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Abstract: In this paper we consider a Finsler space whose v (hv)-
torsion tensor P_k is given by

P, =AC, +u(h,C +h,C +hC)

where u & A are scalar functions positively homogeneous of

degree one in y' and call such a Finsler space as P” — reducible

Finsler space. We have also proved that a P” — Randers space
with vanishing Douglas tensor is a Riemannian space if the
dimension is greater than three. Also we have worked out the role

of P* —reducibility condition in special Finsler spaces.
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1. Introduction

A Finsler space F" of dimension n is a differentiable manifold such that
the length s of a curve x'(z) of F" is defined by the integral

dx
s=|L(x,—/)dt
J L( 7))
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The so-called fundamental function [ (x, y)(= L(x', y')) is supposed

to be differentiable for y#(0) and to satisfy the usual regularity conditions in
the variation calculus:

(1) positively homogeneous: L(x, py)=pL(x,y),p>0,
(i1) positive: L(x,y)>0, fory#(0),

(i) ¢ = (d°L’(x,y)/ dy'dy’) /2 ispositive-definite,
(iv) L(x,—y)=L(x,y).
In the geometry of Finsler spaces, based on Cartan’s connection, we

have three kinds of covariant derivative of a tensor field"?. These are

denoted by |; & a, and are called the h-covariant derivative and the v-

covariant derivative respectively. There are three curvature tensors and three
torsion tensors of Cartan’s connection CI'.

These are

(1) Ry h -curvature tensor,
(2) B hy -curvature tensor,
(3) S v -curvature tensor,
4) Ry, = thhijk (V) h-torsion tensor
(5) By = yhP,,,»jk (V) hy-torsion tensor
©) c = la 9,0, L (h) hy - torsion tensor.

=7

H. Izume> * defined a P* —Finsler space which is characterized by the
condition

(1.1) By = ACy

g

while M. Matsumoto™ defined a C- reducible Finsler space which is

characterized by the condition
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1
(1.2) Cix Zﬁ(hi}' Ck"‘hjkci"'hkicj)

Y

where h; = g, — [l is the angular metric tensor and /, =d; L.

"P - and P — reducible Finsler spaces are studied by P. N. Pandey®’.
The purpose of the present paper is to consider a Finsler space for which the

tensor £, assumes the form:

(13) P, =AC,

ik g i, Co+h, C+h,C)
where 4 and u are scalar functions positively homogeneous of degree one
in y'. We shall call such a Finsler space as P* —reducible Finsler space.
Obviously this is a B, - Finsler space if 4= 0 while it is a C- reducible
Finsler space if 1=0.

2. Douglas Tensor

Let two Finsler spaces F " (M ", L) and F_( M ", L) be defined

on a common underlying manifold M". A diffeomorphism F" —F" is called
geodesic if it maps an arbitrary geodesic of F" to a geodesic of F™. In this
case the change L — L of the metric is called projective. It is well-known

that the mapping F* — " is geodesic iff there exists a scalar field p(x, y)
satisfying the following equation

21) G =G'+ p(x,y)y', pt.

The projective factor p(x, y) is a positive homogeneous function of

degree one in y'. From (2.1) we obtain the following equations

22) G, = G +pd +p,y, p, =8'jp

J

23 G.=G. +pd +pd +p,y,p,=0,p.

(2.4) Eijk, =G, + pjké']" + p,jé'ki + pk,é'lf' +p.y.p, :3] P,

Contracting the indices i and 1 in (2.4) and putting
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Gi=Gj & G, =G, we get

(2.5) p,=(G,—G,))/(n+1)
Directional difference of (2.5) gives

26) p =(Giw—G,, )/ (n+l)

ij (k)
From (2.4), (2.5) and (2.6) we find that the tensor D;.kh defined by

(2.7 D, =G —(y'G, +9'G, +0,G, +9,G,)/ (n+1)

Jk (1)

which is invariant under geodesic mappings, that is
2.8) D), =D

The tensor Dj.kh is called Douglas tensor.

Now we give definitions of two special Finsler spaces.

Definitionl. An n-dimensional Finsler space (M", F) is called a Rander
space8 if

L(x, y) = a(x, y) + f(x, y) where a(x,y)=[a;(x)y"y’

is a Riemannian metric on M" and B(x, y) = bi(x)yi is a differentiable 1-
form on M" The metric L = a + B is called Randers metric.

Definition 2. The Finsler metric L = o’/ is called Kropina metric. The

Finsler space F"' = (M",L) such that L= az/ﬁ is called Kropina space.

3. P" —Randers space with Vanishing Douglas Tensor
Definition 5. A Finsler space is said to be of Douglas type or Douglas
space, iff the functions G'y’ —G’y' are homogeneous polynomials in (') of

degree three’.
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Theorem 1. A Finsler space is of Douglas type iff the Douglas tensor
vanishes identicallyy.
Theorem 2. For n > 3, in a C-reducible P —-Finsler space
D, = 0 holds®. If we consider a Randers change

L(x,y) = L(x,y) + B(x,y)

where fB(x, y) is a closed one-form, then this change L-L projective.

Definition 6. A Finsler space is called Landsberg space if the condition
ng =0 holds.

Theorem 3. If there exists a Randers change with respect to a projective
scalar p(x,v) between a Landsberg and a P*-Finsler space (ful-filling the

condition I_-",-,-k = p(x, y)El-jk then p(x,y) can be given by the equation
(3.1) p(x,y)=¢""L(x,y)

It is well-known that the Riemannian space is a special case of the
Landsberg space. In a Riemannian space we have ka] =(0 and a P"-
J!

Randers space with a closed one-form (x,y) is a Finsler space with
vanishing Douglas tensor.
Theorem 6. A Randers space is a Douglas space iff By is a

closed formg. Then

3.2) 2G = ka"yk + r.YY
’ a+f

where 7/' ) (x) is the Levi-Civita connection of a Riemannian space, v is
Jl

yi

equalto p .

Hence 7, depends only on position. From Theorem 6. and (3.1) it follows

that
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LYY _ o (a+ B)
a+f

ie.

I .m
r;my y — e¢(1)z
L

From the last equation we obtain
1 m P(x) 7?
ryy =e"L

Differentiating twice this equation with respectto y and Yy we get

b. — e¢(X)gU

i

This means that the metrical tensor & depends only on x, so we get the

following

Theorem. A P* —Randers space with vanishing Douglas tensor is a

Riemannian space if the dimension is greater than three.

4. Two and Three Dimensional p*-Reducible Finsler Space

First of all we shall discuss the two dimensional Finsler space F °. With
reference to Berwald’s frame (ll_,mt_)the angular metric tensor, (h) hv-

torsion tensor and (v) hv-torsion tensors are given by2
41) h=mm,Lc =lmmm P =1 mmm
ij i ijk ik ijk ok

where [ is the main scalar. From above equations it follows that P” , may be

written in the form (1.3) with LI =1(A+3u). Thus we have the
following
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Theorem (4.1): Every two dimensional Finsler space is p*-reducible

Finsler space, where the main scalar I satisfies
LI, =1(A+3u)

Next we deal with three-dimensional Finsler space. With respect to

orthonormal frame e: o= 0, 1, 2, the (h) hv-torsion tensor is written as'?

(4'2) LC; = Cot/i’ye(a)le(ﬁ')Je(?’)k

:O.

where the scalar component C . are such that C
afy 0By

= H’Cm = I’szz = _an = ‘]
The scalars H , I and J are called main scalars and satisfy the equation H + /

=lc.

If Ca are h-scalar derivative of C(W , then we have 10

By .0
=0,c,,,=H,+3Jh,

Oﬁ‘y5 11,8
C,,=—J,+(H-20)h,
c,,=1,—-3Jh,

C,,=J,+3Ih,

where j, are adapted components of h-connection vector k; .
A ;

From (3.2), it follows that

4.4) P,,k = C 50 €€, €on
Since (5

therefore from (1.1),(4.2), (4.3) and (4.4), we get

) are scalar components of h;; and C, =Cé€ .

Oa 08 ()i
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H +3Jh =AH +3uc,
J,+3Ih =AJ,
~J Hh —2Ih =-4J,
I,—-3Jh, = Al + uc.

Solving these equations, we get

J I J I

c cJ

Hence we have the following-

Theorem 4.2: In a three-dimensional P* —reducible Finsler space, the
scalar component hy of h-connection vector h; vanishes and the scalars A

and p are given by (4.5).

Areas of its application: The special Finsler Spaces can be applied in
various branches of theory of anisotropic media, lagrangian mechanics, to
solve optimization problems, theory of Ecology, Theory of evolution of
Biological Systems, theoretical &computational Physics in describing the
internal symmetry of Hedrons, theory of Space Time & Gravitation,
deformation of crystalline media, Seismic Phenomena, interfaces in
thermodynamics system etc.
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