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Abstract: In this paper, we have studied the generalized Lorentzian Para-
Sasakian manifold with concircularly flat and quasi concircularly flat
curvature tensor.We have shown that a generalized Lorentzian Para-
Sasakian manifold cannot be Semi-Pseudo symmetric manifold (SPS), .
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1. Preliminaries

In 1988 K. Matsumoto' introduced the notion of Lorentzian Para-
Sasakian manifold. I. Mihai and R. Rosca® defined the same notion and
thereafter some authors® studied Lorentzian Para-Sasakian manifold. We
have studied generalized Lorentzian Para-Sasakian manifold in which

(a) C=0, where C is concircular curvature tensor.

(b) C =0, where C is quasi concircular curvature tensor.

In both the cases, it is shown that generalized Lorentzian Para-Sasakian
manifold is isometric with a unit sphere S"(1).

(¢) R(X,Y).C =0 has been discussed where R(X,Y)is considered as a

derivation of the tensor algebra at each point of the manifold for tangent
vectors X,Y .

2. Generalized Lorentzian Para-Sasakian Manifolds

A differentiable manifold of dimension n is called generalized
Lorentzian Para-Sasakian manifold, if it admits a (1,1) tensor field ¢ ,two
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contravariant vector fields & and &, jtwo I-forms 7, and 7, and a
Lorentzian metric g which satisfy

2.1) 7,(8)+6, =0,
(2.2) @’ X = 1+1,(X)& +1,(X)E,,
(23)  g(@X,0Y)=g(X,Y)+7,(X )7, (¥)+17,(X )17,(Y),
Q4 ) X, &) =n(X), §(X.&)=n,(X),
24) () V §=¢Xx-¢&, Vi =pX £,
2V )Y =[g(X,Y)+1,(X)m(Y) +17,(X)m, (NI +E,)
2 HX +77,(X)&, +17,(X)E, 1, (V) +77, (V)]

On such generalized Lorentzian Para-Sasakian manifold the following
relations hold

(2.6)  ¢5,=0, ¢5,=0, 7(@X)=0, n,pX)=0,

2.7) Rank ¢g=n-2.

Also a generalized Lorentzian Para-Sasakian manifold M is said to an 77-
Einstein if its Ricci tensor S is of the form

(2.8)  S(X.Y)=ag(X.Y)+bn,(X)n,X)+cn,(X)n,¥),

for any vector fields X,Y ,where a,band c are functions on . Further, on
such a generalized Lorentzian Para-Sasakian manifold with
(0.¢,,¢,,m,,m,, 8) structure, the following relations hold

0] §RX.Y)Z,5)=n(R(X,Y)Z)=g(Y,Z)n,(X)-g(X,Z)m(Y),
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(2.9) (i) g(R(X.Y)Z,5,)=1,(R(X.,Y)Z)=g(Y,Z)n,(X) - g(X,Z)n,(Y),
(2.10) (1) R, X)Y =g(X, ), —n(Y)X,
(ii) R(&,, X)Y =g(X.Y)S, -1, ()X,
(2.11) (@) R, X)E =n(X)E+ X,
(ii) R(5,, X)&, =11,(X)&, + X,
(2.12) (» R(X.Y)S ==X +1,(X)Y,
(ii) R(X, V)&, ==, (Y)X +1,(X)Y,
(2.13) (1) S(X,¢) = (=D (X),
(ii) S(X,6,) = (=D, (X)),
(2.14)  S(9Y,9Z)=S(Y,Z)+ (n=Dn,(Y)(Z) +(n—Dm, (Y1, (2),
(2.15) (1) (Vyn)(Y) = g(X.9Y),
(ii) (Vim,)(Y) = g(X,9Y).

For any vector fields X,Y,Z and R(X,Y)Z is the Riemannian curvature
tensor. Putting (2.3) in (2.8) we get

S(X,Y)=ag(X,Y)+Db[g(9X.0Y)~g(X.Y)—1,(X)n,(Y)]
+er, (X)n,(Y),

2.17) S(X.Y)=(a—=b)g(X,Y)+bg(¢X,pY)+(c—b)n,(X)n,(Y)].

(2.16)

If wetake a—b=d and —b=e, then (2.17) becomes

(2.18) S(X.Y)=dg(X,Y)+bg(9pX,pY)+en,(X)n,(Y)].
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By virtue of (2.8) and (2.14) we get

S(@X,9Y) = (n—Dn, (X)m,(Y) + (n =D, (X)n,(Y) +ag(X,Y)
+big, (X1, (Y) + e, (X)m, (Y ),

S@X,9Y)=ag(X,Y)+[b+n—-1n(X)n ) +Hc+n-1]n,(X)n,(Y),

(2.19) S(@X.9Y)=ag(X,Y)+ fln,(X)m,(Y)]+hln,(X)n,X)],

where e=b+n—-1Lh=c+n-1.

3. Generalized Lorentzian Para-Sasakian Manifold with Vanishing
Concircular Curvature Tensor and Quasi
Concircular Curvature Tensor

The concircular curvature tensor C(X,Y)Z is defined as

r

3.1) CX,Y)Z=R(X.Y)Z-
n(n—1)

{g(Y.2)X —g(X,2)Y.
Putting C =0, we get

r
nn—1)

(32) R(X,Y)Z= 18V, 2)X —g(X,2)Y.

Taking Z = ¢ in (3.2) and using (2.4) and (2.12) (i) we get

’
nn—1)

Taking Y = ¢, and using (2.1) we get

MENX =1,(X)E =——— (&)X =11, (X)E ),

nn—1)

or —X —1,(X)E, = ———{~X —,(X)E ),
n(n—1)

or

(3.3) X [————1=7,(X)& [ -——],

n(n—1) n(n—1)
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Contracting (3.3) we get

(3.4) r=n(n-1), r the scalar curvature.
Using (3.4) in (3.2) we get
R(X,Y)Z=[g(Y,2)X —g(X,Z2)Y].
Thus a concircularly flat generalized Lorentzian Para-Sasakian manifold is

of constant curvature and its value is +1. Hence a concircularly flat
generalized Lorentzian Para-Sasakian manifold is locally isometric to a unit

sphere S”(1). The quasi concircular curvature tensor C is defined as
(3:5) C(X.VZ=aR(X.V)Z =~ (- +2)[g(V.Z)X ~g(X.Z)Y),
n n-—

where a,b are constants ,such that ab #0.

Vanishing of C implies that
(3.6) RX,VZ="-(L +20){e(V,Z)X —g(X,Z)Y}.
an n—1

Taking Z =& in (3.6) and using (2.4) and (2.12)(i)
BT X -7(X)Y =a—;<ﬁ+2b){mmx —(X)Y}.
Taking Y =¢, in (3.7) and using (2.1) we get

r a

-X _nl(X)fl :—(—+2b){—X _nl(X)égl},

an n—1

(3.8)  X[-l+— (1 2b)] =, (X)EN - (L= +2b)],
an n—1 an n—1

Contracting (3.8) we get

(3.9) P La—
% yop)
n—1

an
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Using (3.9) in (3.6) we get
R(X,Y)Z=[g(Y,Z)X - g(X,Z)Y].

Hence, a quasi concircularly flat Lorentzian Para-Sasakian manifold is
locally isometric with a unit sphere S"(1).

4. Generalised Lorentzian Para-Sasakian Manifold
Satisfying R(X,Y)Z.C =0
Using (2.4) and (2.9)(i) in (3.1),we get

r
(n=1)

“4.1) n(CX.Y)Z)=[1- . 1Le(Y.Z)n,(X)~g(X.Z)n,(Y)].

Putting Z = ¢ in (4.1) and using (2.4)

42) n(CX.,Y)5)=0.

Now
(RX,H.OYU,VW =R(X,Y))CUU,VW -C(R(X,Y))U,VW
4.3) —-CU,RX,Y)V)W-CWU,V)R(X,Y)W.

Using R(X,Y).C=0 we get from (4.3)
gIR(,Y)C(U, VW, &1~ g[C(R(,,Y)U,VIW.E ]
—glC(U, RS, YI)VIW,51-glCU,V)R(S,, Y)W, & 1=0.
Using (2.4) and (2.10) (i), we get

@44 -CU.V.W.Y) -, (CU,VIW) - g¥,. U (C(S.VIW)
+1,U)n(CYVIW) = g (Y V) (CWU,6)W) +1,(V)i (CUYIW)
Y, W)n (CU,V)&) +1,(W)m, (CU,V)Y) =0,

where C(U,V,W.,Y)=g(CWU,V)W,Y)
Using (4.1) we get
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4.5) =1, (CU.VIW)
=-1m,(¥)[1-
n

-
(n=1)

gV, Wi, (U)—g U, W), (V)]

4.6)  —gX.Up(C(G.VIW)
=-g(¥,U)[1~

1lg V., W)n,(6)—g (&, Win, (V)]
nn-1)

@7 O CY,VIW)
=nU)[1-

r
nn—1)

g (V. Wim, (Y) - g (Y, W)n,(V)],

4.8)  —g¥.VIn(CU,5HW)
=—g,V)[l-

L g & W), (U)— g (U W), (E)],
n(n—1)

“4.9)  nV)nCU,YW)
=7,(V)[l-
mV) (

nn—

r

1)][g(Y,W)m (U)—gWU, W), (Y)],

4.10)  7,W)n,(CU,V)Y)
=771(W)[1— (

nwn-—

r

1)][g(V,Y)fh U)-gW,Y)m(V)I,
Using (4.5), (4.6), (4.7), (4.8), (4.9) and (4.10) in (4.4) we get,

4.11) —CU,V,W.Y) Hl-

d ISV U)g VW)= g(Y.V)g(U.W)] =0,

Using (3.1) in (4.11) we get,

R(U’V,W7Y) = g(Y’U)g(V’W)_g(Y’V)g(U’W),

RWU, VYW =g(V,W)U — g(U,W)V.
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Thus we have the following theorem

Theorem 1. If in a generalized Lorentzian Para-Sasakian manifold M
the relation R(X,Y).C =0 holds, then it is locally isometric with a unit

sphere S"(1).
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