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Abstract:The (o,f)-metric is a Finsler metric which is constructed
from a Riemannian metric o and a differential 1-form B. In this
paper, we discuss the projective flatness of a Finsler space with a
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1. Introduction

A Finsler metric function L(z,y) is called an (o B ) metric if L is a
positively ~ homogeneous  function of a  Riemannian  metric
2 _ i j . . _ i 1
o' =a;(x)y'y’and a differential 1-form S=by of degree one.
Interesting examples of (¢, )-metric are the Randers metric, Kropina

metric and Matsumoto metric.

A Finsler space F" = (M",L) is called a locally Minkowski space® if
M™is covered by coordinate neighborhood system (z') in each of which L
is a function of y‘only. A Finsler space F" = (M",L)is called projectively
flat® if F"is projective to a locally Minkowski space.

The condition for a Randers space to be projectively flat was given by
Hashiguchi-Ichijyo* and Matsumoto®. The projective flatness of Kropina
space was investigated by Matsumoto® and Matsumoto space was studied by
Aikou- Hashiguchi-Yamauchi®. The condition for a Finsler space with a
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generalized Randers metric L satisfying I’ = ¢,&” + 2c,a8 + ¢, 5>, where ¢;’s

are constants, to be projectively flat was given by Park and Choi’. Recently,
the projective flatness of Finsler spaces with some special metric has been

studied in the paper®. A locally Minkowski space with (&, f3)- metric is
called flat-parallel if «is locally flat and f is parallel with respect to & °.

The purpose of the present paper is to consider the projective flatness of

Finsler spaces with a special (&, f3) - metricL=a+ 8 +

ﬁ’ﬂ

2. Preliminaries

In a Finsler space F" = (M",L) with an (%5 -metric, let 7, (x)be
the Christoffel symbols constructed from the Riemannian metrica;. We
denote by (;) the covariant differentiation with respect to 7},{ (x).In a Finsler

space F" with (a, B ) -metric, we define

(2.1) 2r =b,; +b 2s —b -b..,s" =ai’srj,

Jsi? Jsi?
s, =b"s

_ 2_ rs
ke = Vb = a"b,b,

ri?

We shall denote the homogeneous polynomials in (y’)of degree r by hp(r)
for brevity. Now the following Matsumoto's theorem?® is well-known.

Theorem 2.1. A Finsler space F"with an (a, ,B) -metric is projectively

flat if and only if the space is covered by coordinate neighborhoods on
which }/;k (x) satisfies
(2.2) (7’00 = Yo00y' / @)/ 2+ (aLy / Ly ) s

+(Loa / Lo )(C + amyy /28) (' | B—y' ) =

where the subscript 0 means a contraction by y',

oL,
La _8_L L _8L7Laa :%7Lﬁ8 :_j
oo’ P op da 7 op

)

and C is given by

23)  C+(a’Ls/BLy )so +(aLaa / B7Ly ) (a0 — 52 )(C + amy /28) = 0.
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By the homogeneity of L, we know o’L,, = 3°Ly;

Hence the formula (2.3) can be rewritten in the following form

2.4) {1+ (Lgs /Loy )(0?0® — 87 )}(C + ary /208)
= (a/QB){TOO - (QCVLﬂ /La )50}

If 14 (L33 /oLy )(a2b2 -2 ) = (0, then we can eliminate (C' + arnyy /20)in (2.2) and

it is written in the form
2.5) {1+ Lgz (o®0® = 82)/ (L) H{ (760 — Yoooy' / @®) /2 + (eLs / Ly ) sb }
+(Laa / Lo ) (a0 /28){m0 — (2aLs / Lo )so }(a®0' /B —y") = 0.
Thus, we have
Theorem 2.2. If 1+ (Ly /oL, )(a’* — %) =0, then a Finsler space
F"with an (a, ) - metric is projectively flat if and only if (2.5) is satisfied.

It is known" that if o2 contains as a factor, then the dimension is equal
to two and b= 0.

Throughout this paper, we assume that the dimension is more than two and

B#0 thatis, @ T 0 (mod.f5)

3. Projectively Flat Space

Let F"be a Finsler space with an (&, ) -metric given by

2 3
(3.1) L:a+,8+a—+a—2.
BB
It is known' that a Finsler space with (a,3)-metric given by (3.1) is flat-
parallel if it is locally Minkowski.

In this section, we find the condition for a Finsler space F" with the metric
given by (3.1) to be projectively flat.

The partial derivatives with respect to & and £ of metric (3.1) are given by
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2 2 3
La:1+%“+3ﬁi2, Lﬁ:l—%—%,
(3.2) R X
_ 2 6 2 6
er__+_2’ Lﬁﬁ’__3+_4'
BB g B

If 1+(Ly, /chw)(Olzb2 —,82) =0, then we have
B =3’ +2b°a’ f+6b°a’ =0
which leads to a contradiction.Thus Theorem 2.2 can be applied.
Substituting (3.2) into (2.1), we get
—dsia® =2 Bsia’ +3 8y
+28° (% + Bsy) @’
+B(B Vo ~3%0Y' ) &
=28 YooY €= B Y00’

3.3) (B -3’ +2b°a’ B+6b°a’)

24s,0° +20s,a’ f+28(25,8+9r, )’
+3468% (3ry, —2s,8) &’ +28° (51, —25,8) &' (azbi —,/)’yi) =0.
+2r,a’

The equation (3.3) can be rewritten as a polynomial of tenth degree in « as
follows

(P + pya* + pa® + p,a* + p,a’ + p,)

+a(p,a* + p,a® + pat + p,a® + p) =0,

where
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P =24(=sib” +5,b'), py =20(=sib” +5,b") B
125, 3 —4b’s. B +18b° By,

P Zoas, By +4s5, 8% +18;;)0,Bbij’
65,3’ +18b° By, +12b° s,
205,52y +18r,, 8%’ —12s0ﬁ3biJ’
—4si B* =9y, +10b° B2y, +4b* Btsi 18> Y0’
P —4s5, 8y =181, B°b" +10r,, b’ —4s,5°D’ J
P = 85,8’ —§ﬂ47’<;o +2bfﬂ474;o —18(92ﬁ27000yij’
—187, B8’y +12s,8*y" =21, D'

P =

_ £9ﬂ37000yi _10b2ﬁ37000yi]

Py = 4 4

' ~107, By + 45,87y’

» _[2,34}’80+2,37S6+6,347000yij

37 i i ’
~2b" B Yoo ¥' =210 8D

P> = B0 Py =28 Y00Y's Py = =B VooV
Since p,,a" + p, @’ + p,@®+ p,a* + p,a& + p, and
P’ + pa’ + p,a* + p,a’ + p, are rational and & is irrational in y', we
have
(3.4)  p,a°+pad+ pa’+pot + pa’+p, =0,
(3.5) P, + pa’ + pat + p’ + p, =0.
It follows from (3.4) that the term which has a factor
is24(-s;p” +s,b') &'°.  Since a’ (mod.8), we have a vector
A=A (x) satisfying s,b' —b’s) = A'B.
Transvecting this by y, = q; y’, we get s, =A'y,so that, 4 =s,.

Therefore, we have,b’s; = s,b' —s' 3, that is,

(3.6) bzsl,j :bl.sj —bjsl..
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Secondly, we observe in (3.5) that the term which must have a factor
o’ i8=28°%,,y" - Hence we have 1-formv, =v, (x) y' such that

3.7) Yoo = Vo

From (3.4) and (3.7), the term which has a factor & is (7(‘)0 =V, ) ) B
Hence we have u' = i’ (x) satisfying

(3.8) Yeo—Voy =p'a’ .

Transvecting (3.8) byy,, we have from (3.7), u'y, =0, which implies
U =0.

Thus, we have
(3.9) 760 = voyi ,

that is,
(3.10) 27, =v, 0. +v.6,,

which shows that the Riemannian space is projectively flat.

Next substituting (3.7) and (3.9) into (3.3), we have
GAD(B' =3’ +20°a’ f+6b’a’ (20’ - B’ + 5°) s,
125, +10s,80" + B(25,8+91, ) &’

{435 (31— 25,8) & + B (5ryy —25,8) v (@b’ = By’ ) = 0.
+r00,34

Transvecting (3.11) by b, , we get

(_6s0ﬂ * 91’00b2 ) o'+ (5’60b2ﬂ2 - 4SOIB3 - 9"00182 ) a’
+(25,8° =51, 8")
~Ts,B+91,b” ) Ba* +(25,8 -9 + 1ygb” ) & B’
0
+ = ’

o

(3.12)

+(Soﬁ_roo):35
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which implies
(=65,8+91,b% )& +(5r,,b* B =45, 5° =9, B ) &’
+(25,8° =51, 5° )

The term which has a factor &’ is (ZSO[)’S —51’00,84)i.e.,ZSO,B5 ~5r,8'=0
This implies 25,8 = 57, .

Thus, the above equation becomes

(B.13)  (=65,8+95,0” o' +(Sryb’ B> —4s, 8’ —9r,, )’ =0.

Therefore there exists a function k =k (x) such that
G.14)  —65,8+9rb> =k, 51 b* —ds, f—Or, =ka.

Eliminating 7, from (3.14), we have

(3.15) (61 +54)s5,8=k(50° B> -9’ =93 ),
Le.
(3.16) (6b” +54)(s,b, +5,b,) =2k{(56* =9)bb, —9b’a,}.

Transvecting (3.16) by a” , we have
(3.17) kb* (5b* =9n-9)=0.

which implies k= 0. Thus from (3.15), we haves, =0, and hence from
(3.14) we obtainr,, =0, i.e., r, = 0.

On the other hand, from s, =0and (3.6) we haves; =0.
So we get b, =0.

Conversely, it is easy to see that (3.6) is a consequence of (3.9) and
b,; =0.Thus we have
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Theorem 3.1. A Finsler space F" (n > 2) with the (a,/)’) -metric given
by (3.1) is projectively flat if and only if the associated Riemannian space
(M”, @) is projectively flat and b.; =0.
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