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Abstract: The present paper is devoted to the study of hypersurfaces
immersed in a recurrent Finsler space. U. P. Singh and G. C. Chaubey'
obtained some results on hypersurfaces of a recurrent Finsler space under
certain conditions. In this paper, a more general definition of a recurrent
space has been adopted and several properties of an umbilical
hypersurface immersed in such space have been investigated. Results of
Singh and Chaubey' have been generalized and extended to a larger class
of recurrent spaces.
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1. Introduction

U. P. Singh and G. C. Chaubey ' obtained Gauss characteristic equations
of an umbilical hypersurface immersed in a Finsler space from the
standpoint of Berwald connection. They defined a recurrent Finsler space
which is not equivalent to the definition of several authors such as Kumar?,
Misra®, Pandey® and others. Singh and Chaubey' considered two cases: (i)
The recurrence vector field of the embedding space is not normal to a non-
totally geodesic hypersurface, (i1) The recurrence vector field is normal to
the hypersurface. For the first case, they investigated the conditions for the
hypersurface immersed in a recurrent space to be recurrent in accordance
with their definition of a recurrent space. For the second case, with an
additional condition that the embedding space is affinely connected, they
derived several properties of the hypersurface. It has been shown by Pandey
and Dikshit® that a recurrent Finsler space is a Landsberg space if and only if

det(H j.);tO. In the present paper, we have adopted the definition of a

recurrent space of Kumar®, Misra’, Pandey® and others. For case (i)
discussed above, we have established some conditions for the hypersurface
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immersed in a recurrent Finsler space satisfying det(H j.);t 0 to be recurrent.

The same conditions have been obtained for a hypersurface immersed in a
recurrent Landsberg space to be recurrent, as corollaries. For case (ii), we
have investigated several properties of a hypersurface immersed in a

recurrent space satisfying det(H j.);tO. The same properties have been
derived, as corollaries, for a Landsberg recurrent space whose class is larger
than that of affinely connected recurrent spaces.

Let (F",L) be an n-dimensional Finsler space equipped with metric
function L (x,x) and corresponding metric tensor g =(g; (x,x)) . The relation
between Berwald connection parameters and Cartan connection parameters
is given by

(1.1 Gy =Ty +C,x",

P 1%,
where C), =g”C,, and C,, :5#
symbol ¢ stands for the Cartan process of covariant differentiation.

A Finsler space is said to be a Landsberg space if Berwald connection is
metrical therein®, ie. g, i =0, g4 denotes the Berwald covariant

are symmetric tensors and the

derivative of g,; with respect to x* . This space is characterized by®

(1.2) ij\hxh =0,
or, alternatively by
(1.3) Y,Gln =0,

where y, =g, x".

Let F"' be a hypersurface of F”, represented parametrically by the
equations* x’ = x'(u“). The fundamental metric tensors of F" and F""' are
related by
(1.4) 8. p(u,u) =g, (x,X)B, By,

i

. Ox .
where B, = Y are the projection factors.
u

*Throughout the discussion Latin indices run from 1 to n and Greek indices from 1 to n-1.
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The unit normal N, to the hypersurface F"~', at a point, satisfies the
following:

s { (a) N,B, =0,

(b) gijNiNj =1,
where N'=g"N,.

Cartan’s induced and intrinsic connection parameters F;i and / F;i (vide
Rund’) are related by®

/[ *a a *a
(1.6) Uy =8py +T 55,
where

A A A Ry
_(Mlacﬂy +MﬂﬂCa7 _Mlycﬂa)Qayu I/l'L Iy

M,;=M, jB;jﬁ, M;=C N “and Q, ; are second fundamental quantities of F

The normal curvature of F"', in the direction of #°, is given by

(1.8) K, (u,1) = (Q, ,uu") | F* (u,u),

which, in view of the normalizing condition F*(u,1) =1, becomes
(1.9) K, (u,i) = Q_ u’u’,

From (1.7) and (1.9) we obtain

(a) AL i =K, M,
where
(1.10) Mj=g""M,,.

The mixed covariant derivative of an arbitrary vector field 7 0’5 is given by

Ti

a(y)

i ~ i\~ £ iE i h
=0,T! —(0,T})0,G° ~T'G:, +T/G" B,
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- 0 . .
whered, = P 0, = YT and G;, 6 are Berwald’s induced connection
u u

parameters. In view of the above equation, the mixed covariant derivative of

projection factors is given by

i i i I —~E i hk
(1.11) Ba(ﬁ):Vaﬁ:Baﬁ_BgGaﬁ+thBaﬁ'

Equation (1.11) can be put in the following form (vide Sinha and Singh”)

(1.12) Vap=N'Q,s—BL(AL 5 +CL g ti%)+Chpp, X B,

Sinha and Singh’ obtained the following form of Gauss equation:

hlk j
+2MlhB§l(QgﬂV7/la _ng/V/écr)l’.‘U

vlo
a B r phlk
+ 20585 ~ 2Chikir ()X Beoipy

- -rphlk j O
_2(ajchlk\r)x Bgﬁ[ﬂ Vyj]cru

hik . rplk 17k
_ZChlk\ngﬁ[ﬁ Vyr]c;”Cr - 2Chlk\rxrBé[ﬂ Ve

where H,,, . and H_ ;;, are Berwald’s associate curvature tensors in £
and F""', square brackets denote the skew-symmetric part with respect to
o . : 0
the indices enclosed therein and 0, = PR
i
2. Umbilical Hypersurfaces

An umbilical hypersurface "', immersed in a Finsler space F", is
characterized by

2.1 Q, 5 (u,u) =k,g, 5(u,u).

The mean curvature vector M *' of the hypersurface F"' is given by

*] 1 ap i
2.2) M* =——g"Q ,N'.

n-—1
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From equations (2.1) and (2.2), we obtain
(2.3) g M MY =MM" =k,
In view of equations (2.1) and (2.3) and the facts
M, N'Bf =My, i, =0, C}, %" =0,u, =0 and C; ,u“ =0,
equation (1.13) takes the form
H, 55, = thijfél;?iy +(M;M” i)(ggﬂg(iy —8:,855)

(2.4) 5 .
+ 2M5Kn (ggﬂgcr;/ _ggj/gaﬂ)u +])$5ﬂy’
where
(2.5) Psp, =2M,B5 (A5, Q,, —AL Q)i —2N"C, 3" Q5B
! o i a rphlkj
+2B58: A1 5V 16 + 205 508as — 2Chikir(nX Bestiy)

: rphlk 1rj - hik prr
=20,Chp )X Bsip V154" = 2C 100, Besip Vpott”

rle
crplk h
_2Chlk‘}’x’B§[ﬂV}/]$'

Differentiating (2.4) covariantly with respect to #’ and using (1.11), we
have

ik 1kj 1/ hk sl
(2.6) H.s5p,00=HujiorBesgy, t Huk jBsg Veo + Hui ;B Vso

Wljyrk hik 77 )
"‘Hh//chgﬁ'/yVﬁe "‘Hh//chgﬁﬁV/e
+[(M1*M*l)(ggﬁg5y _gg;/gé'ﬁ)

2 .o
+2M5Kn(g$ﬂgay_g$ygaﬂ)u +P$6/3;/](9)'

The mixed covariant derivative of H,,;, . with respect to u’ is, by definition,
given by
OH 11 3 OH, . ; 6G*

ou’  ou* o’

r r r r m
—(H, 14 jGp ¥ Hyrio G+ Hyy .G + Hyy,G,) By -

thkj(e) =

2.7)

The following is obvious

oH

OH ), oH hikj pm o
B u”.

m o

X

_ ik o
(2.8) 5 o B, +
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Using (2.8) in (2.7), we have

(2.9) thkj(e) :[amthkj _(8ithkj)Grl;1
—(H,14 ;G + Hypie jGim + Hygy G + Hyy,G,)1By
+(8ithkj)(Grint1 + By ii® _Gélle)a

0

where 61. Ei. and 6, =—.
Toox! T oxd

In view of (1.11), (2.9) takes the following form
(2.10) Hy1 0y = Huir jom Bo +(5th/kj)Vor9”U-

Using (2.10) in (2.6), we obtain the following form of Gauss characteristic

equations of an umbilical hypersurface immersed in a Finsler space (vide U.
P. Singh and G. C. Chaubey ")

Q10 H,s 5,000 =Huik jonBs +(0,Hyuy )V g1t 18,55,
+[(Mi*M*i) (ggﬁgé'y _ggygé'ﬁ)
+2M6K3(gsﬁg0'7 _gs;/gaﬁ)l"la +Psé‘ﬂy](0)

1kjyrh hkjyl
+Hy i Bsg,Veo Y Hue 1B g,Vso

hlj
+H,,, B

k hik 1)
BesyVaotHye iBesgVso-

3. Recurrent Finsler spaces

A non-flat Finsler space F" is called a recurrent space if the curvature
tensor satisfies the relation®>*

(3.1 H;‘kh(m) :amH_j'kh’

where a,, is a non-zero vector, called the recurrence vector. Pandey* proved
that the recurrence vector a,, is independent of directional arguments.
Using (3.1) in

i

H i pnom = gil(m)H}kh + 81 H o pimy»

we have
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(3.2) H,ppom :gil(m)H;'kh +a,H
In view of (2.4) and (3.2), (2.11) becomes

(3.3) H, 55,0 = gpl(m)kangqB:‘léI;?iy +amBg1[Hs5/3;/
_(Mi*M*i) (ggﬁgé'y _gg;/gé'ﬁ)
~2M 5K (2, 580y ~ Loy 8op)~ Prsp, ]
(MM ") (8, &5y — 82y &5p)
+2M 3532, 580y — &2y 8o )i +Pus 5 N0y
+(8;~Hh/kj)V;9”UBz%kéy

1kj 1rh hk jyrl hij oy k hik 1)
+Hy (BsgVeo + B g Vot Bes,Vaog+BesgVp)-

Pandey and Dikshit® proved the following:

Theorem 3.1. (P. N. Pandey and Shalini Dikshit’): A recurrent space
F" is a Landsberg space if and only if det (H j-);t 0.

Let us consider two cases:
(a) The recurrence vector field a,, is not normal to the hypersurface F"',

1.e.
a,By =a, #0,
(b) The recurrence vector field @, is normal to the hypersurface F", i.e.
a,By =a, =0.
We assume that the hypersurface is non-totally geodesic.
Define

(B4 Tsp,=H,sp5,~MM )8, 585, ~&:)855)
_2M5K3(ggﬁgay _ggygcrﬁ)ua —F.55,-

In view of case (a) and equation (3.4), (3.3) becomes

(3:5) T.sp,0) = gpl(m)H/fijénB‘?ékﬂjy +agl 55, +(6th/k_;)V;9uaBz%kéy
+thkj(Békﬁijgh9 +Bf;£V519 +Bf(lsj}Vﬁk9 "‘Bf(lslngyjé)-

Now, if
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mphlkj | (A r o phlkj
(3.6) gpl(m)H/fijH Bgé'ﬁjy +(athlkj)V00uUBg§ﬁjy
1kj 1rh hkjysl hijprk hik 17j
+Hy (Bsg Vet B g Vsgt Bes,Vpog+BesgV/e)=0,
then it follows from (3.5) that
T:5py0) =% Tz0 7
Thus, we have:
Theorem 3.2. If F""' is a non-totally geodesic umbilical hypersurface

immersed in a recurrent Finsler space F" and the recurrence vector field

a, is not normal to the hypersurface, then the tensor T,;5,, defined by

(3.4), is recurrent with recurrence vector a,=a, B, if and only if (3.6)
holds.
Suppose that det(Hj.)stO. Then the embedding space F" is a Landsberg

space by Theorem 3.1 and hence g, =0. In this case, from equation
(3.2), we have

(3.7) Hjlkh(m) =da, Hjlkh'

Thus, in case ofdet(H j.);tO, our characterization of a recurrent space

coincides with that of U. P. Singh and G. C. Chaubey .
From (3.6), we deduce the following:

Theorem 3.3. Let F'' be a non-totally geodesic umbilical hypersurface
immersed in a recurrent Finsler space F". If the recurrence vector field a,,

is not normal to the hypersurface F""' and det(H;);tO, then the tensor

T.sp,, defined by (3.4), is recurrent with recurrence vector a, = a,, By if

and only if

: r oo phlkj Ikj ok hkjyrl hij gk hik 17
(3‘8)(6thlkj)V0'9u Blsp, v Hyy i (Bsg Voo +Be g Vso+Besy Ve +Bsgl /) =0.

From Theorem 3.1 and Theorem 3.3, we have the following result:

Corollary 3.4. If F"" is a non-totally geodesic umbilical hypersurface

immersed in a recurrent Landsberg space F" and the recurrence vector
. n-1

field a, is not normal to the hypersurface F"", then the tensor T ;,,,

defined by (3.4), is recurrent with recurrence vector a, = a,, B, if and only
if (3.8) holds.

If we define
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(39) Jsé‘ﬁy :(MiM l)(ggﬁgé'y_gg;/gé'ﬁ)

+2M5K3(ggﬁg0'7 _gg;/gaﬁ)l"[a-i-Pgé'ﬁya
it follows from (3.4) that

(3.10) H 55, =T.55, +Je55,

Let det(H;.);tO. Then, in the light of equation (3.7), equation (3.10) implies

that if T,,,,

H,_ sz, 1s also recurrent with the same recurrence vector.

and J, 5, are recurrent with the recurrence vectora,, then

In view of the above fact and Theorem 3.3, we have the following result:

Theorem 3.5. Let F"' be a non-totally geodesic umbilical hypersurface
immersed in a recurrent Finsler space F". If the recurrence vector field a,,

is not normal to the hypersurface F""' and det(Hj.);tO, then the

hypersurface F""' is recurrent with recurrence vector a, if (3.8) holds

and J,s ., defined by (3.9) is recurrent with recurrence vector a,.
From Theorem 3.1 and Theorem 3.5, we may state:

Corollary 3.6. If F"" is a non-totally geodesic umbilical hypersurface
immersed in a recurrent Landsberg space F" and the recurrence vector
field a, is not normal to the hypersurface F""', then the hypersurface F"

is recurrent with recurrence vector ay if (3.8) holds and J s ,,, defined by
(3.9), is recurrent with recurrence vector a,.
Case (b):

Let the recurrence vector field a,, is normal to the hypersurface F"™', i.e.
a, B, =a, =0.The Bianchi identities for /" are given by’

GAY)  Hy oo+ Hype () * Hy ooy T HY G + H)3G s + HLG e =0,

kj~mhr mh j jrdmh

For a recurrent space, Pandey” proved that the Bianchi identities (3.11) split
into the following two identities:
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(3.12) a,H,, ;+a;H,. +a.H,, =0,

and

(3.13) HY,G,y, + H)\ Gy + HTL Gy =0,
Transvecting (3.12) by g;,, we have

(3.14) a.Hyy+a;Hy, +a ;. =0.

If we transvect (3.14) by Bﬁg"ﬁi , » it follows from case (b) that

(3.15) thk_sz%kéy -

Equation (2.4), in view of (3.15), takes the form

(3.16) H,sp, = (MM ™) (8,585, =821 85p)

+2M5K3(g£ﬂg0'7/ _ggygaﬂ)ao +P$5/3;/'
Using (3.16) in (3.4), we obtain

Thus, we have the following result:
Theorem 3.7. If F""' is an umbilical hypersurface immersed in a
recurrent Finsler space F" and the recurrence vector field a,, is normal to

F"™', then the tensor T, 5, defined by (3.4), vanishes.

&

For a Minkowskian hypersurface, H_ 5, =0. Using this in (3.16), we get

(MM ") (8,585, — &1 855)
(3.17) peor  Sersoh

+2M5K5(ggﬁg0'y _ggygoﬁ)l"[o- +Psé‘ﬁy =0.

Thus, we have the following result:

Theorem 3.8. If F""' is an umbilical hypersurface immersed in a
recurrent Finsler space F" and the recurrence vector field a,, is normal to

F"' then the hypersurface F""' is Minkowskian if and only if (3.17) holds.
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If det(H ;.) # 0, then embedding space is a Landsberg space by Theorem
3.1 and hence C,

i kX =0. Equation (2.5), in view of this fact, takes the

form

(3.18) Pgé‘ﬁy = 2MlhB§}{(A25st _A;anﬁ)ua +2AZ[ﬁ(7)]ga5
=285y A p (Ao + Cfp i),
Thus, we have:

Theorem 3.9. Let F""' be an umbilical hypersurface immersed in a
recurrent Finsler space F". If the recurrence vector field a,, is normal to

F"" and det (H;.)?&O, then the hypersurface F"' is Minkowskian if and
only if
(3.19) (MM ™')(2, 85, 8ey8sp) + 2M 55, (8 p&0y — 828 p)ti”
+2M B (Ao, = AL Q)i + 20 580
=285y p (AL + Oy ti*) = 0.
From Theorem 3.1 and Theorem 3.9, we have:

Corollary 3.10. If F""' is an umbilical hypersurface immersed in a
recurrent Landsberg space F" and the recurrence vector field a,, is normal

to F""', then the hypersurface F""' is Minkowskian if and only if (3.19)
holds.

If the hypersurface F”""' is of minimal variety, then the mean

curvature vector M *' vanishes. By virtue of this fact and equations (2.1) and
(2.3), it follows that

(3.20) k,=0, Q,;=0.
From equations (1.7) and (3.21), we have
(3.21) A%, =0.

From Theorem 3.9, equations (3.20) and (3.21), we have the following
result:

Theorem 3.11. Let F""' be an umbilical hypersurface of minimal variety
immersed in a recurrent Finsler space F". If the recurrence vector field a,,
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is normal to F"' and det(H;.);tO, then the hypersurface F"' s

Minkowskian.

From Theorem 3.1 and Theorem 3.11, we deduce that:

Corollary 3.12. If F"" is an umbilical hypersurface of minimal variety
immersed in a recurrent Landsberg space and the recurrence vector field

a_ is normal to F"" | then F"" is Minkowskian.

m

Transvecting (3.16) by #° and using (3.18) and the fact M ; h)'ch =0, we
obtain

(3.22)  H,sp i’ =(MIM"')(g, 585, ~ 8,85 g +2A 511 &ustt’

S o .
=285y A (A1 + Cygeti”).

We characterize a hypersurface F"~' of constant curvature by
(323) Hgﬁﬂyua :K(ggﬂgéy _gg}/gﬁﬂ)ué'
Thus, we may state:

Theorem 3.13. Let F""' be an umbilical hypersurface immersed in a
recurrent Finsler space F". If the recurrence vector field a, is normal to

n—1 i n—-1 . .

F"" and det(H};)#0, then the hypersurface F"" is of constant curvature if
and only if

(3.24) AZpon — Ao (M6 + Cf]a\e:”é) =0.

From Theorem 3.1 and Theorem 3.13, we conclude:
Corollary 3.14. If F""' is an umbilical hypersurface immersed in a
recurrent Landsberg Finsler space F" and the recurrence vector field a,, is

normal to F"™', then the hypersurface F"™' is of constant curvature if and
only if (3.24) holds.
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*Throughout the discussion Latin indices run from 1 to n and Greek indices from 1 to n-1.

The unit normal 
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Cartan’s induced and intrinsic connection parameters 
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The normal curvature of 
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From (1.7) and (1.9) we obtain
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The mixed covariant derivative of an arbitrary vector field 
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projection factors is given by
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Equation (1.11) can be put in the following form (vide Sinha and Singh9) 
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Sinha and Singh9 obtained the following form of Gauss equation:
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2. Umbilical Hypersurfaces


An umbilical hypersurface
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The mean curvature vector 
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From equations (2.1) and (2.2), we obtain
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In view of equations (2.1) and (2.3) and the facts
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equation (1.13) takes the form
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Differentiating (2.4) covariantly with respect to 
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The mixed covariant derivative of 
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The following is obvious
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Using (2.8) in (2.7), we have
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In view of (1.11), (2.9) takes the following form
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Using (2.10) in (2.6), we obtain the following form of Gauss characteristic equations of an umbilical hypersurface immersed in a Finsler space (vide U. P. Singh and G. C. Chaubey 1) 
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3. Recurrent Finsler spaces


A non-flat Finsler space 
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 is called a recurrent space if the curvature tensor satisfies the relation2, 3, 4
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where 
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 is a non-zero vector, called the recurrence vector. Pandey4  proved that the recurrence vector 
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In view of (2.4) and (3.2), (2.11) becomes
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Pandey and Dikshit5 proved the following:


Theorem 3.1. (P. N. Pandey and Shalini Dikshit5):  A recurrent space 

[image: image91.wmf]n


F


 is a Landsberg space if and only if 

[image: image92.wmf]()0


i


j


detH


¹


.

Let us consider two cases:


(a) The recurrence vector field 

[image: image93.wmf]m


a


 is not normal to the hypersurface 

[image: image94.wmf]1


n


F


-


, i.e.


                             

[image: image95.wmf]0,


m


m


aBa


qq


=¹




(b) The recurrence vector field 
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We assume that the hypersurface is non-totally geodesic.
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In view of case (a) and equation (3.4), (3.3) becomes
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then it follows from (3.5) that
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Thus, we have:


Theorem 3.2. If 
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Thus, in case of
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From (3.6), we deduce the following:
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From Theorem 3.1 and Theorem 3.3, we have the following result:


Corollary 3.4. If 
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it follows from (3.4) that
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Let
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The Bianchi identities for 
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For a recurrent space, Pandey4 proved that the Bianchi identities (3.11) split into the following two identities:
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If we transvect (3.14) by
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Equation (2.4), in view of (3.15), takes the form
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Using (3.16) in (3.4), we obtain
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Thus, we have the following result:
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Thus, we have the following result:
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 Equation (2.5), in view of this fact, takes the form
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Thus, we have:
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From Theorem 3.1 and Theorem 3.9, we have:


Corollary 3.10. If 
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If the hypersurface 
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 is of minimal variety, then the mean curvature vector
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 vanishes. By virtue of this fact and equations (2.1) and (2.3), it follows that
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From equations (1.7) and (3.21), we have
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From Theorem 3.9, equations (3.20) and (3.21), we have the following result:


Theorem 3.11. Let 
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, then the hypersurface 
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From Theorem 3.1 and Theorem 3.11, we deduce that:


Corollary 3.12. If 
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We characterize a hypersurface 
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Thus, we may state:


Theorem 3.13. Let 
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From Theorem 3.1 and Theorem 3.13, we conclude:

Corollary 3.14. If 
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, then the hypersurface 

[image: image233.wmf]1


n


F


-


 is of constant curvature if and only if  (3.24) holds.
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