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Abstract. In this paper we observe that a Finsler space of recurrent Berwald’s curvature
is either a Landsberg space or det ((H L) = 0. A*P-Finsler spaces wilh recurrent
Berwald’s curvature is either Riemannian or det ((HZ ) = 0, while a P-reducible Finsler
space with recurrent Berwald’s curvature is necessarily a Landsberg space. The associate
tensors of the torsion tensor and deviation tensor of a Finsler space of recurrent curvature
are recurrent but the associate tensor of curvature tensor H}A./, is, in general, not recurrent.
However, it is recurrent if det (H })) = 0.

1. Introduction

A three dimensional Riemannian space of recurrent curvature was introduced by H.
S. Ruse! for the first time. A. G. Walker” extended the theory of Ruse to n-dimensional
Riemannian space. This theory was further enriched by the extensive contributions of
eminent differential geometers like L. Mogi3, E. M. Patterson4, Y. C. Wongj’ 6, Y. G,
Wong and K. Yano’. The -credit for extending this concept to Finsler spaces goes
to A. Moor.3? Since then a large number of differential geometers including R. S. Mishra
and H. D. Pande!’, R. N. Sen!!, R. B. Misra'® 13 and P. N. Pandeym'16 contributed
significantly to the theory of Finsler spaces of recurrent curvature. Makoto
Matsumoto!!8 introduced a C’-recurrent space while H. 1zumi'® considered a *P-Finsler
space. The aim of this paper is to discuss *P- and P-reducible Finsler spaces of recurrent
curvature. The notations used in this paper are based on the book of H. Rund.?

2. Preliminaries

Let £, be an n-dimensional Finsler space equipped with metric function F(& )
satisfying the requisite conditions, the symmetric metric tensor g with components g and
Berwald connection coefficients G]l-k . The Berwald covariant derivative of an arbitrary
tensor 7'} is given by

@.1) T} gy = aij’i-(é,T;)G;;+ TIGi, -~ TLGT,
where 5 5
Gr=G" y%. 9, =— ad § =—-
k sk k axk k ayk



12 P. N. Pandey and Shalini Dikshit

Unlike to Cartan’s connection, Berwald’s connection is not metrical, i.e. the
Berwald covariant derivative of the metric tensor g;; does not vanish in general. In fact, it
is given by

{ !
) g = = 2Ckay Y = = 2C kY

_1 - 5 v . . F
where Cij k=5 Bi ik and Cijkll stgnds for Cartan’s covariant derivative of Cij k with
respect to Cartan’s connection l“; ,; The tensor CI.J. k| yl is often denoted by Pij k-
Berwald curvature tensor H J’ kh° torsion tensor H ;‘ i and deviation tensor H ;1 are

connected by

() @ Hjgn ¥ = Hips ® G Hip = Hjyns

© Hiyy*=Hi, @ H, = (éhH;;—ékH;‘,).

W | v

The torsion tensor H ;c 3 also satisfies!®

(2.4 y; Hy, = 0.

Berwald covariant differentiation and directional differentiation commute according to
2.3) éj(T;.(k)) - (@Tﬁ)(k) =T, Ghr =T G

where G }k n = 61 G ;{h and T;' are components of an arbitrary tensor.

3. A Finsler Space of Recurrent Berwald Curvature Tensor

Let us consider a Finsler space whose Berwald curvature tensor H }k p is recurrent
with respect to Berwald’s connection i.e.

i _ i i
G.1 Hipomy = M Hjn> Hp # 0
where km is a non-null covariant vector field called recurrence vector.

Transvecting (3.1) by yj and using (2.3a), we get

(3.2) Hlgymy = 2 Hi-

Differentiating (3.2) partially with respect to y/ and using the commutation formula
exhibited by (2.5), we have
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) i r i i r i 4
(3.3) ijh(nz)+Hkl1 Gjmr_Hrh Gjmk—Hkr jmh

= ( m)Hkh + Ay H
which, in view of (3.1) and the fact that the recurrence vector of a Finsler space with

recurrent curvature and non-zero curvature scalar (H # 0) is independent of y’, reduces
to

G4 Hi'h Gjl'mr - leh jmk Hkr ;11111 = (aj 7‘m>H;ch'

Transvecting (3.4) by y, and using (2.4), we get

(3.5) HY, y G, =0.

Jmr

We know that the associate vector y, of y'is a covariant constant, i.e. y, ® = 0.
Differentiating this equation partially wnh respect to y’/ and using the commutatlon

formula (2.5), we get g @ = % G’ ik Using this and (2.2) in (3.5), we find

(3.6) HZ/’I Cmrlly = 0.

Transvecting the equation (3.6) by ¥ k and using (2.3¢) we have

(3.7) H#E ijr“yl = 0.

If the det (H j’ ) # 0, (3.7) implies

- I
(3-8) C_.imrfly = 0.
But this condition characterizes a Landsberg space. Therefore, we may conclude :

Theorem 3.1 : A Finsler space with recurrent Berwald’s curvature is either a
Landsberg space or the det (H},)) =

If a Finsler space with recurrent Berwald’s curvature is a *P-Finsler space
characterized by

(3.9 Ciinpr ¥ = 2Cis
the identity (3.7) reduces to

(3.10) H’ Ci\p = 0.

Jmr
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1f the det ((H”,;,)) = 0, (3.10) implies ij = 0. This shows that the space is Riemannian.
Thus, we conclude :

Theorem 3.2 A *P-Finsler space with recurrent Berwald’s curvature is either
Riemannian or det (H }.)) = 0.

Consider a P-reducible Finsler spaceof recurrent Berwald’s curvature'®. We kiow
that a P-reducible Finsler space is characterized by

. 1

G.11) Pin= "1 (Pj.hk,l * Prhy + Phhjk)
where

From (3.7), (3.11) and (3.12), we have

(3.13) H Py gy + Hiy Pegny + HY Pyhyy = 0.
Transvecting (3.13) by P~ we get

~ 1A h h k I; k

(3.1 Hy, Py Py Hauy P° Py 8hy + Hy P"Pyhy =0

But P hj/\, = Pj. - IJ.Pk i, = PJ. for pk l, = 0. Therefore

(3.15) g o Py P = =20, P) Hh

m m*
Transvecting (3.15) by PJ, we have

k F
P, P*P,H! =0,

m

which implies at ieast one of the following two conditions :

(3.16) @ P P¥=0, (b) P,H" =0.

In view of (3.16b), (3.15) gives PkPkghj Hﬁ, = 0. This implies at least one of the
conditions : (3.16a) and g,U-Hf;z = 0. But g, Hf; = 0 implies Hfjl = 0, which in view
of (2.3d) and (2.3b) gives Hjl-’km = 0, a contradiction. Therefore we have (3.16a). Thus,
(3.16b) implies (3.16a). Since the metric of our space is positive definite, the condition
(3.16a) gives P, = 0. Substituting P = 0 in (3.11) we have ij 5 = 0, which shows that
the space is a Landsberg space. Thus, we have :
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Theorem 3.3 : A P-reducible Finsler space with recurrent Berwald's curvature is

necessarily a Landsberg space.
4. Recurrence of Associate Tensors

In a Riemannian space the recurrence of curvature tensor Rj, , implics and is
implied by the recurrence of the associate curvature tensor R, S kny- This is due to the
covariant constant character of the metric tensor. The metric tensor of a Finsler space is
covariant constant with respect to Cartan’s connection, but it is not a covariant constant
with respect to Berwald’s connection. Therefore, the recurrence of Cartan’s curvature
tensor implies and is implied by the recurrence of the associate curvature tensor but the
situation is quite different in case of Berwald’s curvature tensor.

In this section we try to find out a condition sufficient for the equivalence of
recurrence of Berwald’s curvature tensor and its associate curvature tensor.

Transvecting (3.1) by g;; we get
(4.1 Hiknony = Hjkn &iony = 2w Hirp,

where H, itk = 8il H/j'kh - Thus in a space with recurrent Berwald’s curvature we have
(4.1). Thls shows that in a space with recurrent Berwald’s curvature the associate
curvature tensor Hy, is recurrent iff Hj“[ & iemy = 0. Since g, ol ) =2 0

mrlls E
the condition ijh &ri(my = 0 becomes

(4.2) Hikn Corps ¥ = 0.

mrlfs

In view of Theorcm 3.1, if the det ((H")) # 0, the space is a Landsberg space and the
condition H”’ Jkh Cmr/ls y® =0 is fully satisfied. Therefore if det ((H1Y) = 0. the
associate cmvature tensor H., bk of a Finsler space of recurrent Berwald’s curvature is

recurrent. Thus, we conclude

Theorem 4.1 : The necessary and sufficient condition for the recurrence of
associate curvalure tensor Hl/\h of a Finsler space with recurrent Berwald’s curvature
tensor is H//\ A Clmr[s = 0. If the det ((H ) # 0, the associate curvature tensor is

necessarily recurrent.

Transvections of the equation (3.1) by directional arguments show that

(4.3) (a) H;(h(//z) = }‘m H/”(h > (b) H;;(nz) = ;\m Hjl

hold in a space with recurrent Berwald’s curvature tensor. Let us check whether the
e E e b o L opyi I fvea o — Sl £ a ., T
associate of tensor A} , and H/7 are recurrent. Transvecting (4.3) by g, we have
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(4.4) @ Hypnmy ~Hien Stmy = Y Hotxn
®) Hyronmy = Hu umy = 2m Hotoh

i P
where g, H} , = H ,, and g, H, =H

o olo

j - Using (2.2) in (4.4), we get

(4.5) @ Homnomy ¥ 2Hin Coinys ¥° = Mg Hy i

®) Hyronomy + 2H)y Cpiggs v = Ay Hypop -
In view of (3.6) and (3.7), the equations (4.5a) and (4.5b) reduce to

(4.6) @ By, Hyppp = My Hy g ®) By, Hypop =My Hypop -

Thus, we have :

Theorem 4.2 : The associate of the tensors H ¥ nand H ', are recurrent in a space
with recurrent Berwald's curvature tensor.
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