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Abstract: The symmetric/asymmetric planar slab waveguide is simplest
waveguide structure to be analyzed. These waveguides are used in optical
communication systems. In this paper we have derived the Eigen value
equations by using the transmission line (TL) method for the case of
symmetric/asymmetric planar slab waveguide structure. Earlier also the
equations have been derived but no where the intermediate steps of
solution found by author knowledge. The derived results have been
exactly matched with the existing results found into the literatures.

1. Introduction

The symmetric/asymmetric planar waveguide structures have impact on
WDM optical communication systems. The transmission line (TL) method
has great application to analyze waveguide structure having arbitrary
refractive index profile 12 There is large number of current research papers
on application of TL method of waveguide analysis L The asymmetric
waveguide is somewhat tough to analyze due to their asymmetric mode field
profile. The asymmetric waveguide have found certain advantage over the
symmetric waveguide structure due to their easiness 4. In section-2, we have
shown the calculation of Eigen value equation for symmetric planar slab
waveguide followed with asymmetric waveguide structure in section-3.

Maxwell Equations
Let consider the planar slab optical waveguide as shown in Fig.1 having
refractive index variation in x-direction and direction of wave propagation in
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+z direction.  Consider the  following  Maxwell

equations
(time harmonic e’™),

oH
(1.D VXE:_:uoa_t’
(1.2) VXHZEa—E,
ot

X Substrate Region

X
T ‘12 Film Region

Fig 1: A thin wave guiding element with coordinate

Forthe TE mode case propagating in+ z direction as shownin Fig.1,

have E =0,H, =0 and E, =0 hence fromequations(1.1) and (1.2),

13 JE,
. ax b
oH. . .
1.4) axz + jBHx =— jwe,{n(x)’ Ey,
1.5) BE, =-au,Hx,

2. Derivation of Eigen Value equation for Symmetric Planar
Slab Dielectric Waveguide

In this section the derivation of Eigen value equations have been done for

odd/even TE modes by Equivalent T L method. Let us define new variables
as follows

(2.1) v=/H_,
(2.2) I=BE, =-au,Hx,

Equation (1.4) can be written as
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2.3) V__r,

ox jou,
and equation (1.3) can be written as
2.4 oI —Jjou\V,

ox
with
(25) 72 = ﬁz _wzluogo{n(x)}z,
The characteristics impedance in equations (2.3) and (2.4) is given by
(2.6) z=—1_,
JOU,

The planar layer of thickness d can be represented by an equivalent T-circuit
as shown in Fig. 2, with series and parallel elements given by

2.7) Z =7 tanh(y%j,
(2.8) Z =z 1
' ” " sinh(yd)’

[ ] -

O O
Fig 2: Equivalent T-circuit of TE modes of planar waveguide layer of thickness &.

If the layer is homogeneous and infinite of thickness and by using the
following relations

e’ —e”
(2.9) lim sinh(yd)=———=oo,
d—oo 2
o2 _ vl
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Then layer may be represented by its characteristics impedance Z eq.
(2.6). At the center of the film region where thickness d = 0,

e —e
(2.11 éi_}n?)sinh (7d)=T=O,
o2 _e—V‘”Z

This condition will lead
Z =0,
Z =oo,

P

It means that at the center of waveguide the layer may be represented by
an open circuit. Thin waveguide shown in Fig. 1 can be represented in
equivalent form for a region x = 0 as shown in Fig. 3.
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Fig 3: Equivalent T network representation of symmetric slab waveguide
(x=0) as shown in Fig. 1

In the Fig. 3 the impedance of the various branches are shown as follows

(2.13) VA =ZFtanh(}/%j,
F F 1
(2.14) Zh =7

sin(yd12)’
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(2.15) 7°=27,

Here subscripts 5,F and superscripts F,5,s represent the series, parallel,
film, substrate respectively. Where,

F V:Bz_k(?n;zf

(2.16) zr=NF "Ry
JOU,
and
2.17) 7 VB ke
Jou,

2.1 Derivation of Eigen value equation for Odd Modes
The Eigen value equation for odd modes can be obtained when the
impedance seen from either side of terminal A—B A — B in Fig.3 is same as

F

(2.1.1) Z§+ZF:ZS’
or
F d F 1 s
(2.1.2) Z tanh(}/—j+Z —=Z
4 sinh(yd/?2)

In this equation ¥ is given by
(2.1.3) Y=+ B —kyny = jk,
where x'=./k;n; — °, Simple algebraic manipulation gives

(2.1.4) tan (’%dj:—ﬁ(oddmode),

s

Here we have used the following relations
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yd _yd
sinh(ﬁj=—€2 ¢
(2.1.5) 2 2 ,
rdi4 | —ydl4
cos(yd | 4)=5—"¢

and also ¥, =/ 8> — k;n’ . This equation is exactly same for the Eigen value
equation of odd TE mode of planar slab symmetric waveguide having
thickness d'.

2.2 Derivation of Eigen value equation for Even Modes
To derive the Eigen value equation for even mode, we define the new

parameters

(2.2.1) Yy =Y5tang[7%j,
(2.2.2) Y= YF';,
! sinh(yd/?2)
(2.2.3) Y'=Y",
Here
1
YF :F,
Y'= ! .
ZS
: E r .
4 ]

s
ey Sk b

Fig 4 Equivalent T- network representation {¥ = ()
of even mode symmetric slab waveguide.
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The Eigen value equation can be obtained when the impedance seen
from either side of terminal A-B in Fig. 4 is same.

(2.2.4) Yy + Y£= Y,

Substituting the equations (2.2.1)-(2.2.3) into eq. (2.2.4) and after some
trivial algebra it can shown 12,

(2.2.5) tan(%dj e (Evenmode),
K

3. Derivation of Eigen Value equation of Asymmetric Planar Slab
Dielectric Waveguide

In this section we derive the rigorous and exact Eigen value equation for

the case of asymmetric planar slab waveguide structure having the refractive

. . . 12
index variation -,

nc 2 ’
(3.1) n(x)=qn,, —d<x<0,
n, x<-d
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Fig 5: Equivalent T network representation of asymmetric slab waveguide.

where
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Gy zi=zf——
sin(yd)
(3.3) zZ! :ZF_;,
sinh(yd)
(3.4) 7' =-7°,
(3.5) AEYAS
and
7F = \/'BZ_k(?n.zz’
jou,
(3.6) PR Ll L A
jou, jou,
go NF kg
Jjoou, jou,

After some trivial algebraic manipulation and by using eq. (2.1.3) it can also
be shown

3.7) z! =J—"mn(zcij,
o, 2
(3.8) A —

jou, sin(xd)

Minus in eq. (3.4) is due to limit x = —=o. Finally the Eigen value equation

can be derived from the following expression when the impedance seen from
either side of terminal A-B in Fig. 5 is same

c F F
(Z+Z)2) e .

3.9 +
39) (Z°+2{)Z! s

After some trivial mathematical manipulation leads the following results
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{K’}/C _ I(Ztan(l(iﬂ

(5.10) [y, sin(kd)+ xcos(xkd)] [mm(’%)_ 4’
This implies
G.11) tan(xd) :L;y

K(l—j{jj

This is exactly same Eigen value equation for the asymmetric planar slab
waveguide structure 12

4. Conclusion

First time we have derived the exact Eigen value equation for the case of
symmetric/asymmetric planar slab waveguide. We have shown the
intermediate step of calculation with substantial assumption. In most of the
papers being published on TL method, have not clarifies the trivial
calculation to achieve some specific expression. The derivation presented
into this paper is useful to the beginners who want to gain inside into TL
method. One can easily extended these results to simulate the mode field
profile, mode cutoff condition, dispersion relation of multilayer dielectric
waveguide structure.
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