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Abstract ¢ In the present paper we have studied properties of curvature tensors on
conformal and symmetric conformal K-contact Riemannman manifolds, C-Sasakian
symmetric C-Sasakian manifolds. In which we have obtained that
200K (LY. Z V) = 4pg (X W)g (Y. Z) — 4pg(X. 2y g (V. W) + g (Y. W) (\Zp)
— g(X, Wy (YZp)y — g(V.2) (XWp) + g(X. 2y (YD)

1. Introduction

Let M,, , | be an almost Sasakian manifold with structure { F, 4, 7, g }, where F
is a tensor field of type (1, 1), and 7 is a vector field, 4 is a I-form and g is a metric

tensor, such that
= — def - _—
(1.1 X =X+ AT, X=== FX. AN =1, T=0, AX) =0

— — def )
(1.2) gX. 1) = glX, V) — AN AY), g(T,.X) === ALY,

def -
(1.3) 2EXY) = (Dpd) (V) = (Dyd) (X), "FX. V) == g(X.1)

for arbitrary vector fields X, Y and D is a Riemannian connections.

If the vector field T is conformal killing in an almost Sasakian manifold, i.e.,
(1.9) (L7g) = 2pg implies (D) (V) + (Dy) (X) = 2pg

then it is called conformal K-contact Riemannian manifolds, where p is a scalar function.
In particular if p = 0, the manifold is K-contact Riemannian manifold.
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On a conformal K-contact Riemannian Manifold3, we have
(1.5) 'FX, V) = pgX, 1) = (DyAd) (X) = (Dyd) (X) ~ pgX, 1),

(1.6) DT = X + pX,
(I (D PHED + (D, X Y) — AN AD) + AX) AD,Y) = 0

(1.8) KX.Y,ZT) + KX, Y,Z.T) = 'FX, 2) (Y p) - 'F(Y,2) (Xp)
+ g, 2 (Yp) - g(Y.2) (X p) + A() ADX) — AX) AD,Y)
(19)  gX, 1) + p FX ) + ADX) = AX) AV .

where 'K is the curvature tensor of the type (0, 4), such that

KOG YZW) < gK XY, 2, W)
Taking Lie derivative of 4(X) = g(T, X), with respect to T, we get
(1.10) Ly A) = Ly (T,X) = 2pA(X),
If we consider 1-form 4 = d(log p) = % > then we consider

(1.11) Xp=pd(X), Xp=0, Tp=p,
taking covarient derivative w.r.t. X, we get |
XTp=Xp=pA(X), XTp=0.
Note : In the present paper we consider
(1.12) h=L,F,

and if T is contravariant almost analytic then 7 = 0.

2. Conformal K-contact Riemannian Manifolds

Theorem (2.1) : On a conformal K-contact Riemannian Manifold, we have
2.1 (LK) LY, Z,T) + (LK) (X Y, Z, T) + 'K (X, Y, 2, D) +' KX, hY,Z, T

=20 { KX Y.ZD+'KX Y, Z, )+ AX) g, 2) - A(Y) gX, 2) }
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v 202 LA (Y. 2~ A g(Ve2) ) + g (X2 (VY Tp)
— g(V2)(XTp) + (Y. 2) (X Tp) ~ (¥, 2) (X Tp)
v ghX.2) (Y p) — ghY.2) (X p) + g(X, 2) (h¥p)

— oV, 2) (hXp) + pA(Y) g(hY. 2) — pA(Y) g(h¥X, 2)
Proof : From the equation (1.8) and (1.9). we get
2.2) KXY.ZD + KEGY.ZT) = g(L2¥p) - gD (Xp)

+ gDy (Yo) = g(Y.2)(Vp) + AX) g(Y. 2)

— A X2y + pACY g(V. ) - pd()) g(X. 2)

Taking Lie derivative of equation (2.2) w. r. t. T and using (1 12) we get
(2.3) (LK) XY, Z D) + (L 'K (Y Y4 e KXY 2 T KO YT

= (L (.2 (Yp) = g(hX. D) (0 p) + g, 2) (hYp)
s gD Tp) ~ (L, (DK p) — ghY. 2 (Xp)
— ¢(V.2) (hYp) - g(. )X Tp) + (L;2) (. 2) (Y p)

+ g2 WXTp) - (L) (Y, D) (Xp) = g (¥, ) (X Tp)

+

(L) (0 gV, 2) + AX) (Ly0) gV, 2) = (Lyd) (D 8. 2)

A (Lyg) gY. 2) + (T AL (V. 2) + p(Lyd) () 80V, 2)

|

pA) (L) (V.2) + g, ) = (TP g(X. 2)

!

p(L,A) (1) i(Ly8) (X, Z + g(hN.2).

From the equation (2.3), (1.4) and (1.10), we get (2.1).

Theorem (2.2) : If 4 = d(log p) on a conformal K-contact Riemannian Manifold,
we have

(2.4) (LK) (X Y. Z, D)+ (LK) XY, 2, 1)+ KXY, Z. 1) +' KX, hY. Z. T)

= 2p{K (X, Y, Z, ) +'KX, Y, Z. D} + pla) g(¥,2) — A(Y) g, 7)
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T P2p+ DA g(Y, 2) ~ AN (X, 2)| + g(X, 2) (hYp)
= (Y. 2) (Xp) + pACY) g(hY.2)  pA(Y) g(hY. 7).
Proof : From the equation (1.2) and (2.1}, we get (2.4).

3. Symmetric Conformal K-contact Riemannian Manifolds

A manifold is said to be symmetric, if
(3.1 Dr'KYX, Y, Z W) = 0

Theorem (3.1): On a symmerric conformal K-contact Riemannian manifold, we
have

(3.2) (LK) (X, Y, Z. W) + (L' KYX, Y. Z, W)+ 'K (X, ¥, Z, W)
+'K WX, Y, Z, W)+ 'K (hX, Y, Z, Wy +'K (X, hY, Z, W)
+'KWX, Y, hz, Wy +'K X, Y, Z hwy + 2(Tp)'K(X, Y, Z, W)
= (Y, W)2p(ZXp) + (ZXTp)| ~ g(¥, 2{2p(WXp) + (WXTp)!

+ &% 2) 2p(WXp) + (WYTp)| ~ g(x, W) 2p(ZYp) + (ZVTp) |

Proof : On a conformal K-contact Riemannian manifold®, we have
(3.3) KXV Z W)+ KXY, Z W)+ 'K X Y.Z W) +'K(X,Y,Z, W)
20 'K(X, X, Z, W)+ (D, K) (X. Y, Z, W)
= &Y, W) (ZXp) - g(¥, 2) (WXp) + g(X, Z) (WYp) - g(X, W) (ZYp).
From the equation (3.1) and (3.3), we get
(3.4) KXY, Z W)+ KXY, Z W)+ 'K XY, Z W) +'K (X, Y, Z W)

2P KXY, Z W) = g(Y, W) (ZXp) — g(X,2) (WYp) - g(X, W) (ZYp) .

Taking Lie derivative of equation (3.4) w. r. t. T and using (1.4) and (1.12) we get
equation (3.2).

Theorem (3.2) : If 4 = d(log p) on a symmeltric conformal K-contact Riemannian
manifold, we have
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(3.5) (LK) (XY, Z W)+ (L K) (X, Y. Z, W+ (L KXY, Z. W)

(LK) XY, 2, W)+ 'K (hX. Y, Z W)+ 'K (X, hY. Z, W)
LK (X, Y. RZ, W)+ K (X, Y, Z W)
=20+ DK Y.Z W)+ KX Y.Z W) + KXY, Z, W)
+ KX Y.Z )+ 4pT KXY Z W)

Proof : From the equation (1.11) and (3.2), we get (3.5).
4. Recurrent Properties of K-contact Riemannian Manifolds

A manifold is said to be Recurrent, if

(D;'K) (X, Y, Z. wy = o(N'KW. Y, Z, W)

where o (7) is a scalar function. Now taking o) = — 2p conformal K-contact
Riemannian Manifold, we get
4.1 DO KXY, ZW) = - 20K, Y. Z, W)

Theorem (4.1) : On a Recurrent conformal K-contact Riemannian manifold, we get

42 LYK Y2 L B Y, Z.w
+ (LK) XY, Z. W)+ 'K (Y. Y, Z. W) + 'K (X, hY, Z, W)

+ KXY hZ, W)+ 'K (X, Y, Z, hW)

KLY, ZW) + KWL Y. Z, W) + KXY, ZW + KX Y.Z, W)

[
=2p

+ g(X, Z) WYT p) + g(Y, W) (ZXT p) ~ 8(Y. 2) (WXT p) - gX, W) (ZYTp) .

Proof : From the equation (3.3) and (4.1), we get.

(4.3) KXY, Z, W) + KX LZ W) + KX Y.Z.W) + KX, Y, Z, W)

= o(X, 2) (WYp) + (Y, W) (ZXp) —g(Y. 2) (XWp) — g(X, W) (ZYp) -
Taking Lie derivative of equation (4.3) w. r. L. T and using (1.4) and (1.12) we get
equation (4.2). :
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Theorem (42):1f 4 = d(log p) on a recurrent conformeal K-contact Riemannian
Manifold e have -
4.4

EROXY.Zm @00 T 2 M+ LB (X v, Z, )

YKV 200 ¢k B2+ K& hy, 2,

+'K X,V hz, W+ k. Y. Z hiy)

=2+ DKy 7 M+ K&V zmy KXY, Zwy 4 KO Y, Z )

Proof : From the equation (1.11) and (4.2), we get (4.4).

S. C-Sasakian Manifolds
Ifina conformal K-contact Riemannian Manifold

Dy 'Fy (x. Z) =

A g(v, D-ANgW 2,

(5.2) DAz = KX Y.z 7) -

8X, 2) (¥p) + 8(Y. 2) (Xp)
Thus, in a C-Sasaki

an manifold from (5.1) and (5.2), w

53 Ky, z D =4 g(v, z)

¢ obtain
—AM gx, 2) - 8X. 2) (¥p) —

8, 2) (Xp)
Theorem .1 :0ng C-Sasakian manifold, we haye

OO Growrzm, g, G L2+ KXoz my i i V.7, h
=K@ Zm ek y . M= 20) P (x, v, 7 1y
KX Y.Z )y~ op X Y. Zwy ~ iy hY,Z, Wy
(5.5)

Lr'K) X, Y, Z W) + CrR Xz m ek y hz, W)
VRXXZ 00 = 4p (ke LZW) - Ky gz m)
2T P Y. Z ) 4 PG RY, Z, Wy 4 "P(hX, Y, Z,
T 2P P Z W) 4 4wy {&(r. 2 (rpy - 8, 2) (v p))
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(5.6) (L, 'K) (X, Y, Z W +(L, 'K (X, Y. Z. Wy + 'K (X, Y, hZ, W)
VKXY, Z,hW) - KXY, Z, W) = KX, hY, Z, W)
= 4p{' P V. ZW) - PX,Y,Z W)+ AT P XY, Z W)
PV, Z N+ 2p ghY, 2) gL W) + g 1) g, D)}
PV, Z )+ AO  gX D) (WTp) = gl W) (ZTP) ]

v AON |8V, D (XTp) — gX. D ATP) ],

(5.7) (LK) XY, Z )+ (LK) (X, Y, Z W)+ (LK) 'K (X, L, Z W)
+ (LK) XY, Z, Wy+'K (hX, Y, Z, W)+ 'K'K (X, hY, Z, W)
KX YZ, W) KOG Y, Z W) = = 4T p +4pY) P (V. Z W)

where

(58) POLY.ZW) ~L o, 2 gt W) gL 2X. D).
Proof : On a C-Sasakian manifold®, we have
(5.9) KXY, Z, W)+ KX, Y,Z, W) = ¢ (X, 2) g(Y. W)
(LD X W) - g, W gt. D) + g (1, XD

+ 2p{g (X, 2) gt ) - g N (V. D)

Taking Lie derivative of equation 5.9y w. . t. T and using (1.4) and (1.12) we get
equation (5.4). Now barring W in equation (5.9) and using (1.1) and (5.3), we get

(5.10) KXY, Z W)~ KXY, Z W) = g1, D g, W) - g (X, 2) g(Y, W)
e D) + g1, W) gX. Z) + 2p{g (W. V) gX. D)

_ g X g, )| + AW (g, D) (Xp) — XD (Y )]

Taking Lie derivative of equation (5.10) w. . t. T and using (1.4), (1.12) and (5.8)
we get equation (5.5).

Interchanging X <> Zand Y <> I, in equation (5.10) and further subtracting, we get
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(5.11) KXY,z w) -

WX Y.z

=2ﬂmiamxm~g@MMma+¢aﬁna&a}

+amkmaam—gxawm}
+Awwmxqup)—gxwwsz

Taking Lie derivative of equation (5.11) and using (1.4), (1.12) and (5.8) we get
equation (5.6). Now mterchanom0 Xo Zand ¥y /4
adding, we get

(5.12) WQKZM+W@Z&M+KwKZm

+wwxzﬁ>4maxoaym~ﬁxng@L

Taking Lie derivative of ¢quation (6.12) and using

(1.4), (1.12) and (5.8) we get
equation (5.7),

6. Symmetric C-Sasakian manifolds
Theorem (6.1): On a Symmetric C-Sasakian manifold, we get

(6.1) 2K Y, 2, m) = 4p sX Mg, z) - 4p &X. 2) g(v, w)

Y M (XZp) - g, M ¥zp) - 8. 2) (xwp) + 8tX, 2) (rw p)

Proof : Equation (5.3) can be written as

(6.2) KX YD = xquy - YA + Y(Xp) ~

XY p)
Differentiatiﬁg equation (6.2), w. r. t, Z, we get

(6.3) O XY, D + kx, LD.T = XD,4) (1) - HD,4) ()
+ Y(Zp) - x(vzp)

Now, from equation (1.5), (1.6), (3, 1) and (6.3), we get

(6.4)

K(XYZ)+pK(XYZ) Xig (ZY)+pg(ZY)

—Hmin+%@m}+mwm—mwm

equation (6.4) can be written as

, In equation (5.9) and further
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(6.5) KW YLZW) + p' KXY, Z W) = g(x, Mg v
TPEEN |- g M{g@ZX) + pgZX) )

+ 8, W) (XZp) — g (X, W) (YZp)

Interchanging Z <> , in equation (6.5), we get
(6.6) ~'KWX,Y.ZW) - p'K(X. Y, Z, W)
=gW.D{g. 1+ pgw, v )
- g D{gW, 0 + pgW,X) |

+ g, D) (XWp) ~ g(X,2) (YW p)

Subtracting equation (6.6) from (6.5), we get
6.7) KXGYZ W)+ KXY, ZW) + 2p'K X, Y, Z, W)
= 2@ g X) - gZXg (X, W) - g(W. g (X, 2)
+ g Xg (1, 2) + 2p g (X, W g (¥, 2)

~ 208X, 2) g (Y, W) + g(¥, W)g (XZ p)
-8 Mg (YZp) - g (Y, Dg (XW p) + g (X, g (YW p)

From equation (5.9) and (6.7), we get (6.1).
Theorem (6.2) : 1f 4 = d(log p) on a symmetric C-Sasakian Manifold, we have :
68) KX, Y,Z7) = (1%2% (@) (1Zp) ~ (¥p) (4Z )
Proof : Putting W = T in equation (6.1) and using (1.11), we get
(6.9) KXY, Z,T) =3p AN g (Y, 2) - 3p AV g (X, 2)
+ AN (XZp) - AX) (YZ )
Now, from the equation ( 1.11) and (5.3), we get
(6.10) KW@ YZT) = (1 - p) [ANg(¥,2) - A(gX,2) |

From the equation (6.9) and (6.10), we get (6.8).
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