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Abstract: In this paper we prove that H, ,, = Hﬁ’M, H v, = HS,M,a
and Hf = Hff’p, Hff’b = Hf’b’P for 1 < p<eco by using the theory of

Hankel transformation.
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1. Introduction

The classical Hankel transform of a function ¢e L'(0,%0)is defined by
(hH(I))(y) =I¢(x) (xy)% J,(xy)dx, L =-Fand was extended to distribution
0

by Ziemanian'. Motivated from the results given in Gel’f and and Shilov?,
Pathak® and Pathak-Sahoo* introduced the spaces of type U, and Hy and
studied their Hankel transform and extended the results to distributions by
adjoint method. Their LP(0,0)—type spaces was studied by Pathak and
Upadhyays.

Now, we recall the definitions of the spaces of type
H{*, H? ., H?"? from Pathak and Sahoo®, Pathak and Upadhyay”.

w,M,a?

HP

w,M,a?
Let M and Q be the convex functions which are defined by

(1) M(x) = [L(E)dE,x > 0 and Q(y)=[ ©(m)dn,y >0,
) M(x)=M(—x),M(x1)+M(x2)SM(X1+x2),

and
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3) Q(y) = Q(-y), Qy)+Q>y,) SQ(y, +,) -

Now, the space Hy,w, 1s the set of all infinitely differentiable functions ¢
on I =(0,c0) which satisfy the inequalities

4) St ,0(x)| < C, exp [MIax]].

The space Hff’b consists of all even entire functions ¢ such that for

every b>0, ke Ny there exists C, > 0 such that

&)

z2k‘“‘%¢(z)‘ <C, exp [Q[by]].

The function ¢ is in Hy ., if and only if, for each a>0, 6>0 there exists
Ck. 5> 0 such that

(©) [S3.,000)| < C, 5 exp[-Ml(a-8)x].

1
. . ) 2k—p— . . .
Even entire analytic function z 20(z) isin Hf’b’P if and only if b >

0, p >0 and Cyp, > 0 such that

_“_,

(7 Iz 2 ¢(z) I<Cy  exp[Q[(b+p)y]]

Like Pathak and Upadhyay® the spaces of type H? ,,H!, ,,and H""

wM,a?
are defined as follows:

(1) A complex valued and smooth functions ¢=00(x), xe [=(0,o0)is in
HS’M if and only if for Cy, >0, a > 0 such that

®) UI exp[M(ax)]S q)(x) g dXJ SCk,p .

A infinitely differentiable smooth function ¢ is in Hj , , if it satisfies the

inequalities

1

9) [Tlexp[M [a—8)x]] S, 0(x)I" dxjp <Cysp-
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for k>0, 6>0.

Even entire analytic function ZZk_u_%(I)(Z) belongs to Hff’p if and only if
for k>0, a>0 and Cy ;>0 such that

1

p

(10) Ulexp([g(by)]z“““‘zq)(z) P dx] <C,,-

Gi) 27 o(z) € HEiff for b>0, p>0, Cy p p>0

such that

1

(1D [I' exp(QU(b+p)yle" " o(2) P dxjp <Cipp

Using the aforesaid results we establish that

H,y=H\, H,y, =H;

wM,a °
and

HS = Hf”’, Hff’b = Hf’b”’ forpu = —% and 1 < p<oo.

2. Characterization of Hy- type spaces

. . . Q
In this section we study the relation between HH,M, HH,M,a, HH,

Hff’b and H} ,,, Hff’p, HS'P for 1<p<ec by using the theory of Hankel

transformation.
To find this relation, The Young inequality is useful which can be
defined by the following way:

(12) Xy < M(x)+€(y),
where M(x) and Q(y) are pair of dual in sense of Young.

Theorem 2.1. Let M(x), £2(y) be the pair of functions which are dual in
sense of Young. Then

H, y.=H , for I <p<e.

8 w.M,a
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Proof. Let ¢eH}, Then Hankel transformation exists in

=L . . . .
L!(0,00) sense and s*77 y(s)is an even entire analytic function®, we can
write

(—1)"s™w(s) = [SE,000) (xs)2 I, (xs)dx,

for s = u+it. Therefore, from [3, p. 138], we have

=

SZk_“_%lu(s)‘ < J.

0

[expIMI(a~8)x]IS; ,0(x)

e'x"'(xs)_“Ju(xs)‘

XM exp[x [t1-M[(a— S)X]]‘dX
<A, Hexp[M[(a —-9)x] Sﬁ~X¢(X)Hp

X" exp[x |t I-M[(a — 8)x]]

b
q
for

l+l=1 and 1 < p,q<ee.

P q

Now, using the technique of Gel’fand and Shilovz, Pathak and Sahoo* we
have

Szk—u—é \I’(S)‘ < Dkw’p exp {Q(éﬂbﬂ

X" exp| M (Sx):IHq :

Therefore
y(s)e HO™.
This implies that
h, [HD ., | H"".

By property of inverse Hankel transform, we have
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-1 Q,i
HY v, Sy [ B | S Hy
Hence

(13) H’,, < H

u.M,a = u.M,a*

From Pathak and Sahoo’s* Theorem 4.1

h [H

Q,L
a
u H,M,a] = Hu '

From the definition of inverse Hankel transform, we have

A g0l
(14) How. < by [HY |

Now, we take ¢e Hfl then from Pathak and Sahoo’s*

Sp0(w) = [X** (-1)* w(x) (xu)dx.

By Young inequality (12) and the technique", we find that
5. o] < € exp [M[(a3)u]-M (5]
Therefore,

Hexp [M I:(a —S)U:H Sy O Hp < Cysp

exp[—M (213[)2 )u]
This implies that

(15) h7! [HQ} c H'

0 pMa*
From (14) and (15), we have

(16) H c H}

u,M.a wMa *

So that, (13) and (16) gives

29

p
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Theorem 2.2. Let M and Q! be the functions which are dual in sense

of Young. Then for |\ > —%
Qb _ 17Q.b,
H " =H"".
Proof. Let ¢pe Hff’b"’ . Then we can write®
St W) = [0(x) (D* x*(1+x*) (14x7) " (xu)'J, (xu)do(u).
0

Therefore

Sow] < Af(1+x?)x™ o00] H(l+x2)_l

q

< Ay A (1) 000]

=A,, (1+x2) X2 d(x)

p

<A

q.p

exp[-olyl] (1+z2 )H1 z_“_%(b(z)
p

for r > 2q+u+%.
This implies that

St 0)|<A,, expl Glyli( )||z2"_“_5¢(z)||p
v+l

<A, exp[-clyl+Q[(b+p)yl1Y.C,

n=0

SCyyup eXpl—0ly 1+Q[(b+p)y].

From Pathak and Sah004, we have

ISy, 0w ISC, ., exp [—M K% — 8) uﬂ :

Hence
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hu [Hﬂ,b,P :I - H“’M% .

Therefore

n

HQ,b,p g1,1—1 {H ) :| c HQ,b )
w,M
b
This implies that
(17) HQ,b,p c HQ,b,
Now, we have to prove that

Qb Q.b,
H"cH P

We take ¢e H | and using the arguments4
WM,
b

s 2y(s)|<C)  exp {Q[(l+pjtﬂ—M(p—?ﬂ.
b b
Therefore
2y 1
S Y| <Cps, exp{QKB+pjtﬂ,

Then

Q,b,
h, |:Hu,M,l:| cH, P
b

Since, from Pathak and Sahoo’s* Theorem 4.1, we have

Q.b
hu |:Hu,M,l:| C HM .
b

Hence
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(18) HP® < H"P.

Thus, from (17) and (18), we can prove that
HP® = H®"P.

1
Qp _ 110
H =H/, u=2——.

Theorem 2.3. H , =H? 5

WM >

Proof. From Theorem 2.1, we have

H, ,.=H Vv a>0.

i w,M,a

Since the spaces H_ . ,H®" , H®*? can be regarded as union of normed
pMo iy p

HP Hff’b, Hff’b"’ . Therefore, from Theorem 2.1 and

linear spaces H M.

wMa?
Theorem 2.2, we can write

— p
UHme = UH o
a a

and

Ure" = Uz

a a

This implies that

_ r Q _ gerp
H,,=H;, and H =H".
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