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Abstract. This paper presents rehability of a two umt three state system in which
efficiency of an operative umt reduces with time. A unit may sutfer two types of falure
i.e.. normal and degraded failure. Supplementry variable technique has been used to
obtain expressions for various rehability characteristics of interest. Efforts have also been
made to perform numerical computation and plot the graphs to give a clear picture of the
results,

1. Introduction

Most of the studies in reliability have been directed towards the analysis of complex
systems with two states only i.e.,, good and failed. In actual practice the two-state
assumption may many times lead to over-estimation of reliability, due to the fact that with
increase in lime some components/units of the system get degraded and cannot be
assumed to function normally. Thus a third state between the good and failed si*ﬂes must
be included for a real estimation of reliability characteristics. In some studies  a third
state has been included as a degraded state but these studies viewed the degraded state 10
be the one in which less number of components remain operative than the desired. Under
this assumpuon every operative unit has 10 pass through the degraded state before 1ts
complete failure. These studies therefore exploited the degraded state only to the extent of
increase in failure rate from this state.

In fact it is necessary that a unit may always reach to a degraded state before 1ts
failure. Any unit/component of the system may fail directly to lead the system (0 a tailed
state. In the present work we have taken into account the following situations that occur 1n
real pracuce:

(1) The efficiency of an operative unit reduces with time and it gets degraded in its
functioning .

(2) A degraded unit is more pronc (O failure than a new unit.

(3) A new unit may fail even without getting degraded.

Further to reach closer 1o real situations, we have also included the possibilities of
common cause failure and human failure in this work. Supplementry variable technique
has been used 1o obtain various reliability characteristics ol interest. Eftorts have also
been made to perform numerical computations and plot the graphs to give a clear picture
of the results.
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2. Assumptions

The following assumptions are associated with the system under study.
(a) Failures are statistically independent.

(b) A unit failure distribution is negative exponential,

(c) A common cause failure of human failure lead to system failure.
(d) Failed system repair distribution are general.

(e) Both units are active and identified.

(f) The stage where only one unit is operative in degraded state and the other failed,
the failure rate becomes higher and is sum of the failure rates of a new unit and degraded
unit.

3. Model Description

The state transition diagram of the system is given in Fig. 1. In State 5, both units
are considered to be in perfect conditions. When any of the unitin 5, gets degraded/failed,
the system goes to state SI/SI. Upon the failure of degraded unit in Sl, the system reaches
the up state S,. The state §, having both units in degraded state is arrived at from the state
§, upon the degradation of the normal unit. The State §, 1s critically operative state

having one unit in degraded state and the other failed. This state can be reached from
states §,/5,75, upon the failure of a unit/the degradation of the normal unit/the degraded

failure of either unit respectively. State S is obtained from State S, when the only
working unit there gets failed. States SH and S _ respectively denote the states reached due

to human failure and common caus¢ failure. The human failure and common Cause failure
can occur from any of the working states of the systems.

3. Notations

Pj () :Probability that the system 1s 1n state S}. attime t=012,3,4, F, C, H)

Pj (x, 1) :Probability density (w.r.L. repair time) that the failed system is in state Sj
and has elapsed repair time x (j = F, C, H).
Pj :Steady state probability that the system 1S in state S;. (j=0,1,2,3,4,F, C, H)

lf:Constam failure rate of a unit including standing unit

A ,:Constant rate of degradation of a unil.

A q,:ConSLanl failure rate of degraded unit.

A /A, :Constant failure rate from the states Sf, (j=0,1,2,3,4) tothe state § /S,

o (x)/B (x)/v (x) :Repair rates from states S F./S c/ S y (0 state S0
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f(S) :Laplace transforem of f(1)

-5X- j; K (x)dXx

L

Sk () = I K (x) exp

The jdcﬁnilu integral fro.n U to o=, |
ailed stalc.
UN/U/UIZ()pcraling unit in normalidegrudedh:ult,d sta

|
4. Differential equations of the mode

o system of differential
Using the supplementry variable method, the folloing y

equations, have been obta ned:

P P (x, )B(x)dx

ddot(f)+[27Lf+2ld+}\;__+lh]PD(I)*—-IPF(I.I)fl(I)dx*I c
(1) L P, nv@dx
(2) d};'[m F A+ A+ Ayt A +N)P (=2 Ay Po )

dP, (1
3) dzr( ) +[A+ A+ A AN P ()= 2N Py 1)+ Ad Py (1)
dP,(t

4) ;’I()+[2MI+ A +A] P, ()=, P, (1)

dP, (1) ) . o
5 DAy +A NI P O =N P+ R Py (0 + 2k Py ()

/
(6) ; aa + k (x) Pj (x,)=0;k=0a/B/v,j=F, C,H
(7) Pr(0.1)= lsz 1+ (lf+ ldf) P,

(8) P.(0,1)=A [Py(1)+ P () +P, () + Py()+ P, (1)
(9) P (O, f)=lH [P, 0+ P, 1)+ P, 0+ P, (1)
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where 1 = ()
(10) P (0) = {() otherwise

Solving the above equation using Laplace transforms leads to the following Laplace
trasnforms of the state probabilitics:

e

(1) Py )=

where

K($)=[s+2 lf+ 2 kﬂ,+ l{_+3.h - [JLfJ(2 ¥ (1f+ l‘f!) XS, (9

(12) = (A, Sg()+ Ay, S, () (14X, +X,+ X, + X, )]
wheruAj=S+Ij(j= 1,2,3,4)

X, =2hd/AL Xy = QA+ X, X)/Ay Xy=hd X,/A,

(AX + A, X,+ A Xx)/A

(13) P.()=X Py(5),(=1,234)
1
(14) PF(S)=—S-[$\.IX2+(?LI+AJI)X4](l S (5)) P, (s)
ll':‘
(15) P{__(S)=-S—[I+X1+X2+X3+X4](l—-SB(s))PU(.f)
Ay
(16) PH(S)=*-5—*(1+X + X, + X+ X} (15, () Py (8)

The Laplace wransforms of the up and down state probabilities are given by

(17) P z P.(s5)
J=0
(18) P, ()=Pa(S)+P_(5)+P,(s)
It has been verified from (17) and (18) that
l
Pup (%) + down (8) = I
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Now wking the fubure and repar rafes 8 <
eguations by taking their Laplace raneforms, we 80

(19 Pol®) = K, (5)
where
r \
K, (=S 20 e 2R, 0k 40 .\5*.0..’7

(20) S+ﬂ ¢ S+v ) l
(21) P, (s)=xj'Fom, Gi=1.2.3.4
I + F 5)
(22) PF(‘)-(B*G) (X, (1;*)‘3: X, Pyl
).‘ 5
(23) Pt(n-(“mll+X,+X,+X,+x,l 5 (8)
A N
(24) P,,(:)-(’*u)ll+1,+x1+x.,+x,li’o(s)

Using (19) to (24) we can obtain Laplace ransforms of the up and down state probabilities
as below

“
Po9=XP@=(1+X +X,+X,+X] P, ()
)=V

s(eX + Xy v X, 0 X,) (K, (97

P 9)=1 -P”u)

6. Availability Analysis
Let us assume that the repairs (ollow exponential ume distnbution. Letung therefore
. o s o
;0= 8 ()= ﬂ..S,”u) oy
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Further setting o =
to the following;

B=v=4¢, say. Laplace transforms of the state probilities reduce

1

50(5)="_—-—
K (5)
where
25 K (s) = -
(25) (s5) hs+2lf+21d+lf+kh—}—fj{le2+(lf+ldf)X4
+(lr+lh)(l+X1+X2+X3+X4)]
(26) P.($)=XPy(s):(i=1,2,3,4)
From (26)
27) P, (=P, (5))j=0,1,2,3,4
=(1+ X, +X,+ X, +X,) P, (s)
S, . @ 3 2
=s - le +{3‘2S +0y5 +c,5+¢,
6
) +d154+d333+d452+d53+d6
where
4
(28) c1=ZI,.+2().f+xd)+¢
i=1
02=ZII12+2ld(12+13+14)+2lf(11+13+I4)+4lfld
2
(29) +23\d+2ldld+¢(cl-¢)
f

: 2 2
63—211 1213+21fld(Ul+]2+213)+2ld(12+14)+2ld?xdf(13+14)+6ldlf{f

(30) +2ld(12[3+13 [4*’!4’2)"'2;‘;(11 I +1, l4+1411)+¢(c2—(r1 - 0) 0)
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4

c4=Hli+2kfld(Izl3+I.l13)+2
i=1

2(c, - 9)

~¢c,— 9 (€

(31) +21flll314+21d121314+¢(53 2

- 2
=0 [11+2M2 U i+ )+ 27

i=1

s Y Y |
1214+2}~d ‘{(3 4

1.1

2x111+21“34

(32) +2:xf,xd (212+13)+21f11 1, 1,+20 1 13l _
J

= +)L +)\.
(33) dl Cl - h

4
(34) dy= (I, + A+ g+ ) Y,

i=1

o (A +A)
l.+z)’1[1+¢(12+lf+kd) & A+ M

: [. 1,1
> 2 At O+ 243

d,= Il.¢(12+?.f+ld)+ 1112(12+>~f+ 4+ 0 21
i=1

g 4
A 4+ A +A)

(35) ~¢ (l.:”»,,)zfﬁ?ld(’“..—*"h)*“;( At A,
i=1 ]

——

4
- A O 1T
rar+®)+[1L-0A +2) 245
d4=21112¢(12+}7+1d)+2111213(12+ Ay I11

AL+ L+ 1)
+2),d(xr+lh)(12+l3+14)+21f(7‘-c+1;.+ ﬂ(l 2 4

RYSERYRIA

4
+xd)+ﬂIi(12+1f+xd+¢)-¢[(xc+xh)):111213

i=1

d=Y L LLe0+N

- ————
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+2ld(lr+}.h) (l2 I, +1,1,+ I, 1,)+ 2l{“‘.-—- , )‘h*')‘f‘”l Lol s 1)

+ 2 ldkf!‘{h,+ l,)+2 )‘j()‘r ’ lﬁ) (I, + I,)+ 21‘,&‘ (A_+A, + 1‘;) (r,+1,)
S f
(37) SN (0 + 1)+ 60k, 1))
/
4 1
de=0|(,+ M+ A h) [11- A [T +22,0 + X 1 I,
=] =

l
+2Kf(lr+ }.h+kl) I 13!4+2kdlflzl“l_‘+2kd(lf+lh) LI,

Y &
(38) +22Ldldf(lr+ 1h+kf) l3 !4+2 ldll lzi4+ 2 ldldfh(z L, + fl)}

To obtain the exression for PHP (5), we substitute ¢ = 1 in equation (28) to (38)

£ o= 4§ = 3 = L ¥ o
S +C.5 +C.,5 +Cc,5 +C §+C
1 2 3 4 5
(39) Pmp('s)= 6 - § - 4 = 3 = 2 E f.'-f
() +dls +d2.s +d35 +d45 +dgs+dg

“““ d.d,d d, | ing¢=1.
where ¢,, €, €4, C4 Cs; andd,, d,, d,, d, dg,dgare obtained by putting ¢

MTTF: To obtain expression for MTTF, one needs an expression for R (S). It may
be obtained by substituting ¢ = 0 in (28) to (38). Therefore

4 e 3 . ) s B
) +C25 +C35 +C45+f5

5 @
) +C1

(40) R()=%—"=7

where

4
;=Y [ +2(A+1),

1 =1

- 2
Cz=}:11 12+2ld(12+13+14)+2lf(ll+13+14)+4lfkd+2ld+2}.dl.d;

* 2
c3=211 1213+2xfxdul+12+213)+2Aduzuqnndxdfujug
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1, 44);
2.1 + L Tg+ 14y
+6lj;\d+23.d(;'211+!314+f412)+ V173

!

4
=Tl L+2x 2, I+ I 1Y)

=1

2 O
+2ld1214+2}'d}‘f{,- X8

1]
PN, QL+ )+ 2N Tt R
/

c;=0.

*

dl-_-(,‘;-l-lc‘*'kH!

4
do=(L+ A+ A+ O 2+ 2 Iy

i=1

dy=Y 1, L+ h+r)+ 2 L Ly .

4
dy=3 1, L1+ A+ )+ [T

1=1

dg=T]1 U+ A +2)

MTTF =1imR (5) = C; /d;

s—0
7. Numerical Computations

For obatining values of pointwise availability for different values of time. We use,
the following numerical values.
?&f = (0.001, )‘H = ().002, lf= 0.02, ld =0.03, ldfz 0.04
Using the above values we get the following expression for P i (5)
I
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Fig. 2 Availability vs Time
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Fig. 2. Availability Vs Time

Fig. 3 MTTF Vs Human error
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Fig. 3. MTTF Vs Human error
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N 1024) ¢ + 1.085632 x 10
-5+(I.3021 t'+(n.4ﬂ15?4}.‘+¢4.|a2w* 10 )s (- (087 11‘ 41
}I" f‘] - : < - -2 1 - qz-‘rb‘qs w IO K 2029?05 x 10 }
@n g (v +(1.305) s + 045385+ + (6429889 x 10 )« *-

ction given in (41) one may get the

no inver: rasform of the fun . :
Taking inverse Laplace tras system over time 7 as given below

following expressions for point-wise availability ot the

Papitl=] 630384 x 107 + (~1.1403836 E — 02) €xPp (- 9.39976 E - 021)

+ (~-0.927365) exp (- 1.0010231)

+(1.785499 E - 02) exp (0.23061211) cos (0.26636711)

+ (-5.007613286) exp (0.230612¢) sin (0.2663711)

The graph 1 shows that although the availability goes on deqeasing -Wil.h time, yet
the rate of decrease is little tor intial values of ime and becomes higher with increase of

time,
The graph of MTTF Vs humman error show that MTTF falls with incrcgsc ip human
error. An interesting point of observation in this graph is that for A having its value

0 <A, <0.04, MTTF falls sharply but for A, > 0.04 1ts rate of fall decreases.
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