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Abstract : Let Cx be the (h) hy- torsion tensor of an n-dimensional Finsler space F”.
In view of the well known identity; Cijx|; — Cijix = 0 where we denote by |, the
v-covariant differentiation; Cj;#| s is symmetric in its all indices. The purpose of the
present paper is to study a special Finsler space, the Cartan v-derivative of whose (4)
hv-torsion tensor can be written as :

LCijilr=hijx Bl + hjktBi + hyuBy + huijBx

where hijr = ~ L2L}ilj| & , L being the fundamental function.

1. Introduction

Let us consider a Finsler space F of dimension n, whose Cartan v-derivative of (/)
hv-torsion tensor can be written as

where A is assume to be symmetric but not proportional to Cy; because in such case we
can not solve (1.1) for B; in general. In particular B; = 1; for which (1.1) is nothing but

vanishing of T-tensor which has been studied in detaill,

Contracting (1.1) by y1 we have :

(1.2a) ~LC, =4

ij ijkBa + AjkoBi # AkoiBj + AoijBk>

where “‘0’" indicate contraction by y ke &, = Biyi. Again contracting (1.2a) by y kand
moreover by y/ and )/ respectively we obtain.

(1.2b) 0=24, B
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If B, # 0 then (1.2) (d), (c), (b), (a) respectively imply
Aypo = 0, Ajpp = 0, 4o = Q0 A= - L/B, Cyy

which contradicts our assumption that A;; is not proportional to C; ;- Therefore
B, = 0 and hence the equation (1.2¢) gives 4,,, = 0. Further from (1.2b) we have

Ajoo B, + Ay Bj =0
which leads to

A Bi Bk:_AiOO Bk BjZAkOO Bi Bj=—A« B; Bk

Jjoo joo i

Thus A, =0 or B;= 0. If B; =0 then LC,-jk|, =0 = LCijkllyl = - LC,-jk
leads to Cijk = 0. Consequently we have 4,,, = 0. From (1.2a) we have Aijo # 0,
because F is non Riemannian. Thus we have :

Proposition 1 : If v-derivative of the (h) hv-torsion tensor C; ; of a Finsler space
F' is written in the from (1.1) then 4;;; and B; satisfy Ajpo =0, Ajjo # 0 and
B, = 0.
o

Now let us consider a tensor &, ; defined by
(1.3) h,].k=-L2L1i|jtk=hy.1k+hjkl,.+hk,.zj

where hij is angular metric tensor and /, is the unit line element.

It is obvious from the definition of hij " that

k
hyo = hye y¥ = Lhy %0

and ik j
h, =hijky y =Lh,.jy = 0.

100

Hence hij k satisfies the condition for Aij i as given in proposition.

If Aijk = hijk in (1.1), then Contracting (1.1) by y I"and using B, = 0 we have

Again contracting by gki and using the fact gjk hjk =n — 1 and gjk hy, Bj = B, we
have

Bj==-Ci/n+ L
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2. C"-Reducible Finsler Space

Definition : A non Riemannian Finsler space F" of dimension n is said to be C*-
reducible iff the Cartan v- derivative of (k) hv-torsion tensor can be written as :

@0 LCyly=-1/(n+ 1)[hgk Cp+ higy Ci+ Iy G + Py Ck]

Proposition 2 : For n 2 3, every C V-reducible Finsler space F" is C-reducible,
but converse need not be true. The necessary and sufficient condition for a C-reducible
Finsler space to be C -reducible is :

22) LCi|j+Cilj+lei=0.

Proof : For A C V-reducible Finsler space contracting (2.1) by ¥ ! we have,

2.3) Cye = 1/ + D[ by Cp+ by C+ By ¢

which is (#) hv-torsion tensor of C-reducible Finsler space F" as defined by M.
Matsumoto?. Since (%) hv-torsion tensor of a C-reducible Finsle spaces can be written in
the form (2.3). Hence from proposition (3) of paper2 there exist a scalar o in C-reducible
Finsler space such that

(2.4) LG+ Gl + Gl = oy

Also we have

Taking Cartan v-derivative of (2.3) with respect to yl and using (2.4) and (2.5) we have

1
Cphi =Gy L(ls Gt Py Cel1)

+ (gl €+ Iy Cily) + (Pl G + )]
So
1
LCuli= 57 K”ijll'hiﬂ)Ck-”‘y'(llck”kcz—“hkz)

¥ (hjk L - jkl) Ci - My (ll C+1 G- O‘hli)

+ (hk,. I - hk,.,) G =ty (4 4 b G- ahﬂ)]
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1

o 1
Ert 1)[;1,.] gy + by by + g g |

Thus in order that the space is C Y-reducible we must have

%
(n+1

[:hlj h/{[ + hjk hli + hki hle =0
Contracting by ¢'/ and gj‘l we have o (n— 1) = 0, which implies oo = 0 forn = 1 .
From (2.4), a = 0 is equivalent to

LCl,+C L+ Cl=0

which completes the proof of second part.

Proposition 3 : If a Finsler space F" is C Y-reducible then the T-tensor vanishes
identically.

Proof : T-tensor of a Finsler space F" can be written as
Tygr = LCylp + Cyg p + Gy i + Cyy 1 + Cpy 1

For a C Y-reducible Finsler space, L Cijkll is given by (2.1). Putting values of L Cijkll
from (2.1) and Cijk from (2.3) we have

1
Ty = ~ GeD [hijk Cr+ by Ci+ by G+ hy Ck]

+

[{hy G+ g v iy G+ (e C v lyy €+ iy Ce} 4

1
(n+1

+{ by Gty O + iy Cr} b+ [ G+ by €+ by c zk}

Using (1.3) we get T,-jk, = 0.

Theorem 1 : The necessary and sufficient condition Sfor a C V-reducible Finsler

space to be Berwald space is C ilg =0
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Proof : Let us consider Ricci identity

(2.6) Cyr1ln = Cilny, = = Crik P = Cik Pl = Cipr Plan
~ Cyxtr Cin = Cilr Pl

Contractig (2.6) by !'we have

@.7) Cykioln = Ciry, = Ciklnjo =0

Since a Berwald space is characterized by Cijk[ n = 0. Thus from (2.7) for a Berwald
space we have

It is obvious from (2.7) that Cijkl Rja = 0 is necessary as well as sufficient
condition for a Finsler space to be Berwald space3.

For a C Y-reducible Finsler space the value of L Cijkl 5 is of the form

1
ECyln = — m [hijk Cp + hyy C; + I i G + Iy Ck]

First differentiating above covariantly with respect to x' and then contracting by yl, we
have

1
@NLCulno =~ e D [hy‘k Chio* Pin Cito + Pani Cipo T Mhi Cklo}
For a Berwald space, using (2.8) in (2.9) and contracting by g k and yh we have

(2.10) C... =0

ilo

which is a necessary condition for a C'-reducible space to be Berwald space. The
sufficient part immediately follows from (2.9).

3. C "-Reducibility of a Two Dimensional Finsler Space

Theorem 2 : A two dimensional Finsler space is C *-reducible iff the main scalar 1
is function of position alone.

Proof : As is well known in two dimensional case, Cy; is always written in the form
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where m, is unit vector orthogonal to the element of support yl and scalar [ is called
principal scalar of two dimensional Finsler space. In this case, hij = my;m, hence from
(1.3) hijk for a two dimensional space, can be written as

3.2) hijk = m; m; L + m; my Iy + my m;

Also we can easily obtain

(3.3) Lmi1j=—li m.

Differentiating (3.1) covariantly with respect to yl and using (3.2) and (3.3) we have

(3.4) LCyyr = = 1/3[ g Cp + By €+ Iy © + hyy G |

+ al/ayl m; m; my.

From (3.4) It is obvious that in case, two dimensional Finsler space is C *-reducible, we
have

(3.5) ol /oyl =0

which implies I is function of position only.

Form (3.4) and (3.5) It is clear that for C *-reducibility of a two dimensional Finsler
space. It is necessary and sufficient that the main scalar is function of position alone.

4. C’-Reducibility of a Three Dimensional Finsler Space
Theorem 3 : A three dimensional Finsler space is C *-reducible iff its main scalars
are given by

H=3=+3/2,J=0

and the v-connection vector vanishes indentically.

Proof : It has already been proved by M. Matsumoto! in the (Theorem 30.1) that
main scalar J of a three dimensional C-reducible Finsler space is zero. We have shown in
Proposition 2 that every C Y-reducible space is C-reducible.

Due to fact, J = 0 for any C "-reducible Finsler space of dimension three.

As shown in the Proposition 3, the 7-tensor is identically zero for a C ¥-reducible
Finsle space. Matsummoto! has already shown in the Remark of Theorem [29.5] that
vanishing of T-tensor imp}y 2/ + P — HI = - 1 and v-connection vector vanishes.
Hence for a three dimensional C ¥-reducible Finsler space we have

J=0,2J2+1*-HI=-1,v=0.

2
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It is well known that (k) hv-torsion tensor of a three dimensional Finsler space in

terms of Moor’s frame can be written as

“.1) LCijk = Hm, m; my — J”(ijk) (mi m; nk)

+ Iﬂ(,-jk) (mi " nk) + Jn; n 1y,

where H, [ J are main scalars of a three dimensional Finsler space, the scalars H and /
are related as H + 7 = LC and the notation T ik denotes the cyclic permutation of
indices i, j, k£, and summation. Since every C “-reducible Finsler space is C-reducible.
Also due to fact for a three dimensional C -reducible Finsler space Cyjy can be written
as-

@2) LCy =

I

[h,.j Cp + hy € + by cj]
as well as from (4.1)
43) LCy=mguoy {(H/3 mymy+ I, )}

Comparing (4.2) and (4.3) we have H = 3] immediately. Putting # = 3/ and J = 0 in the
relation 2J% + I2 = HI = — 1 we have

H=3=+3/2.

In order to prove sufficient part we put J = 0. and H = 3/ = 3¢ /\2 (where
€ = = 1) in (4.1), then we have

4.4) LCy =3 /N2 my mymy + m gy {e/ N2 my ;g |

M. Matsumoto! introduce two vectors v; and A; namely v-and h-connection vectors
such that v-and A-Cartan derivative of unit vectors can be written in the form

L', =8 -1"

(4.53) Lo, =~1"m+n'v,
Ln’|J=—linj-—mivj
I, =0

(4.5b) m"lj = n! hy
nilj_ —mihj
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and

hl-j,\, = (mi m; + n; nj) L + (ml- my + n; ”k) Zj+ (mk m; + g nj) A

Differentiating (4.4) and putting values from (4.5a) and (4.5¢), we have.

Hence the space is C "-reducible which completes the proof of sufficient part.

Theorem 4 : A C V-reducible three dimensional Finsler space is Landsberg iff h
connection vector is perpendicular to line element.

Proof : The (/) hv-torsion tensor of a three dimensional C - reducible Finsler space
is of the form (4.4). Differentiating (4.4) h-covariantly and using the fact L [§ = 0 and
(4.5b), we have

(4.6) LCyyr = /2 myuy (By me) Iy

where hij =m; m; + n; By for a three dimensional Finsler space. Contracting (4.6) by
y ! we have

@.7) Ly = /B weyy (y mi) By
A Landsberg space is characterized by Ci/’k! , = 0. From equation (4.7), for a Landsberg

space we have

which completes the necessary part of the Theorem. Sufficient part of the Theorem is
obvious from equation (4.7).
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