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Abstract . Contact Riemannian manifolds satisfying R(E.X) R =0 where & belongs to the
k-nullity distribution or a condition similar to it have been studied by various authors'23.
The aim of this paper is to prove that a *;-conharmonically flat contact metric manifold is
locally isometric to a unit sphere.

1. Ak-Contact Manifold

A (27 + 1) dimensional C ® manifold M * 1 is said to be a contact manifold if it
carries a global /-form N, such that n A (4 m"™ # 0. Fora given contact form n it is well
known that there exists a unique vector field € (called the characteristic vector fleld) in M
such that n(&) = | and dn (&, X) = 0. A Riemannian metric g is said to be an associate
metric if there exists a tensor field ¢ of type (1, 1) such that d (X, Y) =g(ux, oY),
N =g, &) and §2 = — 7 4 N® &. The structure (d, &, p, g on M F L g
called a contact metric structure and M s called a contact metric manifold.

h = 3] (L: ¢) where L denotes the Lie-differentiation. % is a Symmetric operator which

anticommutes with ¢ and hence if A is also an eigenvalue of 4 with eigen vector X, then
— A is also an eigenvalue of the eigen vector ¢ X. Clearly A% = 0 and it is well known that
€ is a killing vector field with respect to g if h = (.

A contact metric manifold for which & is a killing vector field is called a k-contact
manifold® *, A k-contact Riemannian manifold is called Sasakian® if

(L) (Ve o) =gk e~ niryx

holds, where the operator of convariant differentiation is denoted by V.

The k-nullity distribution? of a Riemannian manifold for a real number £ is a
distribution.

(1.2) NO x> NW={zecrm: rx, Nz

= k(Y Z)X - g(X, Z)¥): X, ¥ e TxM}
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Thus, if £ belong to the k-nullity distribution then we get

(1.3) ROX.T)E = k(g(Y. E)N = g(X, E)Y)

= k()X -=n(X)7Y)

From (1.2) it is clear that when 4 = 1, the manifold becomes a Sasakian one.

A Sasakian manifold is k-contact but the converse is not true in general. However
a 3-dimensional k-contact manifold is Sasakian.

2. Preliminaries

In a k-contact Riemannian manifold, the following relations hold4’5,

@.n $(&) =0

2.2 n(E)=1
(2.3) 07X = - X + (X)L

(2.4) g(oX. ¢¥) = g(X ¥) = n(X)n(Y)
2.5) g(X, &) =1 (X)

@6 g% V,e)+g(r V8= (L 8) X 1) =0
Q7 VyE=-9X V.E=0
@8 g(R(E. XV E)=g(X V) = n(X)n(P)

2.9) (vk‘, ¢)(Y) = R(& X)Y

(2.10) (Vxo)or+o(vyo)r=g(X 618 -n(rpx
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Thus,
@11 ¢R(§,X)Y+R(X,<E)¢Y=g(Y, SXE + ()
and in particylar
2.12) R(X &)e =y - n(x)g
and
(2.13) 8(Q& &) =2y

where Q is the Riccj Operator defined by

(2.14) 0x=73 R(X, e e,

4

for any local orthonormal basis of vector field in A, {el.} 1 <i<2p41-Itshould be
noted that if we take thig local basis in such 2 way that €niq1 =&, then
{‘bew £} 1 < i< 2, IS another local orthonormal basis.

3. 4 k-Contact Manifold with the Characteristic Vector Field &
Belonging to the k-Nullity Distribution

If & belong to k-nullity distribution, then

G.1) R(X, Y)§=k[g(K§)X-g()C§)Y]

=k (N)X - n(x)yy).
Putting .y = € in (3.1) and using (2.2), we get
(3.2) R, Y)§=k(n(Y)§—Y)-
If possible, let us Suppose that £ = (), we get
(3.3) 02X =0

which is a contradiction. Thus we have

Theorem 3.1 - j, a k-contact manifold with req] number k for the k-nulliry
distribution cannot he zero.

4. é-Conformally Flat Contact Manifold

Let (M27+ 1, 6, &, 1, &) be a contact metric manifold, then,
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NOT(M) =dn(& T(M) =0

Conversely, if n (X) = 0 then X = — gbzX € 6T (M).

The Weyl conformal curvature tensor with respect to the metric g is the tensor field of
type (1, 3) defined by

1

41 C(X, Y)Z = R(X, ¥)z - ansh

80 X 4 g (1, 20X - g(0x 2y 7 - p(x 5)Qr}

.
TIn@a = n1e DX - g(x oyr),

where X ¥, 7 e T (M) and where Q is the symmetric endomorphism of the tangent space
at each point. Corresponding to the Ricci tensors’ j.e.

4.2) g(OX. ¥)=5(x v)
Hence

@3 n(Cx yyz) = g(C(X, ¥)Z &) = n(R(x, Y)2Z)
4 2n
+ {M'\znq }[g(Y,Z)ﬂ(X)-g(X,Z)n(Y)]

- a5 Do - sex Zn(n))

Putting Z = ¢ in 4.3)
(4.4) n(C(X, 1)E) = o,

Again putting X = € in (4.3) we get

@5 n(CE Nz = (E - 1) = 8 D - (nn(z))

—(ﬁ) [S(X.2) = 2nn(¥)n(z)].
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On the other hand, the Lie algebra T (M) can be decomposed into a direct sum
T(M)=¢0T(M)® [ where L is the I-dimensional distribution on M generated by
the structure vector field €.

Definition : A contact metric manifold (Ar27+1 b, & n, g) is said to
&-conformally flat if the linear operator C(x, ¥) is an endomornism of ¢ 7(M)ie. if

CX MOT(M) coT(m)

Evidently, &-conformally flat means that the projection of ¢ (X Vo T onto L
is zero.

We can see that any 3-dimensional contact metric manifold is §-conformally flat.
One can prove that if CX, Nz e L for any X, Y, z, then C = 0. In this case a k- contact
metric manifold is locally isometric to the unit sphere. It is easy to prove the following
proposition :
'

Theorem 4.1 : On a contact metric manifold ( A7 27+ L ¢, & m, g)the following
condition are equivalent

(i) M is &-conformally flat

(i n(CY. nz=0

(i) 6> CX, Y)z = - c(x, 1)

(V) CCX. 1)E =0, where X, ¥ - e T (M.

From (iv) in proposition (4.1), we see that a contact metric manifold is &-conformally flat
if and only if

ROGIIE = G5 (2001, 80X 4 m(¥) 0x - g (o £ 7

”
2n@2n

-n(X)or) + _T)(H(X)Y—H(Y)X)-

Theorem 4.2 : If p2n+1 o o0 n-Einstein Sasakian manifold, then A727+1 g
&-conformally flat,

Proof : It is well known that the structure (¢, & N, g) is a Sasakian if and only if
the curvature tensor satisfies

RLXE DI =X -nx)r
S(X8)=g(0X &) = 2n.g(& X)

08 =2n.¢.
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Since (¢, &, n, g) is n-Einstein, there exists functions a and b such that
@7 g(OX. V) =ag(x Py +bn(X)n(r).
Putting X = ¢ we get the following :
Q& V) =ag(e, v) 4 bn(&)n(r)
S(& YV) =an(y) +bn(r)
2nn(Y) = (@ + byn(Y)

4.8) 2n=g+}

On the other hand, the scalar curvature
Eo= T/’(Q):(2n+ Da+p
Now, we get
(4.9) C(X, V)¢

= RO »)E - 5;‘_7[% +h - {;)m(ym— n(r)x)

1l

R(X, DE-Mm)x-nx)r)

1l

R(X.Y)E - R(X, V)&
=0
which completes the proof.

Again, using (3.12) and (2.2), we have

(4.10) sz{czn—1)—g<Q§,é)+ﬁ}X—g<Qﬁcé)

—{[w -1+ ﬁjnm}ﬁ +1(X) Q¢
which is of the form

@.11) QX=ax+br](X)§.
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On substituting in the equation (4.5) we get

R(X Y)§=T1(Y)X—T1(X)Y

which means that the manifold is also Sasakian.

Corollary 4.1 : Ler ( py27+1

s 0, &, g)be ag conformally
manifold. If there exists function )

and pon M27+ 1 g0 that

(vy Q)Y-(vy 0)X=ax+yuy

Aat k-contact metric

4.12)
then

Q/\/ =2n X
Proof : From theorem 1. we have QX = gy + b& where

a=-1+" ang b=2n+1 -2

2n

Thus we have

(4.13) (VX Q)y_ (vy Q)X: (Xa)Y - (Ya)x + (Xb)n(r)e
—(Fb)n(x)e “b6{2g(dx, rye
+ H(Y)¢X-H(X)¢(Y)}-
Replacing X and Y by ¢X and 0¥ in (4.13) we get
(4.14)

(Vox0)ov- (Vor 0)ox

TOXDOY - braex - 2bg (g2 br)e.
From (4.12) and (4.13) we obtain

(+OVaNs X+ (u - (pxaypr) = - 2b5(¢x 1)
which implies that — 2bg(¢%x 0Y) =0 but

bg(oY, oY) =0 and hence 5 = ¢, Therefore »

replacing here x by ¢Y, we obtain
completes the proof.

=2n(2n+ 1), which gives a = 25, This
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Corollary 4.2 - Any conformally flar k-contact metric manifold is locally isometric
o unit sphere.

Proof : It is wej| known that on conformally flat Riemannian manifold, the
following equation holds® for ;; 1

1 .
Yy Q)Y— (v )= 1 oy~ (reyxy.
The Corollary 1 shows that QX = 2px, therefore C (X, Y) X=0yield
R(X,Y)Z=g(y, z2)x - g(X, Z)y.

This completes the proof.

Corollary 4.3 : [¢ pg27+1 be a &-conformally ANat k-contact merric manifold. If
the curvature tensor js harmonic, then Af2 7+ is N-Einstein,
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