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Abstract: Shyam Lal and Prem Narain Singh' defined (C, 1) (E, 1)
Summability of Fourier series and obtained approximation of Lip(&(t),p)
function using it. Extending the above result. Shyam Lal and J. K.
Kushwaha, obtained the degree of approximation of function of Lip a
class by product summability mean of the form (C, 1) (E, q). It is known
that (e, ¢) mean includes (E, 1) and (E, g) mean. In the present paper, we
have defined (C, 1) (e, ¢) mean of Fourier series and generalizing the
above two results, obtained the degree of approximation of function of
Lipa class by (C, 1) (e, ¢) means.
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1. Definition and Notations

Let f(t) be a periodic function with period - 2z and integrable in the
sense of Lebesgue over[—;z,;z]. Let the Fourier series of f(t) be given by

f (x) :i+i(an cosnt+b,sinnt).

2 3
Let
(1.1) @, (1) =3{f (x+t)+ f(x-t)-2f (x)},
Sc(f; x)—f(x)_%”:n/sm[ jtdt
and
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c & —cr?
lime® =lim,[— ) exp| — |S
now N n—» \[ 77N rZ_m p k k+r

exists, where it is to be understood that S
A function f eLipea if

=0,when k+r<0.

k+r

f(x+t)= £ (x)=O(lt]") for 0<ar<1.

We shall write

eﬁ—fuz sup

—T<X<1m

e (1)1 (x)].

where e¢( f;x) is n" (e, c) mean of the Fourier series of f at x.

2. Inequalities

In the proof of our theorem, we shall use the following inequalities:

& —r’) _k
(2.1) Zrexp( > jszexp(—ck),

© _Ap2

Zexp( cr jsin(k+r+ljt

r=k+1 k 2
) _~p2 _ k

(2.3) > exp( T(r JCOSH:O{M}’

- —cr? 7k —kt? —kz
(2.4) 1+2§exp( ” jcosrtzg{exp( 1c j+0(exp(KD}.

The inequality (2.2) follows from (2.1) which is due to Shrivastava and
Verma®, (2.3) may be obtained by using Abel's Lemma and (2.4) may be
obtained by the classical formula for theta function (see Siddiqui®)

We have
jsin(k +r +%jt}dt

(2.5) eﬁ(f;x)—f(x):i\/%zig

and the series Zuk is said to be (C, 1) summable to s if
k=0

(2.2)

kt
< — —ck),
2Cexp( ck)

Eeofs

r2
k
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(2.6) (C,1)=ni+lk21;sk —S as n—oo,

The (C, 1) transform of the (e, ¢) transform is defined as the (C, 1) (e,c)

transform of the partial sum s, of the series Zuk . Thus if
k=0

(2.7) (C,e)rc1 Zﬁgeﬁ —> S as n—o,

where e; denotes the (e, c) transform of s, then the series ZUk is said to be
k=0
summable (C, 1) (e, ¢) means or simply summable (C, 1) (e, c) to s. Shyam

Lal and Prem Narain Singh* obtained approximation of Lip(cf(t), p)

function by (C, 1) (E, 1) means of its Fourier series. They proved the
following theorem:

Theorem. 1: If f:R— Ris 2z —periodic and Lip(£(t), p) function

belonging to Lip(ﬁ(t), p), then the degree of approximation of f by (C, 1)
(E, 1) means of Fourier series satisfies

1 1
@8  |(cE)-f (x)Hp - o(g(n—ﬂj(n +1)%j,
provided é(t)satisfy the following conditions

oo [1(a0)] o)

0

o b
V4 t7§¢(t) ~ - s
(2.10) %Il( =0 ] dt} _o(( 1) )

where ¢ is an arbitrary number such that q(1—5)—1>0, conditions (2.9)

and (2.10) hold uniformly in x and (CE)i are (C, 1) (E, 1) means of Fourier
series (1.1).

Generalizing the above result Shyam Lal and J.K. Kushwaha® obtained
the degree of approximation of function of Lipa class by product

summability mean of the form (C, 1) (E, q). Their theorem is as follows:
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Theorem. 2: If f:R—>Ris 2z —periodic Lebesgue integrable on
[—7:,7:] and belonging to the Lipschitz class, then the degree of

approximation of f by the (C, 1) (E, q) product means of its Fourier series
satisfies for n =0, 1, 2,

(211 |(CE)}(x)-f(x)| =O((n+1)") for 0<ar<1.

Since (e, ¢) method includes (E, g) method, it is natural to ask what will
be the result if we apply product summability mean of the form (C, 1) (e, c) to
obtain the degree of approximation for Lipschitz class?

We shall prove the following theorem:

Theorem: If f:R—>R is 2z -—periodic Lebesgue integrable on

[-7, 7] and belonging to the Lipschitz class then the degree of approximation

of f by the (C, 1) (e,c ) product means of its Fourier series satisfies for n= 0,
1,2 ... ,

(2.12) H(c &) (x)- f(x)Hw =o((n +1)‘“) for O<a <1.

For the proof of our theorem following lemmas are required:

] sin(k +;]t
Lemmal: Let K, (t)= . Then

(n+1)77 k=0 sin%

K,(t)=0(n+1), for 0<t< (n+1) .

. Then

Proof: Using sinnt <nsint for 0<t < d
(n+1)

K, (t)s Z”‘{(Zk +1)sin %}

(n+1)7 = sin Y

1 o
n+l)Z(2k+1)

k=0

IN

—~~

I
@)

(n+1).
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<t<r.

Lemmaz2: Kn(t):O(}j for

(n+1)

rae (e )/ [on3)

Now applying Jordan's lemma sin(l)zl and sinkt<1 for LStSﬂ',
2) & n+1

e R )]

3. Proof of the Theorem

Proof: K

we have

Following Titchmarsh®, we have
(3.2) S, (F;x)—f(x)= 1j® sm( }dt.
s sm/

The (e, c) transform e; of s, is given by

(32) e (f;x) Ejsm/{ [ Jsin(kw%}t}dt
Jijsm/anZexp( kzjcosrt}sin[k+%jt
+r;1exp{‘T(rzjsin(mu%jt}dt
%I;Ii);(tt)H1+2§;exp[_T(rzjcosrt}sin(k+%jt
2y expE_irzjcos rtsin(k+%)t

= (—crzj . ( ]
+ Y exp sin| k+r+= |t |dt,
r=k+1 k 2
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c B 1 L c 7 (t () 2
33) (C e)n—1‘(x)—(n“)ﬂkZ::Jﬂ—T(j0 S|MH1+ZZEXP( 5 ]cosrt}sm(k+ )t

ol Sl i

r=k+1 r=k+1

6 1 (njl)m“zowﬁikijngtz{{m;exp( ijcosn}sm(kg)t}dt]
=(n+1l)ﬂkz”0:{ Jﬂzk ! ;’ng ’%"{exp[if}o[expu‘_c”j]}sin(k+%jtdt]

l, = (n 11)7T kzn;[;!{ ;Il)n93|n(k +%jtexp(_ﬁ2 ]dt}

. 1
kK+= |t
. S.n( +2)

(n+1)77 k=0 sin t2

where K, (t) =
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(35) L, =O(1)ﬁ+l+ i }px(t) K, (t)dt

l11 =111+ 1112

%+l
(3.6) Ly =0(1) [ @, (1)K, (t)dt

0
%+1
< I @, (t)O(n+1)dt Using lemma (1)
0

%+l
=0(n+1) [ ftfdt

0

ta+1 %Jrl
:O(n+1){ }

a+l 0

a+l
= O(n +1)iﬂ-—a+l
a+1(n+1)

=0(n+1)”

(3.7) Iy, = ]{ q)x(t)Kn (t)dt

= T CDX(t)Odot, by lemma (2)
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=0(n+1) "

S o ol )]

- O(EXp(T_cﬂDT@X (1)K, (t)dt,

0

(3.8) |12=[ [+] ]q)x(t)Kn (t)dt

=lyor+ 12

%+l
(3.9) |20 = j @, (t) K, (t)dt '

0

Using Lemma (1)

112

/+1
=0(n+1) j|t| dt

ta+l 44—1

=0(n +1)L{+J
0

1 7Z_a+1

=0(n+1) (a+1) (n+1)“+1
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=0(n+1) ",

L= [ @, (DK, (t)dt.
ﬁn+l

Using Lemma (2)
1

jﬂ@x (t)o(f] dt

T e (1 T |
ZJ It O(Ejdtzﬂjt 1dt_LJ

n+l n+l

IA

(3.10) .|

T

zin+l

where

1 sin(k +;]t
K, (t)= :

(n +1)7Tkz_:? sin%

91
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%+l T (D
(3.11) |2=o(1)[ [+] }#Kn(t)dt
0 %+1
= laith:
Now, using Lemma (1)
”n+1
(3.12) < | (Dxt(t)o(n+1)dt
0
%+l|t|a %+1
=0(n+1) | Fdt=0(n+1) [ttt
0 0

(3.13) l,, < j ()

O( jdt , by Lemma (2)

T tzx—l g
= | t* %t = J
%+l = %+l
a-1 (n+1)” !
=0(n+1)

1 & [cfo ()& —cr? ) . ( 1)
I, = — k = |tedt
3 (n+1)7z. kO[ ”k'([sn‘l tz{réle)(p( K jSIn +r+ >
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k)dt|.
. = n+17rk0[\} J.sm/ 2Cexp ~ok) ]

Using inequality (2.2)
oI 3 PO
—exX ck dt
Z z[sm/ P(=ck)

n+1 ko
|'|—( 2exp( CH)IQJ )dt, since‘sm%‘g%

(3.14)

/\

(3.15) L, =0(1) [ @, (t)dt

(3.16) e =0(1) | @, (t)at
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T [t" dt
A‘Fl

|: a+l j|
n+1

0{+l) (n+1)a+l

—~

=0(n+1)"

Now combining (3.3) to (3.16), we have
(Ce)s ()= T (x| = O((n+1)™), for 0<as<1

so|(Ce), (x)-f(x) (Ce)s (x)- ()

= O((n +1)7“)for O<a <1.

= Sup

o —T<X<7

This completes the proof of the theorem.
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