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Abstract: The study of cosmological models with time depend¥n
(deceleration paramedeis one of the important topics of research in
these days After publishing the research findings regarding th
accelerating expansion of the universe by Perlmuited Riess et
al.*? the subject is getting huge attention by the aesers The
variable DP has much importance to measure thensigrarate and it
provides the opportunities to analyze the resullsie to the
importance of the subject, we have decided to sthdycosmological
models with bilinear DPWe have assumed DP as a bilinear function
of proper cosmic time as suggested by Mishra Zaral investigated
the various cosmological aspects of the model ptedein pictorial
form in this paper
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1. Introduction

The cosmological constant was introduced by AlB@mstein in 1917 to
describe the static nature of the universe in ataare with the accepted

theory of that timeSince then the problem of the cosmological constant
one of the unsettled problems in cosmologhe “cosmological constant
problenf may be expressed as the discrepancy between thgilblegvalue
of cosmological constanfA) for the present univers&and the values
10%arger expected by the Glash&mlamWeinberg modél or by the
Grand Unified Theory(GUT) where it should be I®largef.Recent
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observations of Supernova typgSaleld by two independent groups®
and measurements of cosmic microwave backgr¢@dB)® indicate that
the universe is in an accelerating expansion pheth the cited above
research groups obtai@,, =0.3andQ, =0.7andruled ou{Q,,,Q,)=(1,0)

universe This value of the density paramef@r,)corresponds to the

cosmological constant which is small, Rogro and positive ie
A=10*m?=10%s% As on date, the intense research is going on to
know the true nature of the acceleration

One of the most important problems in cosmologgcerning to the

research community is understanding of structumndbion in the universe
The existing theories for the structure formatialh ih two categories, based
either upon the amplifications of quantum fluctaat in a scalar field
during inflation or upon symmetry breaking phasansition in the early
universe which leads to the formation of topolobabefects such as cosmic

strings, monopoles and other hybrid creatutdany cosmologists have
already constructed several cosmological models tdiking variable

cosmological constant under different assumptidree authors have also
published their research findings by taking vaeahl with the following

assumptionsA OH? A0 p andA OR™,nis a positive constatit’, here
H, pand Rrepresent the Hubbke parameter, energy density and average
scale factorrespectivelyThe Hubblés paramete(rH)and dimensionless

deceleration parametéq)are the most significant parameters to understand

the dynamicity of the universdt is also noticed that time dependence of
cosmic scale factoR(t) has great importance &$ and gare the functions

of scale factorR(t). Therefore, the study of various models with time

dependent DP indicate new sector in theoreticainotsgy. Many authors
/cosmologists proposed their cosmological modelsh vBermars law
(constant DPPi.e.

(1.1) g=m-1.

Some others including our peer research groupe heso published
several results by assuming the time dependeft‘®Palong with suitable
physical variation of scale factoburing investigation, we observed that
Akarsu and Derelf have proposed a special linear varying law for BP a
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(1. 2) q=-kt+m-1.

Here k >0is a constant with the dimension of the inversémé andmis a
dimensionless constantBy using the law one can generalize the
cosmological solutionsFrom the literature, we know that the universe
would exhibit different nature of expansion as gibelow in brief

«  Super exponential expansian< -1)

» Exponential expansiof-1< q< 0)

» Expansion with constant rafg = 0)

» Accelerating power expansiqrl<q<1)
» Decelerating expansiofy > 0)

We know that DP is defined as

-RR

(1.3) QZF

which is a dimensionless timariable quantity This variable deceleration
parameter has much importance to predict and amdhg expansion of the

universe Now we wish to assume the above deceleration paesnaes
bilinear varying deceleration parametBiDP) which is given by

a(l-t)
1.4 =——,a>0,
(L4 a=—ta

as suggested by Mishra ef.aHere the present paper is divided into four
different sections including introduction presentedsection 1, the metric
and field equations are described in section 2 ewttie solution of field
equations and the physical and geometrical pragsemif the model are

presented in section.® the end of the paper, results and concluding
remarks are summarized in section 4

2. TheMetric and Field Equations

We wish to consider the space time of totallysattopic Bianchi type
line element given by

(2. 1) ds® = —dt® + A%dx*+ By *+C Uz ?,
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where the metric potentials A, B and C are the tions of t onlyThis
ensures that model is spatially homogenebhus Einsteirs field equations
(EFE) with the time varying/\read as

1
(2. 2) R 5 Rg, = -87GT; +A(t)g; ,

whereT; is the energy momentum tensor for a perfect flustrithution,
given by

(2.3) T; =(p+ p)uy; - pg; ,

whereu, =(0,0,0,1 is the fousvelocity vector of fluid particles satisfying
the conditionuu' =-1. Herep is the pressure andis the energy density of

cosmic fluid The field equationg2.2) for the line elemen{2.1) and the

energy distribution(2.3) lead to the following system of differential
equations

(2. 4) é+E+ﬁ:_3qu+/\,
A B AB

(2.5) B CLBC gopen,
B C BC

2.6  S+A.CA_ _gipen,
C A CA

27  DBLEC.CA_gGp+n.
AB BC CA

The energy conservation equatl'djt‘l =0leads

(2.8) p+3 (o+p)=0,

where H is the Hubble parameter, which for Bianchi typés defined as
A B C)_1

R_1
2.9 H=—==| —+—+—|[==MH_+H +H.).
@9 R B(A B cj SARRARAREY
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Here H,, H, and H, are the directional Hubbk parameters in the
direction of x, y and z respectively

The spatial volume for modé€2.1) is given by
(2.10) V =R*=ABC.

The expansion scalé), the shear scal#és) and the anisotropic parameter
(Am) are defined as

(2. 11) 9:35: é+E+E ,
R (A B C

1
2.12 o’==
( ) >

(2.13) Anzé_(Hi;Hj .

The field equation$2.4) to (2.7) involves six unknowns vizA, B, C,
p, pandA. Inorder to solve the field equations explicitly, wexjuire

two additional constraints which we shall consiaheour next section

3. Solution of Field Equations

Firstly, we wish to consider the bilinear formtbé DP as suggested
by Mishra et &l

_ a(l-t)

a>0.
1+t

B1) ¢

The motivation to choose such tirdependent DP is that the universe has
an accelerated expansion at present as observiee ircent observations of

SNel&%-? and CMB anisotropié$® * and a decelerated expansion in the
past Now for the Universe which was decelerating in thast and
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accelerating in the present time, the DP must sigwature flipping2.
So in general, we may say that the DP is not ataahbut a time variable

Now further to calculate the Hubfdeparameter, we write the expression of
g as

3.2 q@) :%(%—tj.

On integrating above equation, we get

1

(3.3) H=— =
J'q(t)dt+t+k

On substituting the value qgft) in Eq(3.3), we get

1
j(1+a(1_t)jdt+k.
1+t

(3. 4) H=

Here k is a constant of integratior-or physical viability, k =0because
t -0, H- o. As at early inflationary stage the expansion ratgery
very large

(3.5) - = |
tl-a)+2a log(1t+t)
. _R() o .
SinceH —%, so on simplification from above expression, weeha

1
(3. 6) R(t) = Rt*.exp(F, ¢)),
where
a t+—20/+0/2 2, 3= o’+ad ,
(1+a)> 6(@+a) 18(ka )

(3.7) R(t) =

N -18x +1%* - 14*+ 2*

t* +O(t>).
180(1+a ¥ ®)
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andRyis a constant of integration
Secondly we assume that the compougat the shear tensdo;) is

proportional to the expansion scal@) ie. g, 0 6 .*'This condition leads to

3.8) 1(35 B_ 9} ﬂ[iu_sg)

3L A B C A B C
which yields
(3 9) é: E+E ’
A B C
wherd = 1+35

)With /5 being the constant of proportionality

Above equation, after integration reduces to
(3. 10) A=k (BC)'.

Without any loss of generality, we assukae 1 for simplicity.Hence we
have

(3. 11) A=(BC)'.
Subtracting2.6) from (2.4) and taking the integral of resultant equation two
times, we get
B 1
(3.12) c =k, exp(kgj'ﬁdtj :

wherek, andks are constants of integratidy solving(3.11) and
(3.12), we get

3l

(3. 13) Alt) =R,

50D 1
@14y BO=JkR )eXpﬁ%f 3 dtj ’
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(3.15) C([)—\/_Rz('”) ex;{ kgj—dtj

10 :
X
i —:f7
u==53

B

Deceleration parameter (q)
=]

5 li 15 2
Cosmic time ({)

Fig 1: The plot of deceleration paramefgy vs. time (t)
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Hubhble pararmeter (H)

0 05 1 15 2
Cosmic time ()

Fig 2: The plot of Hubbles parametefH) vs. time (t) for « = 5.3

Using EQq(3.6) in (3.13)-(3.15), we will obtain the following expressions for
metric potentials

3l

(3.16) A =(Rot1+ﬂ eXp(Fl(t))Jm ,

3

3.17)  Bt)=yk [Rotw expE, { )ﬂzm expf, 1()),

3

(318  Ct )=%[Rotw expF, ( )ﬂz“ﬂ) expfF, ()

-3
whereF, (t) :%I R’ exp(- 3, ¢ )it For the derived model, expressions

for observational physical quantities such as apabtlume (V), Hubblés
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parameter(H), directional Hubbles parametergH.), expansion scala®)
, shear scalafo) , and anisotropic parametéf, ) are given by

(3.19) V=ABC=R’= F{?tﬁ exp(F, ¢)).

_ 1
(3. 20) = t(l-a)+2a log(d+t )’

(3. 21) Hx:—Azs—lH,
A 1+1
_B_ 3
(3. 22) Hy—B 2(|+1)H+F3¢)’
_C_ 3 .
(3. 23) HZ—C 2(|+1)H F¢),
3

(3. 24) 0=H = :
t(l-a)+2a log(l+t)

, _3(2A-1\,., >
(3. 25) o :Z(l—ﬂj H?>+(F t) .

(3. 26) A :%( |Z+‘11j +—§[{t (I-a )+ 2r log(k+t })|:3 ( ]2

From the above equatiof3.19)-(3.25), it can be observed that &t 0, the
spatial volume(V)vanishes while the other parameters such as Hisbble
parameter(H), directional Hubbles parametergH;), expansion scala(é)

and shear scalgo) are infinite, which is a big bang scenarks t - o,V
diverges toeo, whereadd, H;, dand o approach to zero



Cosmological ModetiwBilinear Deceleration Parameter 251

o 1(2-17 [{ta-a)+2alog@+t}F, ¢)]
(3. 27) —=— + )
g 12\ 1+1 3
o2 1(2A-1Y e o?
Clearly — - — ast - indicating that—- does not approach
Yo 12( | +1j ° 9 atyz PP

1 .
to zero as long as;tz. It means we may say that our universe does not

. : : 1
reach isotropy throughout the evolution of the ense unlessl ZE'

Therefore, the dynamic of isotropic condition degemipon the value df
2

and for | :%, % - Oast - «ie. the model approaches isotropy at late

timesUsing the(2.8), we get the following expression far

(3. 28) p:exp(—3(1+a)j'Hdt+k4) ‘

Here k, is a constant of integration which may be takeneas for

simplicity.
-3(+w)
(3. 29) p=t ¥ exp(-3w ) (),
=3(I+w)
(3. 30) p=at * expE3(L+wk ()

From(2.7), we get the following expression fav(t)

-3(+w)
(3.31) A(t):%%Hz—(F3(t))2—8nG t ¥ expE3rwk ()

Wherea):B is an EoS parameter
p
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Here F,(t) = F,(t) = ks .

3

2R}t exp(F; ¢))

4. Resultsand Discussions

The present study deals with the homogeneous @isdteopic Bianchi

type|l space time in general theory of relativityere we have obtained the
solution of the EFE by assuming DP as a bilineaction of the cosmic

time. For better understanding of model, some physicdl geometrical

parameters have also been determifié@ major outcomes of this study are
listed below

—=—e=13
— =13
o=0

Energy density (p)

D 1 L 1-_ (i S T
1 2 3 4 5 6 7 8 9 10
Cosmic time (t)

Fig 3: The plot of energy density) vs. time (t) with a = 5.3.
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25

©=1/3
o=-1/3
0=0

20

Cosmological constant (A)

Cosmic time ()

Fig 4:The plot of cosmological constant.{#\) time (t) with @ =5.3, R, =1,

| =2.345andk; =1.

It can be observed from tl¢¢.4) that g >0if 0<t<1, g=0 att=1

and g<0 if t>1. Hence we may say that the universe was
decelerating at early time<1, constant expansion for a moment at
t=1 and for t>1 expanding with an accelerating ratéigure 1
shows the variation of DR] with cosmic timet for the chosen
values ofa (i.e. a =5.3,6.7,8.9. The behaviour of DP shows the

transitional phase of the univer§es.from early time deceleration to
present accelerating phase

It can be seen from the BJ19) that the spatial volume is zero at

t=0 and thereafter increasing continuously with timeHence our
constructed model shows similar behaviour as BiggBmodel of
the universe

Figure 2 depicts the variation of Hublslgparameter versus tinte
The value ofH - Oast — . Such type of the behaviour of the
universe validate by recent cosmological obsermatig®°

The variation in energy density parameter against timet is

presented in figure.3The figure indicates that energy density is a
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11.
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positive valued and decreasing function of timié is also
approaching zero with the evolution of time

In figure 4, we have seen the variation dfagainst timet. It has
been found that cosmological constants a decreasing function of
time and it approaches to a small positive valutatpresent which

is in good agreement with the recent observafighs
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