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Abstract: The Generalized degenerate Bernoulli numbers £ (4) can be

defined by means of the exponential generating

1 o
function (¢)” / |:(1 + At )3 - 1:' . As further applications we derive

several identities,recurrences,andcongruences involving theGeneralized
Bernoulli numbers, Generalizeddegenerate Bernoulli numbers and
polynomials.
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1. Introduction
Carlitz' defined the generalized degenerate Bernoulli numbers 4 (4 by

means of the generating function



246 Ramprasad Dangi, Madhu Tiwari and C.L. Parihar

(1.1) Wj -y bjn(/i)in‘
{(1+/1t)/1—1} "0 "

we have, Em(O) = 15)) o the ordinary generalized Bernoulli number In? Carlitz
proved many properties of £ (1) He also pointed out that & (1)is a

polynomials in A with degree < m, we have

(=1

5 (,1):_20’+0;)“ and so on.

Carlitz® also defined the generalized degenerate Bernoulli polynomials

V3
m(/l’ x) for A#0 by means of the generating function.

el sy g0
[(1+/1t)/1—1} "0 "

(1.2)

where Au=1. These are polynomials in A and x with rational coefficients. We

v/ 4 v/ 4 /4
often write (A for (4, O), and refer to the polynomial e as
ageneralized degenerate Bernoulli number. The first few are

B (A,x)=1
.3 (A,x):x_%+%,1 and so on

Clearly, we have
B (Ax)= 72 (4,x)

2. A Recurrence Relation of B"(4,x)

In this section, we derive the following recurrence relation for v m(/i, X)
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@.1) Z (A% =i(kj 20 GJ

m—k

Proof: We know that the generating function of generalized degenerate
Bernoulli polynomial

®)* (1+/1t)/1 i 5’(/1,x)t—m|
[(mu)a—} "

By (1.1) we get
z v (/1)—(1+/1t)4 —Z B (2, x)—

m=0 m=0
By the Binomial expansion

2 3
[(1+ x)" :1+nx+n(n—1)%+n(n—l)(n—Z)%+...]

IRV )—Z(—jmf—Z Z (A, x)—

m=0

By the Cauchy product rule

S of3]

Particular case: It is interesting to note that (2.1) reduces to the well-
known recurrence relation of degenerate Bernoulli polynomial for & =1.

m (m X
2.2) 5 (Ax) = ;(J z W(zj

3. Properties of generalized Degenerate Bernoulli polynomial

m—k
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In this section, some of well-known properties ofgeneralized Degenerate
Bernoulli polynomials are derived from the generating function (1.2)

Property-1

3.1) B (Ax+y) :i@ B(Z,x)(%j

k=0

Proof: Now put x - x+y in (1.2)

() (1+/1;)/‘ x+y) i é)(l x+y) Z‘m
[(1+/1t)ﬂ—1} "

ON (1+/1t)”’:(1+lt)”y i B x+y)_
[(l+ﬂt)ﬂ - } "

By the equation (1.2)

Z B (A, x)—(1+/1t)’” Z B (A, x+ y)—

m=0 m=0

By the help of Binomial expansion

A+ A = i(%) t_'
o m!

m=0

Therefore

Z B(/l x)—Z(—j t—‘ i %(ﬂ,x-l—y)#

m=0 m=0

By the Cauchy product rule
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n n
c, = kjak.bn_k
where k=0

B (4, x+y) =Zm:(’:j V4 (ﬂ,x)(%)

k=0

Particular case: When o =1, we get the ordinary Degenerate Bernoulli
polynomial

V3 (" 2
(32) m(l»x"‘)’) _Z(kj B(Z’X)(ﬂjm_k

k=0

Here y=1 then,

m (m 1
. B (Ax+]) :zU 3””“)(1),“
Property-2
d -1
(3.4) & A=A 4,40

Proof:-By the generating function of generalized degenerate Bernoulli
polynomials

O A+ A" & t"
“ @ Z 2,20 m!
[(1+/1t) —1] m=0

Differentiate above equation with respect to x

249
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m

MO 5 g g0
[(1+/1t) - J 0 dx m!

oo m oo d tm
N Bunt=% Bun—
'umZ::‘) A X)m! ,nZ::‘)dx A X)m!

Equating the coefficients

% B (A,x)=u B (A,x) Where =1

a4 L Ax)=1" L (A,x)
dx m m

Property-3

55 (hax)=(1) £(2)

Proof: By equation (1.2)

O*A+ AnH™ _i t’”
(eay 1] = !

Replace x = & —x in the above equation

O (1+ A &
[(1+/1t) - J '"Z

(Aa—x)"—
" m!
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OA+ A" A+ Ar)™ _i 5(/1 o~ x)_
[(1+40)" - } =

O A "S5 s 1"
a+ae[1-(ea) " [ =T

(La- x)—

O A+
[ —(1+Ar) J _z

IS RER TPy
Toray o] =

Zb)(lx)( )m zb’(la— )—

wb’ﬂ, ﬂ:wb’/i’_ ”
Z (A0 Z Aa—x)——
Equating the coefficients

é:n(l,a’—x):(—l )m B(ﬂ,x)

Property-4
(3.6) B*(Ax+D)=BX(Ax)=m B " (A,x)

251
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Proof: By equation (1.2)

o ux o0 m
01+ Ar) __ z Bm(/l,x)t—'
[(1+/1t)ﬂ —1} m=0 mn:
3.7
Replace x — x+1 in the above equation.
a ,u(x+1) Iy m
O+ Ar) - 5(/1,x+1)t—'
(3.8) (1) 1] o m!

Subtracting (3.8)-(3.7)

a (x+1) @ * - " . "
O+ WA S g S B gt
P u - m! - m!
[(H,u) _1} [(I—F/lt) —1} = =

(0" (1+ An)™ [(1+Zt)ﬂ —1} - g
P = Y/ 4ed —p“ -
[(1+/1t)” —1} ;[ (A x+1) Bm(ﬂ”x)]m!
(O Aoy | (14 Ar) -1 = gm
[(14_/%)# —1:|UHH - ;}[B%(/I,X‘i‘l)—B%(ﬂ.,X):lrn'
LOTAA" ST g o "
eay-if” Y| BE(A.x+1) Bm(/l,x)]m!

m

'Y B Aol =3 B8 xt )-8 |
m=0 M= m=o m!
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m+1 m

> #8734 x -84 A ||
- m

m=0

Equating the coefficient of t—‘
m!

B*(A,x+1)=B*(A,x)=m & (4,x)
Property-4
(3.9) m+

Proof:-By equation (3.6)

B (Ax+1) :Z(’Zjb’ (ﬂ,x)(;j

B (dx+)) :zl(':)b’ 7 x)&j +U 2, x)(%j

B Ax+D)-8 (A,x) = Z[ jb’(ﬂ x)( j

But we know that by (3.5)
B*(A.x+D)-B(Ax)=m & " (4,x)

_1 mlm 1
(3.10) (4:) U B(l’x{ijm_k
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Now putm — m+1 in the above equation

Vs 71(1’)() :lzm:[m:)ﬂ (4, X)(/lij

(3.11) m+1is

Now put x=0 in equation (3.10), then

m8 ~(4,0) =§@b’ (ﬂ,O)Gj
m—k

By definition
B (10)=8 (A)
Therefore
n8:0=5) 20(5]
(3.12) k=0 ek
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