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Abstract. Transversal hypersurfaces of Trans-Sasakian Manifolds are studied. 1t is proved
that transversal hypersurfaces of almost contact manifold admits an almost complex
structure and each transversal hypersurfaces of almost contact metric manifold admits an
almost Hermitian structure. The fundamental 2-form on the transversal hypersurfaces of
(o, 0) Trans-Sasakian manifolds with (/£ g u, v. L) structure is closed. The fundamental
2-form on the transversal hypersurfaces of trans-Sasakian manifold with hyperbolic
(f & u, v, M)-structure is closed. It is also proved that transversal hypersurfaces of
Trans-Sasakian manifold admits a Kaehlerian structure. Some properties of transversal
hypersurfaces are proved.

1. Introduction

Tanno! classified connected almost contact manifolds whose automorphism group
possess the maximum dimension. For such a manifold, the sectional curvature of plane
sections containing & is a constant, say C, he showed that they can be divided into three
classes.

1. Homogeneous normal contact Riemann manifold with ¢ > 0,
2. Global Riemannian product of a line or a circle with Kaehler manifold of
constant holomarphic sectional curvature if C = 0 and
3. A warped product space R x (C" if C < 0

It is known that manifolds of class (1) are characterized by admitting a Sasakian
structure. Kenmotsu? characterized the differential geometric properties of manifold of
class (3); the structure so obtained is now known as Kenmotsu structure. In general these
structures are not Sasakian?
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In the Gray-Hervella classification of almost Hermitian manifolds, there appears a
class, W/, of Hermitian mamfolds An almost contact metric structure on a manifold A
is called trans-Sasakian structure if the product manifold M x R belongs to the class
W,. The class Cy @ C5 coincides with the class of trans-Sasakian structure of type («,
B). We note that trans- Sasakian structure of type (0, 0) cosympletrc trans- Sasakian

structure of type (0, ) are B- Kenmotsu® and trans-Sasakian structures of type (a, 0) are
o-Sasakian®.

On other hand (f g u, v, A )-structure on manifolds were introduced by Yano and
Okumura’. It is well known that on a transversal hypersurface of almost contact metric
manifold there always exist a (£ g u v, A )- structure. Motivated by this fact, in this
paper transversal hypersurface of trans-Sasakian manifold are studied. This paper is
organized as follows. Section 2 is devoted to preliminaries.

In Section 3, some properties of of transversal hyper-surfaces are given, it is proved
that each transversal hypersurface of an almost contact metric manifold admits an almost
Hermitian and almost complex structure. In Section 4, it is shown that 2 form on
trans-Sasakian manifold is closed and every transversal hypersurface of trans-Sasakian
manifold admits a Kaehlerian structure.

2. Trans-Sasakian Manifold

Let M be an almost contact metric manifold® with an almost contact metric
structure (9, &, 1, g), that is, ¢ is a (1, 1) tensor field, & is a vector field; n is 1-form and
g is a compatible Riemannian metric such that

() P=-I1+n®, ne)=1 ¢& =0 nyd=0
@ g@0X, ¢1) = g(X, V) - n)n(®)
3) U oD = -g(@X D,  g(X. & = n(D

forallX, Y € TM.

An almost contact metric structure (¢, &, n, g), on M is called as trans-Sasakian
structure (Oubma3 if (M xR, J, G) belongs to the class W/, of Gray Hervella
classification of almost Hermitian manifolds?, where J is the almost complex structure on
M x R defined by

4¥ﬁ @X—@mm%

for all the vector fields X on M and smooth functionaon M x R and G 1s the product
metric on M x R .This may be expressed by the condition (Blair & Oubma)
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@ (Ve )Y = a @, NE - 1Y) + BEOX, NE — n(X),

for smooth functions o and B on M, and we say that the trans-Sasakian structure is of
type (&, B). From the formula (4) it follows that®

(5) V& = —adX + B(X - n (D).

The class Cg @ Cs 4 coincides with the class of trans-Sasakian structures of type
(o, B). We note that the trans-Sasakian structures of type (0, 0) are cosympletics,
trans-Sasakian structures of type (0, B) are [.’)-Kenmotsu6 and trans-Sasakian structures of
type (a, 0) are a-Sasakian®.

3. Transversal Hypersurface

Let M be a hypersurface of an ailmost contact manifold M equipped with an almost
contact structure (¢, &, n). We assume that the structure vector field & never belongs to
tangent hyperplane of the hypersurface M,. Such that a hypersurface is called a transversal
hypersurface9 of an almost contact manifold. In this case the structure vector field & can
be taken as an affine normal to the hypersurface vector field X and & are linearly
independent, therefore we may write

(6 0X = JX + o),

where J is a (1, 1) tensor field and omega is a 1-form on M. Operating by f to the above
equation and taking account of equation (1) we get

%) F=-1and
® n=ooJ
Thus, we have

Theorem 3.1. Each transversal hypersurface of an almost contact manifold admits
an almost complex structure.

From (7) and (8), it follows that
C)) wo=-nolJ

Now, we assume that M admits an almost contact metric structure (4, & 1, ). We
denote by g the induced metric on M also. Then for all X, Y € T M, we obtain

(10) gUX,Jh) = gX 1) - n(X)n (1) + o) o).

We define a new metric G on the transversal hypersurface given by

(1) GG Y) = g(0X, 61) = g(% 1) — n(On().

So, GUX,JY) = gUX,JY) — n(JX) n(/T)

=gX, 1) - n@) (M) + o) oY) - Mo HX) (noJXD)



30 R. Prasad and M. M. Tripathi

= 8XD - @) ) + 00 oY) - o) o)
=81 - n)nM = G, 1)

Then, we get
(12) GUX,JY) = G(X, 1),
where equations (7), (9), (10), and (11) are used.

Then G is Hermitian metric on _M. That is (J, G) is an almost Hermitian structure
on the transversal hypersurface M of M .

Thus, we are able to state the following,

Theorem 3.2. Each transversal hypersurface of an almost contact manifold admits
an almost Hermitian structure.

We now assume that A is orientable and choose a unit vector field N of M normal
to M. Then Gauss and Weingarten formulae are given respectively by

(13) VY= Vil + BN, (XY e T M)

(14) VN = - Hx

where V and V are respectively the Riemannian and induced Riamannian connections in
M and M and 4 is the second fundamental form related to 4 by

(15) WX Y) = g(HX, Y)
Defining

(16) OX = fX + w(X)N
(17) ON=-U

18) E=V+ AN

(19) nex) = v(x)

for X € TM we get an induced (f & u v, A)-structure’ on the transversal hypersurface
such that

(20) P=-1+u®@U+veV
%3} o fU=-\, fr=au

22) _ uof=2%rv, vof=-A\U
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(23) ) =1 -2 wh) =w) =0, vl =1 - )2
(24) VX fY) = gX, V) - u(Xy u(y) - V(X) w(Y)

(25) 8X fY) = -g(fX, 1), g, U) = ulX), gX, V) = wX)
for all X, Y € TM, where

(26) A=nw)

Thus, we see that every transversal hypersurface of an almost contact metric
manifold also admits a ( /& u, v, A )-structure. Next we find relation between the induced
almost Hermitian structure (/. G) and the induced (f & u v, A)-structure on the
transversal hypersurface of an almost contact metric manifold. In fact, we have the
following :

Theorem 3.3. Ler M be a Iransversal hypersurface of an almost contact metric
manifold M equipped with almost contact metric structure (¢, &, v, 2).

Then we have

@7 Ao =y
28) J=f—%u®V
]
29) JU_—~AV
(30) uoJ =yof = Ay
(1) JV=fV=ru
(32) UoJ = - )\lu.
Proof

OX = JX + 0(X)E

E=V+ AN
() X = JX + oY)V + ro(X)N
(b) X = fX + wX)N

from equation (a) and (b) we have
A0X = u(X), o(X) = %u(X)

JX = fX - o)V
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JX = fX - %u(X)V

g %u ®v which is equation (28)

@o)(X) = (wof)(X) - %u(X)u(V), u¥V) =0
uoJ=uof=k which is equation (30)
JU = fv - i—u(v)V

N IR N |
JU =2V~ —(1-2)= 4

JU = - % V' which is equation (29)
(o) (&) = (o) () = JuC) UV = (/) X) - L) (1 - 22

= - MuX) = - 7 ulX) + hax)

— %u(X)

von—%u

JV=fV - -;Cu(V)V = fV = AU which is equation (31)
here equations (21), (22), (23), (24), (25) and (26) are used
4. Kaehlerian Transversal Hypersurface

First, we state

Lemma 4.1. Let M be a_transversal hypersurface (f g u, v, \)-structure of an
almost contact metric manifold M. Then

(33) VO = (Vy/)Y - uMHX + h(X, V)
+ (VxwY + (X, f1)N)

(34) V& = (V¥ = MHX + (WX, V) + XMON
(35) (VxON = (=V, U + fHX)
(36) (Vy Y = (Vyu + MiX, ¥)

forall X, Y e TM.

The proof is straight forward and hence ommited.
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Theorem 4.2. Ler M be a transversal hypersurface (f; & u. v, MN-structure of a
trans-Sasakian manifold M . Then

37 VY = olglX, Y)YV — wr)x) + BE(X. NV - wy)fx)

+ u(YYHX ~ WX, Y)U

(38) (Vy¥ = oahglX, ¥) + BOGIX. ¥) - u(X) wr)) - hx, ).
(39) ViV = LHY — af X + BY — wx)p),

(40) hXV) = au(X) ~ BAWX) - Xh.

(41) VU =SHX + odX + BOFX — ux)p)

|(42) (Vyv) = M, Y) - agrx, vy + BleX, ¥y — wX)wr)).
forall X, ¥ e TM

Proof. Using (4), (16) and (18) in (33) we obtain
VDY = uHX + X, YYU) + (V)P + X, f N
= Q@ NV —v(NX) + B (X NV - W) fx)
oA ) + BAGIXY) — u(X) w(n)

Equating tangential and normal parts in the above equation, we get (37) and (38)
respectively. Using (5) and (18) in (34), we have

(VXV =~ AHX) + (WX, V) + XN
= -0 fX + B - X)) - (a uX) + BA VNV

Equating tangential and normal parts we get (39) and (40) respectively. Using
(4), (17)and ( 18) in: (35), and equating tangential we get (41). In the last, (42) follows
from (36)

Theorem 4.3. f M be lransversal hypersurface with (' & u v, N-structure of a
(a, 0) trans-Sasakian manifold, then the 2-form F on M is given by

FOX Y)Y =g, f1)

is closed

Proof. From ( 37) we get
VxP (Y, 2) = —ae(x, Y)wz) - g, w(r))
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~ By, YWD - gf X, D)u(Y))
+ h(X, YYD - WX, Z) u(Y))

which gives

Vy PO+ VyH(EX)+(VH D

=2B (@ D@ + ¢ Hn () +¢6(Z Hn (D).

If B =0. Then
Ty P XD+ Ty D EZ X+ ;K N=0

hence dF = 0.
From above theorem.
We have following theorem.

Theorem 4.4. [f M is a transversal hypersurface with hyperbolic (f; g u, v, A)
structures of a trans-Sasakian manifold M, then 2-form F given by F(X, Y) = g(X, fY) is
closed. v

Theorem 4.5. If M is a wransversal hypersurface with almost Hermitian structure

(J, G) of a trans-Sasakian manifold, then the 2-form Q on M is given by
QU Y)y=GKX, JT)

is closed

Using (37), we calculate the Nijenhuis tensor

U 1= (VDY = Iy DX = (Ve )Y + ATy J )X
and find that
{J,J] = 0.
Therefore, in view of theorem 4.4, we have
Theorem 4.5. Every transversal hypersurface of a trans-Sasakian manifold, admits

a Kehlerian structure.
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