + F(V7 X),FY)
= -a’(g(X,V; V) +g(V, X, )~ g(Vr X, T)g(¥,T) -g(X T)g(V,Y,T),
which is equivalent to
gFX, (Vi F)Y)+ g(FX.F(V, Y )+ g((V F)X, FY) + g(F(V; X), FY)
= ~a’(g(X,V V) +g(V, X, V) - gV X, T)g(Y,T) —g(X, T)g(VY,T).
Since VX =0 for an arbitrary vector field, the above implies that®
g(FX,(V:FY)+g((V F)X,FY)=0.
Using the property of cosymplectic manifold, we get
g(FX,(Vy F)T)+g((Vy F)T,FY)=0
implies  g(FX, FVyT)+g(FV yT,FY)=0.
Using (2.4), we get
—a’g(X,VyT)— A(X)AV,T) —a’g(VyT,Y)- AV yTYA(Y) =0,
which implies
gX, v, T)+g(VyT,¥)=0,
for AV ¢T)=g(VyT,T)=0.From the above equation, we get
VDX +(V, AY =0.
Thus we conclude:
Theorem 2.3: On a cosymplectic manifold
(Vy AY) =—(Vy AX).
From (2.18)
(VyF)Y = a*>(W(X,Y)T - A(Y)HX) .
Let HX = X, then we get
(Vi FY)Y) = a* (WX, V)T - A(V)X) .
Putting ¥ =T , we get
A’ WX, T)T -a* ATX

i

(Vx FXT)

AP AT -a*X ,
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for AT)=1, A(X,Y)= A(X)A(Y)R(T,T) and taking WT,T)=1.

it

This implies ~F(VyT) = —a*(X = AC)T)

e LY

Thus, we have®:

Theorem 2.4: If a hypersurface M of K-manifold M is cosymplectic with the
condition W(T, T) =1, and HX = X, then F(V yT)= F*X.

Let M be a generalized cosymplectic manifold, then
(V )V, 2Z) = A XY x AFZ) = AZYV x AFY).
From this, we have
(VyFXY,FZ)+ (VyFXX,FZ)
= AQYYV x A(F?Z) = AFZXV x A(FY) + AX)(Vy ANF?Z) —A(FZ)(Vy A(FY),
= A(Y)(VXA)(FZZ) + A(X)V, A(F*Z), (since AF =0)
using (2.12), we get
(V  F)Y,FZ)+(Vy FXX,FZ) = - A(N)h(X, F*Z)- A(X)h(Y,F*Z)
using (2.3a), we find
(V F)XY,FZ)+(Vy F)X,FZ) = - a2 (A(YH(X, FZ) + AQORY , FZ)).
If A(X)h(y,FZ)+ A(Y)h(X,FZ)=0 then (V y F)Y,FZ)+(VyFXX,FZ)=0.
This leads to:

Theorem 2.5: On a generalized cosymplectic manifold
(VXF)(Y,E) +(Vy F)(X,z) =0
if and only if '
AX)h(Y,Z)+ AQYYH(X,Z) =0,
where X = FX.
Definition: An ACM-manifold for which
(221) (VyF)Y,2) +(VXF)(7,Z) = Q2 AZ{ANV )+ AV, X)} - AP ANANV X)),
is called normal.
Suppose M is a hypersurface of K-manifold, then
(V  F)Y,Z) = @’ h(X,Y)AZ)- a> A(VYW(X,Z).
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Therefore
(Vy FXY.Z)+(V x F)(Y,2)
= PhER,V)AZ) - a* AX(X, Z) + a* WX, Y)AZ) - a® AW X, Z)
= QP ANV y X)AZ) - > AVVAV z X) +a> AV V) AZ).
= AZAN , X)+ ANV V) —a* AVVAV ;1 X)
for A(Y)= AF(Y)=0, A(V yY)=h(X,FY) and h is symmetric.
Hence we have:
Theorem 2.6: The hyper surface of K-manifold is an ACM-normal manifold.
Let M be a nearly K-manifold. Then from (2.12), we have
(2.22) (V¢ F)Y,Z)+(Vy F)X,2)
= QX {W(X,Y)A(Z) - AKX, Z)} +a* {h(Y, X)YA(Z) — A(X)h(Y, Z)}
= 2a*h(X,Y)A(Z) - a* {A(YYR( X, Z) + ACXOA(Y,Z)} .
From (2.12), we find
(2.23) (V y XY+ (Vy ANX) = —h(X,Y)=h(Y,X).
Taking ¥ in place of ¥ in (2.23), we get
(V y YY) +(Vy AX) = =KX, Y) = h(¥,X)
= WX,d2(Y - AV)T)) - h(¥, X)
= @*W(X,Y)-a’ AVYW(X,T) = h(Y,X),
this implies
WX, Y) = a2 {(V y YY)+ (T AX) +h(Y, X)}+ AY (X, T).
Putting it in (2.22), we get
(V F)Y,Z)+(Vy F)X,Z)

= AV y AT ) + (V5 DX +h(Y, X))
+ 282 AV AZYH(X, T) = AUV 3 ANZ) +(V 7 AX)
+ WZ, X)) - @ AZ)AYYR(X,T) ~ AV, ANZ)

+ (VL )(Y)+h(Z,Y)} - a2 A AW T) .
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If (VAY + h(X,Y)= A(X)AY), we geti
(VXF)(Y,Z)+(VYF)(X,Z)
AN g AD) - AXNT y YD)+ ADN( )+ (Vy O}
 (AZ)T  AT) = AQNT 3 AXD)} +HADHT DX = ATy D}
for A(X) = 0. Hence we have:

Theorem 2.7: The hypersurface of a nearly K-manifold is generalized cosymplectic
if and only if

(2.24) - (VDY) +h(X,Y)= A(X)AY).
Nijenhuis tensor corresponding to F is given by
(2.25) Np(X, )= (V oy YY) = (V iy FYX) + F(VYF)(X)—F(VXF)(Y).
From (2.11) and (2.12), we get
N, (X,Y)=a*{h(FX, V)T = A(V)H(FX)} - a2 {h(X,FY)T - A(X)H(FY)}
+ @ CAX)F(HY))} - a*{~A()F(H(X))}  (since AF =0)
= g {A(V, X)T - A(YYH(FX)} - @ LAV V)T = A(X)H(EY)}
- R A F(H)) +a> AV )F(H(X)).
Since AF = 0, we have
F(N.(X,Y)=0.
Hence we have:
Theorem 2.8: On a hypersurface of K- manifold we have
F(N(X,Y)=0.

Definition: If on an ACM-manifold, the following are hold

(2.26a) ANV V)= AV ZY)=-AV X)),

(2.26b) AV (V)= —A(V5Y) =-A(Vy X),

(2.26¢) V. F=0,

and

(.27 (V  F)Y,Z) = - A AN 52) - AZ)AV 1 X).

then the manifold is called generalized cosymplectic manifold of second class.
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Let us consider a generalized cosymplectic manifold of second class which is also
normal. This means, we have (2.21), (2.26a), (2.26b), (2.26¢) and (2.27).

Using (2.26¢) in (2.21), we get
(V)XY 2)+(Vy FYXY,Z) = -a> A AV 2 X).
Using (2.27) in above, we get
- A(VYANV$Z)- AZ)A(V y ,7) - A(?)A(V;Z) - A(Z)A(V;}) = —a? AYV)A(V 1 X).
In view of (2.26a), we have
~@PAMAN y (-Z+ AT - QAZ)a* AV (X + A(XIT)) = — alAN)A(V X)),
ANVAW (Z) ~ AN A y (AZ)T) + 2AZ) AV X) = 2ALD AV y (AX)T))
= —A(V)A(V , X).
Utilizing (2.26b), we find
—AWAZYAY T+ 2AZ) ANV y X) - 2AZAX)ANVT)=0.
Using (2.12), we get
~ AN AZHW(X,FT) +2AZY( X, FY) - 2AZ)AXAX,YT)=0,
which implies
AZYW(X,FY)=0.
Thus, we have:

Theorem 2.9: On a normal generalized cosymplectic manifold of second class

(2.28) AZDWX,FY)=0.

3. Anti-invariant Submanifold of K-manifold

Let M be an anti-invariant submanifold immersed in a K-manifold X_/I—, then
X =AX)T .

In view of this, we have

g(X, X) = g(AX)T, ACX)T)
= (A(X))’ gT.T).
Since g(T,T)=A(T) =1, we have
g(X,X)=(AX).

Putting T in place of Y, the equation (2.2a) may be written as
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3.1 Vx BT = BV yT+ (X, T)N .
Multiplying (2.10) by a* and using a* =1, we get

BT =a’JN .
Hence Ve BT = az((is;;,\'J)N+J(€B,\'N)).
Using (2.2b), we get

Viy BT = a*(VavJ)N +Ja’ BH(X))
Since M is a K-manifold, V sy J =0 . Therefore

Vi BT = JBH(X),
which, in view of (2.9), gives
(3.2) Vix BT = A(H(X)N .
From (3.1)and (3.2), we get V T =0 and W(X,T)=A(H(X)).
Thus we have:

Theorem 3.1: The following hold in an anti-invariant submanifold of a K-manifold

(3.3) V,T=0,

(3.4 WX, T)= AC(H(X)),
and
(3.5) gX,X) = (X))
Now
(3.6) V ¢ (JBY) = (Vax JY(BY) +J(Vx BY).

Interchanging X and Y, we get
(3.7) V sy (JBX) = (Vay J)Y(BX) +J(V sy BX) .
Adding (3.6) and (3.7), we get
(3.8) Vay (JBY)+Vpr (JBX)= (V ¢ J)(BY )+ (V 5y J)BX) + J(V sy BY) + J(V sy BX).
Let M be a nearly K-manifold, then
(3.9) (Vix JYBY)+(Vir JYBX)=0.
Using (2.2a), we get

V sy (JBY) +V sy (JBX)

= J(BY 4 Y)JH(X,YIN + J(BV y X)+ JH(Y, X)N
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= J(BV yY)+J(BV, X)+2h(X,Y)IN .
From (2.9) and (2.10), we get
(3.10) Vsx (JBY) +V sy (JBX)
= BF(VyY)+ AV y )N + BF(Vy X) + A(V y X)N +2a°h(X,Y)BT
= ANV V)N + A(Vy X)N +2a>h(X,Y)BT ,
for F(V  ¥)+F(V,X)=0.
Also
(3.11) Vix (JBY) +V gy (JBX)
= (Vy AN +(Vy AYXON +a* A()B(H(X)) +a> AX)B(H(Y)),

Comparing (3.10) and (3.11), we get

3.12) (VyADY +(Vy DX = AV )+ AV, X)),
and
(3.13) ANMHX)Y+ A(XOHY) =2 X, V)T .

Thus, we have:

Theorem 3.2: Let M be an anti-invariant submanifold of a nearly K-manifold, then
(3.12) and (3.13) hold for any vector field X, Y on M .

From (3.13), we have

(3.14) ANMX, ZY+ A(XDW(Y,Z) =2h(X,Y)A(Z).
Putting 7 in place of Y and Z and using A(T) = 1, we get
(3.15) WX, T) A(XOKT,T).
Putting Z = Tin (3.14), we get

AMAX, TY+ AXA(Y,T)=2h(X,Y).
Using (3.15), we get

AN AT, Ty + A(X)AMNWT,T) = 2h(X,Y),
which implies X,Y)= A(X)A(WT,T).
If (T, T)=1, wehave h(X,Y)= A(X)A(Y).
Thus, we have:

Theorem 3.3: In an anti-invariant submanifold of a K-manifold M, the second
Sundamental form h(X,Y) = A(X)AY) if W(T,T)=1.
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