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Abstract: In the present paper, two Finsler deformations of the special

2 3
(a0, B)—metric F=a +& Ll 'B—Z where ¢ and k are constants, of a
a a

Finsler space have been determined. The nonholonomic frame for the

Finsler space with this special metric has been obtained. We also
obtained some results which give nonholonomic frame for Finsler

spaces with certain («, B)—metrics.
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1. Introduction

For a Finsler space with («, f)— metric we have to deal with two
metrics, the first one is original Riemannian metric a;; and the second one is
Finsler metric g,;. In 1934, T. Hosokawa' discussed the nonholonomic
system in a space of line-elements with an affine connection. The first
Finsler space with (a, B)-metric was introduced by G. Randers® in 1941 and

it is known as Randers space. In 1951, Y. Katsurada® introduced the theory
of nonholonomic system in a Finsler space. In 1982, P. R. Holland*
ontained a new relation between the Finsler metric g;; and the Riemannian
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metric a,; for the particular case of a Randers space. In 1992, R. G. Beil®

studied the gauge transformation viewed as a nonholonomic frame on a
tangent bundle of a four dimensional base manifold. P. L. Antonelli®’ found
such nonholonomic frames for two important classes that are dual in the
sense of Randers and Kropina spaces. Though the study of nonholonomic
frames for Finsler spaces with («,)— metric is quite old and so many

results have been obtained by several authors, still it is an important topic of
research in Finsler geometry.

The aim of the present paper is to determine a nonholonomic frame for a

Finsler space with a special (a,8)- metric F=a +¢ ﬁ—+ k ﬁ
a

, where ¢

and k are constants.

2. Preliminaries

Definition 2.1: A Finsler space F,= (M, F(xy)) is called with (c,5)-
metric, if there exists a 2-homogenous function L of the variables o and g
such that the Finsler metric F: TM —R is given by

(2.1) F2(x.y)=L(a(xy). A(x.Y))

where &’(x,y) = g(x)y'y’, « is Riemannian metric on M and
B(x, y)=b(x)y' isa 1-form on M.

Example 2.1: If L(a,B)=(a+p)*, then the Finsler space with metric
F(x, y):ajqj(x)y' y’ +b(x)y' is called a Randers space.

4

Example 2.2: If L(a,ﬂ):%, then the Finsler space with metric

is called a Kropina space.



Nonholonomic Frame for Finsler Space with Special («,8)— Metric 167

For a Finsler space with (a,8)—-metric F(x,y)=L(a, 8), the following
Finsler invariants are well known®

1oL
2000’
_10°L
pO_EW’
1 9L
p—l_ZW’

(2.2)

_1(éfL 14
P 2a2k6a2 ada )

where the subscripts 1, 0, -1 and -2 indicate the degree of homogeneity of
these invariants.

For a Finsler space with («,3)—metric, we have

(2.3) P +p,a°=0.

The metric tensor g;; of a Finsler space with («, )—metric is given by’
(2.4) gij(x’y)zpaij( )+poh( +,0 ]-(t] Y )y|)+p2y|yj

From (2.4), we can see that g;; is the result of two Finsler deformations

1
(2.5) a;; Hhij: P+ p_(pflh +p72yi)(pflbj +0,Y; )1
2
1 2
(2.6) hij = 0= hij +p_(popfz_p 71)hbj'
2

The nonholonomic Finsler frame that corresponds to the first deformation
(2.5) is given by*
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: 1 B?2 _ _
(2.7) Xi=\pd'—=5 [\/pﬂ—u fp+—p J(plb'wzy')(plb,- +0.,Y; )
)

where B’ =a;(p,b' + p,y)(o.b + 0.y )=p07+80.p,.
The metric tensors a;; and h;; are related as
(2.8) hij= X{ Xja,.

The nonholonomic Finsler frame that corresponds to the second deformation
(2.6) is given by*

2
2.9) yizsi L u/H PC
c PoP2—P 4

2

where C2 =h, b'b' =pb? + ——(p.b* + p, )

P

The metric tensors h;; and g ; are related as
(2.10) g, = YiYih,.

From (2.8) and (2.10), we have

(2.11) 9, = Vi Via,

where V= Y X; .

Theorem 2.1"*: Let F?(x,y)=L(a, ) be a metric function of a Finsler space
with (a,8)—metric with condition (2.3). Then

(2.12) V=X, Y

is a nonholonomic Finsler frame where X and Y% are given by (2.7) and
(2.9) respectively.
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3. Nonholonomic Frame for a Finsler Space with
Special (o, 8)- Metric

Let us consider a Finsler space with special («, )—metric

(3.1) Fea e ik 2

[04 (04
where ¢ and k are constants.

Then the Finsler invariants (2.2) are given by

p:iﬁ(ae—ka3ﬂ3—82a2ﬂ4—38kaﬁ5—2k2,86),
a

2y =%(zga4+6ka3ﬁ+652a2ﬁ2+zogka BP+15k°B*),

a
(3.2) )
p= _oﬁ (3ka3+452a2,6’+158kaﬂ2+12k2ﬂ3),
3
0, :%(3ka3+452a2 B+15cka 7 +12k* B°).
Also we have
4
(3.3) Bzzﬂ_m(3ka3+452a2 pi5ska 12k f°Y (a?b?- )
o
and
b2
C’=—(a*~ka’f*~&a’ p*~3eka p*~2k* B°)
(3.4)

+§(3ka3+482a2 pH15eka 12k 5% ) (o p2) .

From (2.7) and (3.3), we have

169
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xi—t \/(aa—ka3ﬂ3—gza2ﬁ4—35kaﬂ5—2k2ﬂ6) 5!

.:—3
Y

\/(ae—ka3ﬂ3—52a2ﬂ4—35kaﬂ5—2kZﬁe)
1 a’~4ka’ p*~5&%a’ ' -18ska f° [bi_ﬁyij[bj _ﬁyjj_
+ || —14k*B°+3kb’a’ f+4&°0%a’ B°

+15¢kb?a® 3 +12k e’ p*

(3.5)

From (2.9), we have

o1 2'C? |
3.6 Y'=65" 1+ [1+ b'b,
(3.6) N 0% ( \/ 2ea*+3ka’ B+2&%a’ fo+5eka fP+-3K B J !

where C? is given by (3.4).
Thus, we have the following theorem.

Theorem 3.1: Let F"=(M,F) be a Finsler space with special («,/)-

g B
metric F=a +& —+ k — with condition (2.3). Then
(24 (04

(3.7) V=X Y

is a nonholonomic Finsler frame where X| and Y% are given by (3.5) and
(3.6) respectively.

We can find nonholonomic frames for certain Finsler spaces with
(e, B)—metric from theorem 3.1. There arises some cases.
. f? . :
Case (i): If e£=land k=0, we have F=a +—. In this case, Finsler
(04
invariants are
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:%(280{2+682ﬂ2),
3.8
38) e

4820(2ﬂ4

2= 5 )
a

(3.9) p2- 205 )
(04
and
b 2ﬂ2
(310)  Cl—(a'-ap (oD -7,
a
Hence the Finsler deformations of the Finsler metric are

-
Xj_a (05 gaﬂ)

(3.11) &~
B IS Y
i\/(a6—552a2ﬂ4+482b2a4ﬂ2)

R |+

and

42
312  vY!=5 1(&\/“ aC Jbibj,

(0% 2e0+28% o’ B

where C? is given by (3.10).

Thus we have
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Corollary 3.1: Let F"=(M,F) be a Finsler space with special («,/)-

2
metric F=a + s with condition (2.3). Then
[24
(3.13) V=X, Y

is a nonholonomic Finsler frame where X, and Y* are given by (3.11) and
(3.12) respectively.
ﬂ3
Case (ii): If s=0and k=1, we have F=a + = . In this case, Finsler
o
invariants are

b
o
R,
=
+
-
ol
h

(3.14)
- (3a°+1258°),

|“Qm

pa=ts (3a +128°),

(3.15) B =ﬂ—(3a +12/8 ) (a’b*-p)
and

2_b_ 6 303 06\, B (a3 3\ (. 2n2_ @2V
(3.16) C—ae(a a*B-2p )+a8(3a+12ﬂ)(ab B

Hence the Finsler deformations of the Finsler metric are
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i_i 63793 npb6\ g
xj_ag\/(a a*f-25°)5

(3.17) Ja*-a*p-25°)
1 i i
e Y
“\\+3b2a° 1202 % B
and

i 1 ’ a'C? i
(318) Y j:é‘j_F(li_ 1+W]b bj’

where C? is given by (3.16).
Thus we have

Corollary 3.2: Let F'=(M,F) be a Finsler space with special («,/)-

3
metric F=a + /3_2 with condition (2.3). Then
[24

(3.19) Vij:)(ik Yl}

is a nonholonomic Finsler frame where X, and Y* are given by (3.17) and
(3.18) respectively.

2 3
Case (iii): If ¢=1and k=1, we have F=« +’B—+ﬂ—2.
a o

In this case, Finsler invariants are
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_ 1 6 3 3 2 p4 3 5 2 6
p=s(a*~a’ f*~a* f'-3a -2 ),

=i4(2a +60° B+6a” f7+20a f°+158*),
o

(3.20)

—(3a*+4a’ B+15a f*+125°),

2
Pa= p
a

3
0, :ﬂ—8(3a3+4a2 B+15a °+123°)
94

4

(3.21) E;2=ﬁ—14(3of’+40[2 ,B+15aﬂ2+12ﬂ3)2(a2b2—ﬁ2)
(04

and

Czzb—26(aG—a3IB3—a2ﬂ4—3aﬂ5—2ﬂ6)
o
(3.22)
ﬁ(sa 4’ p15a fA+12°) (a0~ B2 .

(2

Hence the Finsler deformations of the Finsler metric are

i_i 6 393 _2p4 5_op6) si
xj_a3\/(a o’ fP-a ' -3a f*-2°) 5

\/(aG_a3ﬂ3_a2ﬂ4_3aﬂ5_2ﬁ6)
(3.23)
1 at—4at 250218 (i B i B
= b'—=y" | ==Y, |
%+ |l —14 8513025 prdbia’ B « “
+15b%® g3 +12b%0% B
and

o1 2'C? |
3.24 Y'=6" 1+ [1+ b'b,
(3:24) N 0% [ \/ 2a*+30° 420 BP+5a fP+35° } !
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where C? is given by (3.22).

Thus we have

Corollary 3.3: Let F'=(M,F) be a Finsler space with special («,/)-

BB

metric F=a +~—+= with condition (2.3). Then
a o

(3.25) V=X, Y

is a nonholonomic Finsler frame where X, and Y* are given by (3.23) and
(3.24) respectively.
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