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Abstract: Thomson-Haskell matrix method is used to study the 
propagation of Rayleigh waves in prestressed multilayered elastic solid 
with incremental elastic coefficients possessing orthotropic symmetry. 
The dispersion equations are derived for one and two prestressed layered 
half space. 
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1. Introduction

In fact the velocity of waves depends on the material properties (elastic 
moduli and density) allows us to use seismic wave observations to 
investigate the interior structure of the planet. We can look at the travel 
times and the amplitudes of waves to infer the existence of features within 
the planet, and this is an active area of seismological research. To 
understand how we “see” into Earth using vibrations, we must study how 
waves interact with the rocks that make up Earth. Surface waves carry the 
greatest amount of energy from shallow shocks and are of primary cause of 
destruction that can result from earthquakes .Surface waves propagating 
over the surface of homogeneous and inhomogeneous elastic half space are 
a well- known and prominent features of waves theory.

The Early attempts were made, to drive the dispersion equations for 
surface waves of Rayleigh types on a layered medium by Sezawa1, Fu2 and 
others. But the methods used by them, were so formidable that no attempt 
appears to have been made to treat cases of more than two layers. A straight 
forward matrix method was investigated by Thomson3. Haskell (1953) 
followed the same technique to study the dispersion equations for Love and 
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Rayleigh waves in homogeneous isotropic media .This method has been 
adopted by several investigators e.g. Anderson4,Hannon5 and Saini6.
All these study ignore the initial stresses present in the medium. Adopting 
the basic theory of Biot7 on prestressed solids in last three decades ,the 
propagation of elastic waves in prestressed solids of infinite extent has been 
discussed by Dahlen8,Walton9,Tolstoy10, Dey and Chakraborty11, Sidhu and 
Singh12, Singh and Singh13.

Recently Addy and Chakraborty14 showed the effect of temperature and 
initial hydrostatic stress on the propagation of Rayleigh waves in 
viscoelastic half space .Sharma and Garg15 have derived Modified 
Christoffel equations for three dimensional wave propagation in general 
anisotropic medium under initial stress. Gupta et al.16 found out the effect of 
initial stress on propagation of Love waves in an anisotropic porous layer.

The model of the Earth is supposed to be composed of several layers  of 
different thickness and inner layers of the Earth are under immense stress 
owing to different physical causes  i.e. variation in temperature ,slow 
process of creep and gravitational field. Therefore, the study of propagation 
of elastic waves in the prestressed elastic multilayered media is of great 
importance in seismology.

Keeping in  view, the above aspects, study of propagation of Rayleigh  
waves in layered prestressed elastic media have been dealt in the present 
paper following Thomson-Haskell matrix method. Dispersion equations of 
Rayleigh waves are derived for one and two layers respectively .The results 
obtained in this analysis are compared with those for an initially stress free 
medium. 

2. Basic Theory

The general form of Biot’s field equations for prestressed solids in the 
absence of external forces is (Tolstoy10)

, , , , ,(2.1) ij j jk ik j ik jk j jk ik j i tts S S e S u        .     

Here ui   are the displacement components, ρ is  density and
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The Sij are the components of prestress which are assumed to be satisfy the 
equilibrium equations 

  ,(2.3) 0.ij jS 



                     Surface Waves in Prestressed Elastic Multilayered Media                          345

The   sij are the incremental stresses and are assumed to be linearly related to the 
incremental strains ije :
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In deriving (2.6), we have taken 22 33S S .Futher,  ,  are Lame’s constants 

and ij are the initial strains.

     We now consider the two dimensional problem for which 0
y
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and 11 33,S S are constants. Equation (2.2) shows that

 11 33 13

12 23 22

23 31

1
(2.8) , , ,

2
1 1

, , 0.
2 2
1

(2.9) ,
2

x z z x

x z

e u e w e u w

e v e v e

w v 

   

  



                                                  

11 22 33 0.    
                                             
On taking i=1,2,3 in  equation (2.1) and using  equations (2.4), (2.7) - (2.9), we 
get
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If we restrict our analysis to xz- plane ,put v =0 from first and last member of 
equation (2.10), we get
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We assume the solution of equation (2.11) in the form as 
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   2.12 iiP
iw W e

where iU and iW are the amplitude factors and 

where

k  wave number,
c  phase velocity,

1P  Phase factor.

Substituting equations (2.12) & (2.13) in equation (2.11), we have
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It is biquadratic in c ,
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Thus, in general, in this two dimensional model of the prestressed solid, there 
are two types of plane waves i.e. quasi P waves and quasi SV waves whose 
velocities depend on the initial stresses and direction of propagation .

3. Formulation of The Problem

Consider a homogeneous prestressed elastic half-space composed of n 
parallel ,homogeneous, prestressed  plane layers. The nth layer being a 
homogeneous, prestressed elastic half-space, various layers and interfaces 
are numbered away from free surface, as shown in (Fig.1). Let the material 
is either isotropic in finite strain or anisotropic with orthotropic symmetry. 
The principal directions of initial stress are chosen to coincide with the 
directions of elastic symmetry and the co-ordinate axes. The state of initial 
stress is, therefore, defined by principal components 11 22,S S and 33S   of  the 

    12.13 sin cos ,P k ct x z   



348                                   Inder Singh Gupta, Reena and N. R. Garg

initial stress. We assume plane strain parallel to the xz- plane and z-axis is 
taken as directed into the medium. The equations of motion for    mth layer 
are given as in equation (3.1)
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where m is the density and  ,m mu w are displacement components in x and 

z directions, respectively and 
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11, 22,,m mB B are the incremental elastic coefficients in the mth layer. When 

the initial state is unstressed, the medium is isotropic, and the first order 
theory of classical elasticity is assumed, them it can be shown that
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where are the usual Lame parameters. 

For plane waves of circular frequency wavenumber and phase 
velocity ,propagating in the x-direction, are incident at the free boundary 
z=0 of a semi-infinite prestressed medium, both quasi-P and quasi-SV
waves will be generated. we may assume the total displacement field to be 
of the form
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where 
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and  are the phase factors associated with incident and the reflected 

quasi-P waves, respectively, being the angle which these waves make 
with z-axis. and    are the phase factors associated with the incident 
and the reflected quasi-S waves, respectively,   beings the angle which 

these waves make with z-axis.  1, 1,,i m i mU W and 1, 1,( , )r m r mU W are the 

amplitude factors associated with the incident and reflected P-waves, 

2, 2, 2, 2,( ) ( )i m i m r m r mU W and U W  are amplitude factors associated with the 

incident and the reflected S-waves.

We find that the displacements given in equation (3.4) must satisfy the 
equation of motion (3.1), we have
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4. Boundary Conditions

Let plane waves be incident from the prestressed isotropic elastic half-
space at the (n-1)th interface at an angle Let the plane of incident be 
taken as xz-plane, we solve the problem subject to the following conditions:

(1) The free surface is stress free, that is, 
(4.1) 0, 0, 0.x zf f at z     .

(2) The displacements and incremental boundary forces are continuous 
at an interface. This implies
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are the incremental boundary forces per unit initial area.   are 
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incremental rotation component parallel to xz- plane. Explicit expressions 
for these quantities in terms of are
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We temporarily shift the origin to the (m-1)th interface as shown in 

(Fig.2).  Then, at the (m-1) th interface we have We denote 
displacements and incremental stresses at the mth interface by 
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   , ,m m x zm m
u w f and f  respectively. Then for (m-1) th interface equation 

(3.4) together with the boundary condition (4.2) and equations (4.3) - (4.4), 
give
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Similarly, from equation (3.1).We find the values of the displacements and 
stresses at the mth  interface by putting z dm



                     Surface Waves in Prestressed Elastic Multilayered Media                          353

 
 

1, 1,

1, 1,

2, 2,

2, 2,

1, 1, 2, 2,

1, 1, 2, 2,

(4.14)

sin cos cos sin

cos sin sin cos

cos sin sin cos

m r m i m

m r m i m

m
x r m i mm

z r m i mm

m m m m m m m m

m m m m

m
m m m m m m m

u W W

w W W
E

f w w

f w w

where

lF F F F

l l
D

a a la a

   
   
   



   
      
    
        

 
 




 
 

1, 1, 2, 2,

1,

2,

11, 1,

11, 1, 1

2, 2, 1

2, 2, 1

,

sin cos cos sin

cos
(4.15)

cos
(4.16)

(4.17)

m

m m m m m m m m

m
m

m

m
m

m

mr m i m

mr m i m

m
xr m i m m

xr m i m m

lb b lb lb

Here

dm e

c

dm f

c

uW W

wW W
E

fW W

fW W

   













 
 
 
 
   





   
      
   
      

,




                                                                              
a combination of equations (4.14) and (4.17), yields,

 
 

 
 

1

11

1

1

(4.18) ,

m m

m m

m m
x xm m

z xm m

u u

w w
D E

f f

f f









   
   
   
    
          

where,from (4.13)



354                                   Inder Singh Gupta, Reena and N. R. Garg

2,

2, 1, 2, 1,

2, 2,

1, 2, 2, 1, 1, 2, 2, 1,1

1, 1,

1, 2, 2, 1, 1, 2, 2, 1,

1,

2, 1, 2, 1,

1
0 0

0 0

(4.19)

0 0

1
0 0

m

m m m m

m m

m m m m m m m m

m
m m

m m m m m m m m

m

m m m m

a

a a a a

b F

F b F b F b F b
E

b F

F b F b F b F b

a

a a a a



 
   
 
 

  
   
  
 

 
   

Equation (4.18) can be written as 

 
 

1, 1,

1, 1,

2, 2,

2, 2,

(4.20)

m r m i m

m r m i m
m

x r m i mm

z r m i mm

u W W

w W W
A

f w w

f w w

   
      
    
        

Here the elements of the matrix product

 

1

2, 1, 1, 2,
11

1, 2, 2, 1,

(4.21) :

cos cos
( ) ,

m m m

m m m m m m
m

m m m m

A D E may be computed as follows

b F b F
A

F b F b

 


 




   

   

2, 1, 1, 2,

12
2, 1,

1, 2,

13
2, 1,

sin sin
,

sin sin
,

m m m m m m

m

m m

m m m m

m

m m

l a F a F
A

a a

l F F
A

a a

 

 

   


  


   
 

   

1, 1,

14
1, 2, 2, 1,

2, 1,

21
1, 2, 2, 1,

cos cos
,

sin sin
,

m m m m
m

m m m m

m m m m

m

m m m m

F F
A

F b F b

l b b
A

F b F b

 

 






   




                     Surface Waves in Prestressed Elastic Multilayered Media                          355

   

   
 

   

   

   

2, 1,

22
2, 1,

23
2, 1,

1, 2,

24
1, 2, 2, 1,

1, 2, 2, 1,

31
1, 2, 2, 1,

1, 2,

32
2, 1,

cos cos
,

cos cos
,

sin sin
,

sin sin
,

cos cos

m m m m

m

m m

m m
m

m m

m m m m

m

m m m m

m m m m m m

m

m m m m

m m m m
m

m

a a
A

a a

A
a a

l F F
A

F b F b

l a b a b
A

F b F b

a a
A

a a

 

 

 

 

 

   







  


  


 


 

   

   

   
 

   

 

1, 2,

33
2, 1,

1, 2, 2, 1,

34
1, 2, 2, 1,

1, 2,

41
1, 2, 2, 1,

2, 1, 1, 2,

42
2, 1,

1,

43

,

cos cos
,

sin sin
,

cos cos
,

sin sin
,

sin

m

m m m m
m

m m

m m m m m m

m

m m m m

m m m m
m

m m m m

m m m m m m

m

m m

m m

m

a a
A

a a

l a F a F
A

F b F b

b b
A

F b F b

l a b a b
A

a a

l b b
A

 

 

 

 








  


 




   





 

   

2,

2, 1,

1, 2, 2,

44
1, 2, 2, 1,

sin
,

cos cos
.

m m

m m

m m m m m

m

m m m m

a a

b F B F
A

F b F b



 

  


  


The boundary conditions require that the values of displacements and 
incremental stresses at the top of the mth layer be the same as the values 
computed at the bottom of the (m-1) th layer .We may write
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By repeated application of equation (45), we have,
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where 0 1 0 1( 0), ( 0)u u z w w z    are displacements and 

       0 1 0 1
( 0), ( 0)x x z xf f z f f z        are incremental stresses at the 

free surface: From equations (40) and (45), we obtain
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(4.25)             Putting   1 2 1,......n n nJ A A A 

in equation (4.24), we get
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(4.26)
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In general, equation (4.26) is equally applicable to surface waves or to 
waves transmitted through the initially stressed layered medium.

5. Rayleigh Waves

Here we restrict our analysis to surface waves, in which there are no 
stresses across the free surface, so that  0xf =  0zf =0, and there are no 

sources at infinity, so that 1,i nW = 2,i nW =0. Then equation (4.26) reduces to 
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Equation (5.1) gives
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On simplification equation (5.2), gives
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6. Special Cases
6.1 Single layer case
We take n=2, i.e. a single layer over a half-space. For this, equation (4.25) 
yields 

1
2 2 1(6.1) .J E A

Using equations (4.15), (4.19) and (4.21) in equation (6.1), we have
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6.2. Two layer case
                                                                                                                                                                             
We take n=3, that is two layers lying over a half-space.Then using equations 
and following the same procedure of simplification as for single layer, case, 
we have from equation(4.25)
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22 2 2 2 1 2 1 2 121 12 12 22 23 32 24 42

31 2 1 2 1 2 1 2 131 11 32 21 33 31 34 41
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1 41

1 1 1 1 1 1 1 2 2 211 12 21 31 32 41 42, 11 12 21

2 2 2 231 32 41 42

(6.7) , , , , , , , , ,

, ,

A

and

A A A A A A A A A A

A A A and A

are obtained from equation (4.21).

7. Conclusions

We have derived the dispersion equations for Rayleigh waves in prestressed 
multilayered elastic half-space. Particular cases of Rayleigh waves in 
layered half-space and two layered half-space have been considered in 
detail.
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1. Introduction


In fact the velocity of waves depends on the material properties (elastic moduli and density) allows us to use seismic wave observations to investigate the interior structure of the planet. We can look at the travel times and the amplitudes of waves to infer the existence of features within the planet, and this is an active area of seismological research. To understand how we “see” into Earth using vibrations, we must study how waves interact with the rocks that make up Earth. Surface waves carry the greatest amount of energy from shallow shocks and are of primary cause of destruction that can result from earthquakes .Surface waves propagating over the surface of homogeneous and inhomogeneous elastic half space are a well- known and prominent features of waves theory.

The Early attempts were made, to drive the dispersion equations for surface waves of Rayleigh types on a layered medium by Sezawa1, Fu2 and others. But the methods used by them, were so formidable that no attempt appears to have been made to treat cases of more than two layers. A straight forward matrix method was investigated by Thomson3. Haskell (1953) followed the same technique to study the dispersion equations for Love and Rayleigh waves in homogeneous isotropic media .This method has been adopted by several investigators e.g. Anderson4,Hannon5 and Saini6.


All these study ignore the initial stresses present in the medium. Adopting the basic theory of Biot7 on prestressed solids in last three decades ,the propagation of elastic waves in prestressed solids of infinite extent has been discussed by Dahlen8,Walton9,Tolstoy10, Dey and Chakraborty11, Sidhu and Singh12, Singh and Singh13.


Recently Addy and Chakraborty14 showed the effect of temperature and initial hydrostatic stress on the propagation of Rayleigh waves in viscoelastic half space .Sharma and Garg15 have derived Modified Christoffel equations for three dimensional wave propagation in general anisotropic medium under initial stress. Gupta et al.16 found out the effect of initial stress on propagation of Love waves in an anisotropic porous layer.

The model of the Earth is supposed to be composed of several layers  of different thickness and inner layers of the Earth are under immense stress owing to different physical causes  i.e. variation in temperature ,slow process of creep and gravitational field. Therefore, the study of propagation of elastic waves in the prestressed elastic multilayered media is of great importance in seismology.

Keeping in  view, the above aspects, study of propagation of Rayleigh  waves in layered prestressed elastic media have been dealt in the present paper following Thomson-Haskell matrix method. Dispersion equations of Rayleigh waves are derived for one and two layers respectively .The results obtained in this analysis are compared with those for  an initially stress free medium. 


2. Basic Theory

The general form of Biot’s field equations for prestressed solids in the absence of external forces is (Tolstoy10)
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The Sij are the components of prestress which are assumed to be satisfy the equilibrium equations 

  

[image: image4.wmf],


(2.3)0.


ijj


S


=




The   sij are the incremental stresses and are assumed to be linearly related to the incremental strains 
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where we have put
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Further
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In deriving (2.6), we have taken

 .Futher,  
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lm


are Lame’s constants and 

 are the initial strains.


     We now consider the two dimensional problem for which 

   .We further assume that



 

and 

 are constants. Equation (2.2) shows that
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On taking i=1,2,3 in  equation (2.1) and using  equations (2.4), (2.7) - (2.9), we get
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If we restrict our analysis to xz- plane ,put v =0 from first and last member of equation (2.10), we get


(2.11)          

[image: image34.wmf]2222


1131


222


2222


2232


22


,


,


uwuu


BAA


xxzzt


wuww


BAA


zxzxt


r


r


¶¶¶¶


++=


¶¶¶¶¶


¶¶¶¶


++=


¶¶¶¶¶




where  

  and 

.

We assume the solution of equation (2.11) in the form as 

                                             

 

 



where 

 and  

 are the amplitude factors and 
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Substituting equations (2.12) & (2.13) in equation (2.11), we have
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The set of homogeneous equations (2.14) in 

 has a non-trivial solution only if     
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Thus, in general, in this two dimensional model of the prestressed solid, there are two types of plane waves i.e. quasi P waves and quasi SV waves whose velocities depend on the initial stresses and direction of propagation .

3. Formulation of The Problem

Consider a homogeneous prestressed elastic half-space composed of n parallel ,homogeneous, prestressed  plane layers. The nth layer being a homogeneous, prestressed elastic half-space, various layers and interfaces are numbered away from free surface, as shown in (Fig.1). Let the material is either isotropic in finite strain or anisotropic with orthotropic symmetry. The principal directions of initial stress are chosen to coincide with the directions of elastic symmetry and the co-ordinate axes. The state of initial stress is, therefore, defined by principal components 

and
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  of  the initial stress. We assume plane strain parallel to the xz- plane and z-axis is taken as directed into the medium. The equations of motion for    mth layer are given as in equation (3.1)
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where 
is the density and 
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are the incremental elastic coefficients in the mth layer. When the initial state is unstressed, the medium is isotropic, and the first order theory of classical elasticity is assumed, them it can be shown that
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where [image: image77.png] are the usual Lame parameters. 

For plane waves of circular frequency [image: image79.png] wavenumber [image: image81.png] and phase velocity [image: image83.png] ,propagating in the x-direction, are incident at the free boundary z=0 of a semi-infinite prestressed medium, both quasi-P and quasi-SV waves will be generated. we may assume the total displacement field to be of the form
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 [image: image90.png] and  [image: image92.png] are the phase factors associated with incident and the reflected quasi-P waves, respectively, [image: image94.png] being the angle which these waves make with z-axis.[image: image96.png] and  [image: image98.png]  are the phase factors associated with the incident and the reflected quasi-S waves, respectively, [image: image100.png]  beings the angle which these waves make with z-axis.
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 are amplitude factors associated with the incident and the reflected S-waves.

We find that the displacements given in equation (3.4) must satisfy the equation of motion (3.1), we have
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4. Boundary Conditions

Let plane waves be incident from the prestressed isotropic elastic half-space at the (n-1)th interface at an angle[image: image107.png] Let the plane of incident be taken as xz-plane, we solve the problem subject to the following conditions:

(1) The free surface is stress free, that is, 
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(2) The displacements and incremental boundary forces are continuous at an interface. This implies
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are the incremental boundary forces per unit initial area. [image: image113.png] [image: image115.png]  are incremental stresses,
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We temporarily shift the origin to the (m-1)th interface as shown in (Fig.2).  Then, at the (m-1) th interface we have [image: image124.png] We denote displacements and incremental stresses at the mth interface by 
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  and we have made use of the results
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Since equation (4.5) must be satisfied for all values of x, we have
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Which, on using equation (3.2) implies 
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This is the form of Snell’s law for initially stressed media. Using equations (3.5), (4.8) in equation (4.5) and suppressing the common factor 
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Equation (4.10) can be written in te matrix form as
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Similarly, from equation (3.1).We find the values of the displacements and stresses at the mth   interface by putting 
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a combination of equations (4.14) and (4.17), yields,
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Equation (4.18) can be written as 
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Here the elements of the matrix product
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The boundary conditions require that the values of displacements and incremental stresses at the top of the mth layer be the same as the values computed at the bottom of the (m-1) th layer .We may write
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By repeated application of equation (45), we have,
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where 
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are displacements and 

[image: image153.wmf](


)


(


)


(


)


(


)


0101


(0),(0)


xxzx


ffzffz


D=D=D=D=


are incremental stresses at the free surface: From equations (40) and (45), we obtain
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(4.25)             Putting   
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in equation (4.24), we get
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In general, equation (4.26) is equally applicable to surface waves or to waves transmitted through the initially stressed layered medium.

5. Rayleigh Waves


 
Here we restrict our analysis to surface waves, in which there are no stresses across the free surface, so that 
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Equation (5.1) gives
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On simplification equation (5.2), gives
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6. Special Cases


6.1 Single layer case


We take n=2, i.e. a single layer over a half-space. For this, equation (4.25) yields 
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Using equations (4.15), (4.19) and (4.21) in equation (6.1), we have
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6.2. Two layer case


                                                                                                                                                                             We take n=3, that is two layers lying over a half-space.Then using equations and following the same procedure of simplification as for single layer, case, we have from equation(4.25)
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are obtained from equation (4.21).

7. Conclusions

We have derived the dispersion equations for Rayleigh waves in prestressed multilayered elastic half-space. Particular cases of Rayleigh waves in layered half-space and two layered half-space have been considered in detail.
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Fig.1 Geometry of the problem
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