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Abstract In many astrophysical and geophysical situations such as in
the theories of sunspot magnetic fields, heating of solar corona and the
instability of stellar astrospheres in magnetic fields, the instability of
fluid of variable density is of considerable importance. Therefore in this
paper, the hydromagnetic instability of a rotating sphere in axial flow
has been studied. Assuming the fluid to be permeated by a uniform
vertical magnetic field, the solution has been obtained through the use of
a variational principle. The dispersion relation has been obtained for a
fluid in which the density is stratified exponentially along the direction
of the magnetic field. The dispersion relation has been solved
graphically and it is found that the growth rate of the unstable
perturbations decreases with the effect of viscosity showing thereby
stabilizing influence of viscosity. The growth rate is, however, found to
increase with the effects of rotation, compressibility and magnetic
resistivity. Therefore, rotation, compressibility and magnetic resistivity
are destabilizing the system.
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viscosity.
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1. Introduction

In many astrophysical situations such as in the theories of sunspot
magnetic fields, heating of solar corona and the instability of stellar
astrospheres in magnetic fields, the instability of fluid of variable density is
of considerable importance. A comprehensive account of these
investigations was given by Chandrasekhar'.

Ariel® has investigated the instability of an inviscid compressible layer
of a fluid of variable density in the presence of a uniform vertical magnetic
field. Bhatia® studied the combined influence of viscosity and
compressibility on the Rayleigh-Taylor instability of a stratified fluid.

*Paper presented in CONIAPS XIII at UPES, Dehradun during June 14-16, 2011.
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Sharma® has studied the Rayleigh-Taylor instability of compressible
rotating finitely conducting inviscid plasma of variable density.

The flow field for the steady laminar incompressible boundary layer on
a sphere rotating in axial flow has been studied theoretically by
Schlichtings, Hoskin6, Lee et al.”, Kumari and Nath® and El-Shaarawi et al.’
and by experimentally by Luthander and Rydberg'®, and El-Shaarawi''.
Their results showed marked influence of rotation on laminar separation,
drag, and the critical Reynolds number, for which the drag coefficient
decreases abruptly. Axial flow with the uniform velocity is directed from
left to right along the axis of rotation as shown in Fig.1

6=190°

Fig. 1
Therefore, it is interesting to examine the combined effect of magnetic
resistivity, viscosity and rotation of sphere on the instability of compressible
fluid of variable density.

2. Perturbation Equation

The relevant linearized perturbation equations governing the motion of
conducting viscous compressible rotating fluid are
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(2.1) ,0%1; :—V5p+(VxE)xﬁ+§§p+2p(ﬁxﬁ)+yvzﬁ+§,uV(V.;),
(2.2) %5p=—pv.&—(;.v)p,
23 Lop=(av)p-c{Lape(iv)el.

oh _ (~ = -
(2.4) 5—VX(14><H)+77V h,

(25)  V.h=0,

where Jp, o p,it(hx,hy,hz)and ﬁ(u,v, w)are the perturbations, respectively,
in density p, pressure p, magnetic field H and velocity u. Here
g(0,0,—g) is the gravity, u is the coefficient of viscosity, 7 is the

magnetic resistivity, C is the velocity of sound and Q is the angular
velocity of sphere.
Assuming that, the ambient magnetic field is uniform and is acting

along the vertical direction i.e. H= (0,0,H ) and that the sphere is rotating

about z-axis i.e. Q= (0,0,Q2), we seek solutions of the above equations by

analyzing the disturbance in terms of normal modes, whose dependence on
space coordinates X, y and z and time t is of the form

(2.6) F(z)exp(ikx+iky+nt),

where F(z)is some function of z,k,and k are the horizontal wave

numbers (kf +k = kz)and n(may be complex) is the frequency of the

harmonic disturbance.
Using (2.6) in equation (2.1)-(2.5), we get

(2.7)  npu=—ik,Sp+H(Dh, —ik,h,)+2pvQ+ pu(D*— k> Ju +%,uikx (v.z}),
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(2.8) npv=—ik, 5p+H(Dh, ik h.)~2puCx+ u(D* —kz)v+%,uiky (v.&),
(2.9) npw=—D5p—g5,0+/1<D2 —kz)w+§,uD(V.;),

(210) ndp==p(V.u)=w(Dp),

(2.11) n3p=—pC?V.u+ pgw,

(212) [n-n(D*-i’)]

h.= HDu,

(2.13) [n-n(D*-¥*)

h. = HDv,

y

(2.14) [n-n(D*-K*)

h. = H(Dw=V ),
(2.15) ik +ikihy+ Dh. =O0.

where D stands for the operator di .
Z

Eliminating some of the variables from the above equations, we obtain
(2.16) nzpw—D(pcsz)+i[g —l,unD+pC2D+D(pC2)}
H 3
[n—?](D2 —kz)}h +n,u(k2 —iDsz: 0.
: 3

and
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(2.17) [n—n(Dz—kz)]{nz+C2k2—%(Dz—%kzﬂhz—an(Dz—kz)hz

0.

12nHQE — HE? (C2Dw— aw+ ”‘;D Wj
Yo,

From equation (2.7) and (2.8), we get

(2.18) npg=HD§+2/;9[;@-77(02—kz)}hzw(Dz—kz)g,

and

(2.19) [n—q(DZ—H)]g:HD;,
where ¢ =ik v—ik,u and & =ik h, —ikh, are respectively vertical

components of the vector curl uand h.

3. Boundary Conditions

We assume that the fluid under consideration is confined between two
planes at z=0 and z =d . Since at the boundaries the fluid cannot have a
normal component of velocity, we have w=0 at z=0 and z=d.

For the electromagnetic conditions at the boundaries, we have either 4, =0
or Dh, =0at z=0 and z=d,according to weather the boundaries are of

perfectly conducting or insulating material.

If we preclude the possibility of a surface charge and surface current on
the boundary, we have
D =0,5=0at z=0 and z=d.

4. Variational Principle

Let us suppose that the solutions belonging to the characteristic value n,
are w,,h,¢, and & and solutions corresponding to the characteristic value
narew,,h,¢ and & ,where the suffix zonhhas been dropped for
convenience.

Multiplying equation (2.16) for i by w,and integrating with respect to z

from z=0 to z=d, we get
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d

(4.1) nfjpmwjdz —]{D(pCszi )wfderni]{,u(kz —gDzjwiwjdz
0 0 0

d
oot oo+ s

Integrating by parts and using boundary conditions, we get

d d d
(42) nfjpm%dz+ij2DmDWde+nJy(ﬂDmej +k2Wsz— jphh &
0 0

2k2

m g 12 d 2
—TICkp@hjdz j DhDh, +- khh
0

_%Jpn Dh.Dh, +k*hh )ck ( e JCZkan DhDh +k2hh)dz

nn.
—k—; (DhDh, +Khh; ) dz
0
n +n a

JigE J

0

szz.[” p[ )hi(Dz_kz)hj}dZ

[ i (Dh.Dh, + KRy )+ (Dzhl.Dzhj+k2DhiDhj)}ck

P f | (D= )i (D —kz)h,]dz—%jn[(nz ) (02— e

- Hszz !wf [(D2 —K*) Di (D ~k*) Dh +gk2(D2 —K)h (D —kz)hj}dz

d a “
St stk [n( pepe s e
0 0 0

n, % R
2 JH\ o5 TG |z =
kfj (DG, +K¢¢, ) d=0

0

Setting i = j in equation (4.2) and considering the arbitrary variations ow,
0h,04 and o6& in the corresponding physical quantitiesw,#,{ and &
compatible with boundary conditions and proceeding along usual lines we
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can show that on=0. Thus equation (4.2) (withi= j) provides the

variational formulation of the present problem.
Making use of the existence of variational principle, we now treat the
problem of instability of fluid in which undisturbed density distribution pis

given by

(43) p=pexp(fz),

where p, denotes the density at the lower boundary andf is the

stratification constant.
Accordingly the velocity of sound C is given by

(44) C=¢, exp(—%ﬂzj.

In order to ensure that the density variation within the fluid is small
compared to the average density, we make an assumption that

(4.5) |Bd|<1.

Now let us take the trail solution forw as

(4.6) w(z)=4 exp(—%ﬂzj sinaz,

where A is constant and o = mTH,m being an integer. The corresponding

solution for (z) N4 (z) and & (Z) can be obtained from equations (2.16) —
(2.18) by making use of (4.5). These are

Bz
(4.7) h(z)=AHk’> %KC; +n3ﬁjacosaz

2

g B2 im0\ in g
{g+2(Co+ 3 j}sma },

Bz 2

240k*He * {n+n(a’ +k°

(4.8) ¢(z)= {E 77( )} KCOZ—i-nTUOjacosaz
2

_{g +§(C02 +nTU°j}sinaz}




182 Vijay Mehta and Karan Singh Gehlot

_pz

240K He * n+n(a +&°)) .
(49) £&(z)= : HCOZ +—°jacos az
2
_{g+§(C§ +n7%j}sinaz},
where

(4.10) E = {n+77(a2 +k2)}{n+uo(a2 Jrkz)}Jeroz2
(4.11) E, ={{n+77(a2 +k2)}n2 +Cok? +nuo(0{2 +gk2j+nV2 (a2 +k2)i|E1
+4§22n{n+77(a2+k2)}2

Evaluating the integrals in equation (4.2) by substituting these solutions and
writing

(412) o= 5222 ¢ S0 o2 G & yo1ip
Vo vV V Vo Ve
Y=1+§x2,R=77—a, x=£, a=£.
4 V a a

we get the dispersion relation as
(4.13) Y B o' =0.

where the coefficients B 'sare given in the appendix. The parameter
S,C,F and R measure respectively the effects of viscosity, compressibility,
rotation and magnetic resistivity in terms of Alfven velocity V.

5. Discussion

B

Stable stratification (a =-—<0): Appling the Hurwitz’ criterion to the
a

dispersion relation (2.13), we find that as all the terms of this equation
become positive when(a < 0),the values of o are either all the real and

negative or there are two (or four or six or eight or ten) real and negative
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values and remaining are complex with negative real parts, thereby
implying stability in each case. We thus find that a stable stratification
remains stable whether the effects of magnetic resistivity, rotation,
compressibility and viscosity are included simultaneously.

B

Unstable stratification (a = >0): Appling the Hurwitz’ criterion to the
a

dispersion relation (2.13), we find that when (a > O), at least one root of o

is always real and positive for all wave numbers x. Since the dispersion
relation is quit complex, we have performed graphical calculations to locate
the roots of o for the unstable mode of wave propagation for several values
of physical parameters involved. These calculations are presented in Fig. (2
- 5), where we have shown growth rate (positive real value ofo ) against
wave number x for different values of parameters S,C, F and R taking fixed

values of G=5.0, a =0.1.

Crorth rate against wave mowber x comesponding to 2=0.1,6=50,FE=10 and 5=C=1.0
1 Groerth rate

2 2.2 24 26 28 3 32 34

Figure 2
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Groarth rate agaj.nst wave munber x corresponding to a=0.1,G=50EFE=1.0 and 5=C=1.0
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Figure 3

Growrth rate against wave mumber x corresponding to a=0.1,G=50F=1.0 and 3=C=1.0
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Figure 4
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Gronarth rate against wave rarber x comesponding to 2=0.1,5=50,F=1.0 and 5=C=1.0
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Figure 5

Fig. (2, 3 & 4) shows that for the fixed values of other parameters, the
growth rate (positive real root ofox10”) increases as the parameter

F(characterizing rotation), R(characterizing magnetic resistivity) andE (the

parameters characterizing compressibility), increase. Thus the rotation,
magnetic resistivity and compressibility are destabilizing the system. Fig.
(5) show that the growth rate decreases with increasing value of parameter
S(characterizing viscosity) implying thereby that the viscosity has a
stabilizing influence on the unstable mode of disturbance.

We may thus conclude that the effect of rotation, magnetic resistivity,
and compressibility are destabilizing on the stability of a stratified layer of a
hydromagnetic fluid configuration. The effect of viscosity is, however,
stabilizing on the same configuration.
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