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Abstract: First of all, ECG signals of healthy persons and of Congestive 
heart failure patients are collected from MIT-BIH database in Physionet. 
Next the data are tested for non-stationarity by QQ-plot method and for 
nonlinearity by surrogate hypothesis test. Being sure about the 
nonlinearity of the signals we next test for positive Lyapunov exponents 
prior to three dimensional attractor reconstruction of the signals. Now to 
reconstruct the attractors we find out proper time delay by a standard 
nonlinear method and then its proper embedding dimension. It is found 
that in all cases the embedding dimensions exceed three. Also the 
attractors thus reconstructed are not at all well formed. So they are not fit 
for the purpose of differentiation. Therefore we try for getting proper time 
delay under our newly developed method of generalized auto-correlation 
with same and different time-delays. In these cases also the embedding 
dimensions are found to be larger than three. Also in almost all cases the 
attractors are not still well formed. In fact, the three dimensional 
attractors are seldom well formed, as the embedding dimensions are 
always greater than three. However for geometrical clarity we like to 
stick to three dimensional attractors only. So question of distinction of the 
signals through their reconstructed three dimensional attractors does not 
arise. Thus time domain analysis to differentiate the signals in three 
dimensions fails. Therefore, we try for a new approach of analyzing the 
signals in the frequency domain in the form of ‘frequency-delay plot’ and 
its quantification. The analysis is completely new and is different from 
the standard periodogram analysis in the frequency domain. In frequency 
delay plots it is found that for normal persons the plots are really well 
formed and prominent too, under both cases of same delay and different 
delays. For Congestive heart failure patients the plots are, no doubt, so 
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prominent but they maintain the basic feature of being dense. So these are 
also workable for the purpose of differentiation. In fact, the frequency-
delay plots for both categories of persons are easily differentiable 
visually. So we try for scientific confirmation of the differences of the 
plots in the two categories of persons. For this purpose, we develop a new 
concept of three dimensional quantification procedure, known as 
‘ellipsoid fit’ in a three dimensional cluster. It is found that the lengths of 
the axes of the ellipsoids taken together behave as proper quantifying 
parameters, as they differ significantly in the two cases. But the results do 
no differ significantly if only the lengths of SD1 and SD2 are considered. 
Hence the main role of the parameters is played by the axis SD3 only. 
This establishes that for proper distinction of the signals, three 
dimensional ‘frequency-delay plots’ and their quantifications are 
essential.  No significant result can be achieved from two dimensional 
considerations only. 
Keywords: ECG signal, Average mutual information, Generalized auto-
correlation, Reconstructed attractor, Frequency-delay plot, Ellipsoid fit.

1. Introduction

The study of a continuous signal in time domain is mainly concentrated 
to its attractor reconstruction 1-10 with suitable time-delay 11 and to find out 
proper embedding dimension8.  If the main problem is to make interpretation 
of the signal out of its reconstructed attractor, then the geometric method 
fails if the embedding dimension is more than three. Thus for geometric 
visualization, if the three dimensional projections of higher dimensional 
attractors are taken, then it is quite likely that the projected attractors are 
very often found to be not well-formed at all. Even if the embedding 
dimension 8 is three, and attractor is well formed, still there remains much 
difficulty so far as quantification of the attractor is concerned. It may be 
noted that the whole investigation would be simpler, had the signal been 
discrete. In fact in that case the whole attention could be focused only on 
Poincaré plot reconstruction 12-17 in two and three dimensions and their 
proper quantifications. Basically, there is a dynamics in the points of the 
attractor and there is a definite rule for the points on the attractor to follow. 
But as Poincaré plot 12-17 is just a cluster of points, so there is no dynamic 
rule to follow by the points of this plot. This is why the former case is much 
complicated and difficult to handle than the latter one. Now if the signal is 
continuous, its three dimensional attractor is not at all well-formed or even if 
it is well-formed, the interpretation of the attractor is difficult, then as such 
there is no way out to differentiate the signals in the time domain. An 
alternative way is to take FFT 18-19 of the continuous signal so as to get a 
discrete form of the signal and then to try for Poincaré plot reconstruction 12-

17 and its quantification in two and three dimension for such a discrete signal 



A New Mathematical Approach to Differentiate ECG Signals 415

in the frequency domain. As this is a completely new idea, so far as 
frequency domain analysis is concerned, so we name such a plot in the 
frequency domain as a “frequency-delay plot”. In this paper we introduce
such a new approach of analysis of a continuous signal in the frequency 
domain, especially to distinguish two types of ECG signals from normal 
healthy persons and Congestive heart failure patients. 

2. ECG Signals of Normal Healthy Persons and Congestive
Heart Failure Patients

2.1. Methodology of collecting ECG signals

The electrocardiogram signal (ECG) of the normal persons and Congestive 
heart failure patients are downloaded from MIT-BIH data base available in 
Physionet website 20. 

Fig.1. Time series plot of the ECG signal of a normal healthy person.

Fig.2. Time series plot of the ECG signal of a Congestive heartfailure patient
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3. Test for Non-Stationarity of the Signals

Fig.3. QQ plot of the ECG signal of a normal healthy person.  

Fig.4. QQ plot of the ECG signal of a Congestive heart failure patient.

From the above QQ-plots 21 it is evident that in each case, the 
distributions are different for any two segments of equal length. This proves 
that the statistical parameters of the segments of equal length are always 
different. In other words, the signals are non-stationary.

4. Test for Nonlinearity of the Signals

The surrogate data test with 0.01significant level 22 and the statistical 
parameter AMI  1  (average mutual information with time-lag 1) of two

ECG signals   7680

1k
x t


(for normal healthy person) and  7680

1
( )

k
y t


(for 

Congestive heart failure patient) are given in Fig.5. and Fig.6 
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Fig.5.  AMI normal ( 1  )=AMI SUR (normal) ( 1  )

Figure.6. AMICHF ( 1  )=AMI SUR  (CHF) ( 1  )

In this connection, we take the null hypothesis 
   0 ( ): 1 1normal SUR normalH AMI AMI    (for normal healthy person) and 

   0 ( ): 1 1CHF SUR CHFH AMI AMI    (for Congestive heart failure 
patient). If the equality does not hold, we say that null hypothesis fails and 
alternative AH holds good. From Fig.5 and Fig.6, it is seen that in both cases 
the AMI of surrogate data series is not equal to AMI of the given signal. 
Hence the null hypothesis    0 ( ): 1 1normal SUR normalH AMI AMI    and 

   0 ( ): 1 1CHF SUR CHFH AMI AMI    are rejected. Thus, nonlinearity of 

signals   7680

1k
x t


and  7680

1
( )

k
y t


are established through surrogate data test. 
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4. Reconstruction of the Attractor of the ECG Signal of a Normal
Healthy Person and Congestive Heart Failure Patients

In both cases of the signals the Lyapunov exponents are found to be 
positive. So we try for their attractor reconstruction.

4.1. Average mutual information methods for attractor 
reconstruction

4.1.1. Normal healthy person

The following figures show the plot of average mutual information 
(AMI) 11 versus time-delay and gives suitable delay 8  for attractor 
reconstruction.

Fig. 7. Plot of Average mutual information (AMI) Vs. Time-delay.

The reconstructed attractor is given by Fig.8.

Fig.8. Reconstructed attractor of the ECG signal of the normal healthy person for 8 

4.1.2. Congestive heart failure patient

The following fig. show the plot of average mutual information (AMI) 11

versus time-delay and gives suitable delay 35  for attractor 
reconstruction.
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Fig. 9. Plot of Average mutual information (AMI) Vs. Time-delay

The reconstructed attractor is given by Fig.10.

Fig.10. Reconstructed attractor of the ECG signal of a 
Congestive heart failure patient for 35  .

4.1. Remark

From the Fig.8 and Fig.10, it is seen that the three dimensional attractors 
are not well-formed in the sense that the dense orbits are always mixed with 
plenty of out layers. This is quiet expected as we have verified that the 
embedding dimension  8 of attractor of ECG signal for normal healthy person 
is 4 and same  for the Congestive heart failure patient is 8 respectively. 
These are much higher than three. So in this case there is no question of 
differentiation between the signals on the basis of their reconstructed 
attractors.

4.2. Generalized auto-correlation methods for attractor 
reconstruction

4.2.1. Generalized auto-correlation (different time-delays)
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Let  1 2 3, , ,..........., Nx x x x be the given time series. The generalized auto-
correlation of the given time series with respect to different time-delays 

1 2,  is defined by 
  ( )

1

  ( )   ( )   ( )

1 1 1

1 2

1 1 2

1 2 1 2 1 2
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1 2&    = 1,  2,  3,  4,...., (N - 1),,  where tx , 
1tx  and
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are the means of the 

time series
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 1 21 ,...., Nx x   respectively. 

4.2.1. Generalized auto-correlation (same time-delay)

In particular, when 1 2    , equation (4.1) reduces to
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&      = 1,  2,  3,  4,...., (N-1) , where tx , tx  and 2tx  are the means of the time 
series  1 2 3 2, , , . . . . , Nx x x x  , 1 2 3, , ,....., Nx x x x   and 

 1 2 2 3, , ,....., Nx x x x respectively.

4.2.3. Attractor reconstruction for normal healthy person (same 
time-delay)
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The following figure shows the plot of generalized auto-correlation
versus time-delay and gives suitable delay 4  for attractor 
reconstruction.

Fig. 11. Plot of Generalized auto-correlation Vs. Time-delay(X-axis)

The reconstructed attractor is given by Fig.12.

Fig.12. Three dimensional Attractor of the ECG signal 
of normal healthy person with 4  repeated.

4.2.4. Attractor reconstruction for normal healthy person (different 
time-delays)

The following figure shows the plot of generalized auto-correlation
versus time-delays 1 2,  and gives suitable delay 1 21, 2   for attractor
reconstruction.
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Fig.13. Three dimensional Correlogram for the ECG signal 
of normal healthy person under generalized auto-correlation.

The reconstructed attractor is given by Fig.14.

Fig.14. Three dimensional Attractor of the ECG signal 
of normal healthy person with 1 21, 2   .

4.2.5. Attractor reconstruction for Congestive heart failure patient 
(same time-delay)

The following figure shows the plot of generalized auto-correlation
versus time-delay and gives suitable delay 11  for attractor 
reconstruction.

Fig. 15. Plot of Generalized auto-correlation Vs. Time-delay
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The reconstructed attractor is given by Fig.16.

Fig.16. Three dimensional Attractor of the ECG signal 
of Congestive heart failure patient with 11  repeated.

4.2.6. Attractor reconstruction for Congestive heart failure patient 
          (Different time-delays)

The following figure shows the plot of generalized auto-correlation
versus time-delays 1 2,  and gives suitable delay 1 21, 21   for attractor
reconstruction.

Fig.17. Three dimensional Correlogram for the ECG signal of Congestive 
heart failure patient under generalized auto-correlation.

The reconstructed attractor is given by Fig.18.
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Fig.18. Three dimensional Attractor of the ECG signal 
of Congestive heart failure patient with 1 21, 21   .

4.2. Remark

The concept of generalized auto correlation with same/different time-
delays is newly introduced by us; it was found to produce better attractors in 
case of nonlinear music signals. But in the present case the Figures.12, 16, 
18 are not at all of good attractors except possibly that of Figure.14. The 
results are not very much unexpected, as the embedding dimensions 8 are in 
the present case much higher than three. 

5. Frequency Domain Analysis

For the analysis of a signal in the frequency domain, very often the signal 
is transferred from the time domain to the frequency domain by FFT [18, 19]  
The transferred signal becomes fully discrete, irrespective of the given signal 
in the time domain, which may be discrete or continuous. It is at this point 
where we start our analysis by frequency-delay plot and its quantification

5.1.   FFT of ECG signal of a normal healthy person and Congestive 
heart failure patients 

Fig.19. FFT for the ECG signal of a normal healthy person.
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Fig. 20. FFT for the ECG signal of a Congestive heart failure patient.

The FFT 18-19 of the ECG signal normal healthy person and Congestive 
heart failure patient are given by fig.19 and fig.20 respectively.

5.2. Autocorrelation in Frequency Domain: Some New Definitions

5.2.1. Auto-correlation between two stages

Let    1

N

k
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be the sample of a discrete time signal and 
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5.2.2. Auto-correlation amongst three stages

Let    1

N

k
x k


be the sample of a discrete time signal and 
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5.3. Frequency-delay plot reconstruction of the ECG signal of a 
normal healthy person in frequency domain 

5.3.1. Same frequency- delay repeated

Fig. 21. Two dimensional correlogram diagram for ECG signal of a healthy person.
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The reconstructed frequency-delay plot is given by Fig.22.

Fig. 22. Three dimensional frequency-delay plot for ECG signal of a normal healthy person 
with same frequency-delay.

The above figures show the two dimensional correlogram diagram and gives 
suitable frequency-delay 3  for frequency-delay plot reconstruction.

5.3.2. Different frequency-delays

The following figures show the three dimensional correlogram diagram 
and gives suitable frequency-delays 1 22, 4   for frequency-delay plot 
reconstruction.

Fig.23. Three dimensional correlogram diagram for the ECG signal of a healthy person.

The reconstructed frequency-delay plot is given by Fig.24.
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Fig.24. Three dimensional frequency-delay plot for the ECG signal
of normal healthy person with different frequency –delays.

5.4. Frequency-delay plot reconstruction of the ECG signal of a 
Congestive heart failure patient in frequency domain 

5.4.1. Same frequency- delay repeated

The following figures show the two dimensional correlogram diagram 
and gives suitable frequency-delay 4  for frequency-delay plot 
reconstruction.

Fig.25. Two dimensional correlogram diagram for Congestive heart failure patient.
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The reconstructed frequency-delay plot is given by Fig.26.

Fig.26. Three dimensional frequency-delay plot for Congestive 
heart failure patient with same frequency -delay.

5.4.2. Different frequency-delays

The following figures show the three dimensional correlogram diagram 
and gives suitable frequency-delays 1 21, 6   for frequency-delay plot 
reconstruction.

Fig.27. Three dimensional correlogram diagram for the
ECG signal of Congestive heart failure patient.

The reconstructed frequency-delay plot is given by Fig.28.

Fig.28. Three dimensional frequency-delay plot for Congestive heart failure patient with 
different frequency delays.
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5.1. Remark

In frequency delay plots it is found that for normal healthy persons the 
plots are really well formed and prominent too, under both cases of same 
delay and different delays. For Congestive heart failure patients the plots are, 
no doubt, so prominent but they maintain the basic feature of being dense. 
So these are also workable for the purpose of differentiation. In fact, the 
frequency-delay plots for both categories of persons are easily differentiable 
visually. So we try to account for such differences more scientifically.

5.5. Frequency-delay clustering in three dimensions

Frequency-delay clustering in three dimensions is a newly proposed 
quantification technique, which is used to distinguish two different 
frequency-delay plots in three dimensions. In this section, we first extend the 
notion of frequency-delay Clustering in two dimensions for any discrete 
signal    1

N

k
x k


with same delay. Next we generalize it for any discrete 

signal    1

N

k
x k


with different delays. Finally, we apply this technique to 

differentiate the three dimensional frequency-delay plots in frequency 
domain for the aforesaid ECG signal of the normal healthy person and that 
of the patient with Congestive heart failure by their proper quantifications.

5.5.1. Frequency-delay clustering with same delay

Let    1

N

k
x k


be a discrete signal. Let that the three dimensional

frequency-delay plot be constructed by sub-dividing this signal into three 
groups as , ,x x x   with same delay , where 
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Thus a new co-ordinate system ( , , )m n px x x is formed.
Let      , ,m m n n p px Mean x x Mean x x Mean x   and 1 ( ),mSD Var x

2 3( )  , ( )n pSD Var x SD Var x  . Lastly, an ellipsoid centered at ( , , )m n px x x with 
three axes of length

1SD , 2SD and 3SD is taken for quantification of existing 
frequency-delay plot. In fact,

1SD , 2SD and 3SD are the quantifying parameters 
for the frequency-delay clustering in three dimensions.

5.5.2. Frequency-delay clustering with different delays

To generalize the above notion for discrete signal    1

N

k
x k


with different 

delays 1 2,  , we just change the sub-division of the signal as follows:

        1 2 2

1 1 2

( )

1 1 1
,  ,  

N N N

k k k
x x k x x k x x k

  

  

    

     
   , where 1 2, 1, 2,..., ( 1)N    and 

proceed as before to get the parameters of quantification for frequency-delay 
clustering in three dimensions.

5.5.3. Application of the technique of frequency delay plot in three 
dimensions

We now use the above technique to quantify the frequency-delay plot for 
the ECG signals of normal healthy person and that of Congestive heart 
failure patient. This is summarized in the following table:
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Quantification Table

Table.1. SD1, SD2 and SD3 of the frequency-delay plot for ECG signals
of normal healthy person and Congestive heart failure patients.

6. Result and Discussion

(a) In time domain analysis a major query is to see whether the time series is 
of chaotic nature. Naturally attractor reconstruction1-10 is the primary 
investigation. But if there are two such time series and the problem is to 
differentiate them, then it is not so easy to make a distinction on the basis 
of only the two attractors reconstructed. But if the frequency-delay plots 
in frequency domain are considered, then through their quantification 
parameters it can be done in an easier and more rigorous way.

(b) Actually it has been possible to identify the signal of a normal healthy 
person from that of a Congestive heart failure patient by frequency delay 
plot. 

(c) The results have been obtained on the basis of the signals taken from 
each of 50 normal healthy persons and 50 Congestive heart failure 
patients. For definiteness, the results are shown based on the data of one 
normal healthy person and one Congestive heart failure patient only.
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