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Abstract: This paper is in continuation of my earlier papers
1, 2

 in which 

we have defined and studied the q-differential-difference equation 

                       , ( , ) ( , 1),
q z

D F z F zα α= +   

 where           , ( , ) ( , ) ( , ).
q z

zD F z F z F zqα α α= −  

In this paper, we have given certain generalized Mock Theta 

Functions of orders three, five seven which satisfy the above equation and 

reduce to the original Mock Theta Functions. Some of the common 

properties have also been studied. 

AMS Subject Classification No.: 33D 

 

1. Introduction 

 

In papers
1,2

, we have discussed the properties of the class of functions 

which satisfy the q- differential-difference equation 

 

(1.1)             , ( , ) ( , 1),
q z

D F z F zα α= +   

where  , ( , ) ( , ) ( , ).
q z

zD F z F z F zqα α α= −  

We call (1.1) as the 
q

F -equation and functions which satisfy this equation, as 

q
F -functions. 

A very important class of functions discovered by Ramanujan is the 

famous Mock Theta Functions. There are 27 of them known to us-seven of 

three, ten of order five, three of order seven and seven more which have been 

found recently in the “Lost” Notebook and studied by Andrews and 

Hickerson
3
. 

In this paper we define certain generalized functions which reduce to 

each of these Mock Theta Functions and which also satisfy the 
q

F -equation 
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(1.1). In subsequent sections some of the common properties of these 

generalized functions have been studied. 

The most revealing property is the q-differential property of the 

generalized functions associated with mock theta functions of order five and 

seven. 

We shall have occasion to use the q-analogues of the trigonometrical 

functions, defined as 

 

              

( )
( )

( )

( )
( )

( )

2 1

0 2 1

2

0 2

1
; 1,

1
; 1.

n n

q

n n

n n

q

n n

x
Sin x x

q

x
Cos x x

q

+∞

= +

∞

=

−
= <

−
= <

∑

∑

    

 

The third order Mock Theta Functions given by Ramanujan and studied 

by Watson
4
 and redefined in terms of 2 1Φ -series by Fine

5
 and Agarwal

6
 are 

as follows: 
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where 2 3.i
e

πω =  

The ten fifth order mock theta functions are 

                        

( )

2

2

0

0

2

0

0

( ) ( ) ,
( )

( ) ( ) ; ,

n

n n

n

n
n

q
i f q

q

ii q q q q

∞

=

∞

=

=
−

Φ = −

∑

∑
 



     Certain Fq-Functions Associated with Ramanujan’ Mock Theta Functions-I             279            

(1.3)                    

( )

( )

( )

2

2

( 1)( 2) 2

0

0

2

0 2
0

0 1
0

( 1)

1

0

( 1) 2

1

0

( 1) 2

1

0

2 ( 1)

1 2

1

( ) ( ) ,

( ) ( ) ,
( ; )

( ) ( ) ,
( )

( ) ( ) ,
( )

( ) ( ) ; ,

( ) ( ) ,

( ) ( )
( ; )

n n

n
n

n

n n

n

n
n n

n n

n n

n

n
n

n n

n
n

n n

n n

iii q q q

q
iv F q

q q

q
v q

q

q
vi f q

q

vii q q q q

viii q q q

q
ix F q

q q

χ

∞
+ +

=

∞

=

∞

+
=

+∞

=

∞
+

=

∞
+

=

+

= +

Ψ = −

=
−

=

=
−

Φ = −

Ψ = −

=

∑

∑

∑

∑

∑

∑

0

1 1
0 1

,

( ) ( ) .
( )

n

n
n n

q
x q

q
χ

∞

∞

+
= +

=

∑

∑  

 

The three seventh order mock theta functions are 

 

(1.4)         
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2. Certain Fq-Functions Associated with Mock  

Theta Functions of Order Three 
 

Let us define a function ( ),f x α  as 
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Now   ( )
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Hence ( ),f x α  is a Fq-function. 

Similarly, the other generalized Fq-functions associated with the third order 

mock theta functions can be listed as below:  for 1, Re( ) 0q α< > , 
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For  and 1x q α= =  all the above functions (2.1(i-vii)) reduces to the 

corresponding third order mock theta functions [2-f(q)], [ ](1 ) ( ) ,i i q− + Φ  

2( ), ( ), ( ), ( ) and ( ),q q q q qω χ ω ν ρΨ +   defined in (1.2)(i-vii). 

It is interesting to note that if we take values of  x and  α  other than q 

and 1 respectively, in (2.1(i)-(vii)), we get the following known functions 
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where ( )
q

j xν  is a q-Bessel function defined in chapter 2, and satisfies the 

generating function (see
6
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3. Certain q-integral Representing for the Functions (2.1(i)-(vii)) 

 

Using the following limiting case of a known integral representation for 

the q-Beta function, namely 
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We can write the following q-integral representations ( )q aα ≡  of the 

function defined in (2.1(i)-(vii)) valid for Re 0, 1;x α> <   
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If we substitute x=1 and a=q in the above q-integrals, we get the 

corresponding q-integral representations for [2-f(q)], [ ](1 ) ( ) ,i i q− + Φ  

2( ), ( ), ( ), ( ) and ( ),q q q q qω χ ω ν ρΨ +  respectively, namely 
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4. Certain Fq-Function Associated with the Fifth Order Mock Theta 

Functions 

 

We now proceed to define certain Fq-functions associated with the ten 

fifth order mock theta functions as follows, 1,q <  
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For x q=  and 1,α =  all the above ten functions (4.1(i-x)) reduces to the 

ten fifth order mock theta functions 0 ( )f q , 0 ( )qΦ , 0 ( )qΨ , 0 ( )F q , 0 ( )qχ , 

1( )f q , 1( )qΦ , 1( )qΨ , 1( )F q  and  1( )qχ , respectively. 

If we take the values of x and α in (4.1(i)-(x)) other than q and 1, 

respectively, we get the following known standard functions: 
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5. Certain q-integral Representations for the Fq-Function Related 

to the Fifth Order Mock Theta Functions (4.1(i-x)) 
 

For q aα = , we may write, for Re 0, 1;x α> <  
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Similarly, we can write, for Re 0, 1;x a> <  
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For 1x =  and ,a q=  we have the following q-integral representations for 

ten fifth order mock theta functions: 
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∞ ∞

= −

Φ = − Φ

Ψ = − Ψ

= −

∫

∫

∫

∫

 

                                  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1
1

0

0

1
1 1

1 1

0

( ) 1 ,

( ) 1 0, ,

t

q q

t

q

v q q tq Cos i q d t

vi f q q q tq f q d t

χ
−

∞

− −

∞ ∞

= −

= −

∫

∫

 

                               ( ) ( ) ( ) ( ) ( )
1

1 1

1 1

0

( ) 1 0, ,t

q
vii q q q tq q d t

− −

∞ ∞
Φ = − Φ∫  

                            ( ) ( ) ( ) ( ) ( )
1

1 1

1 1

0

( ) 1 0, ,t

q
viii q q q tq q d t

− −

∞ ∞
Ψ = − Ψ∫  
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1 1

1 1

0

1
11/ 2 1/ 2

1

0

( ) 1 0, ,

( ) 1 .

t

q

q q

ix F q q q tq F q d t

x q iq q t tq Sin i t d tχ α

− −

∞ ∞

−− −

∞

= −

= − −

∫

∫

 

 

It is interesting to note the presence of  ( )qCos ix  and ( )qSin ix  in the 

integral of the q-integral representations for ( )0 qχ  and ( )1 qχ , respectively. 

Besides the above integral relations, we can also establish the following 

impotant q-differential relations between Fq-functions defined in (4.1(i-x)). 

 (5.3)               

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

,

,

,

, 0 1

2 1

0 1

1

, 1 0

2

1 0 1

2

1 1 0

( ) , ,
1

( ) , ,
1

( ) , ,
1

( ) , ( ) ,
1

( ) , .
1

q x

q x

q x

q x

q x

x q
i D f x f q

x q
ii D x q q

x q
iii D x q q

x q
iv D F x F q qF q

x q
v qD x q q

α
α

α
α

α
α

α
α

χ α χ χ
α

−

−

=
=

=

=
Φ = Φ

=

=
Ψ = Ψ

=

=
= +

=

=
= −

=

 

The q-differential relations (5.3(i-v)) are very significant. They clearly 

exhibit the close relationship between the two group of fifth order mock 

theta functions. It was asserted by Ramanujan and accepted so, by others that 

the members of the first group of five functions are only related amongst 

themselves and the same is true for the second group of five functions. 

However, (5.3(i-v)) show the close structural, one-one, relationship between 

members of the first group of five functions with the five members of the 

second group. 

 

6. Fq-Functions Related to the Mock Theta Functions of Order Seven 
 

It can be easily verified that the following functions related to the 

seventh order mock theta functions are Fq-Functions: 

                            ( )
( )
( )

( )
( )

2

0

0 2

( ) , ,n n nn

n n

xq
i x q

x q

αα
∞

− +∞

=∞

ℑ = ∑  
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(6.1)                

( )
( )

( )
( )

( )

( )
( )
( )

( )
( )

2

2

1

0 2 1

2

0 2 1

( ) , ,

( ) , .

n n nn

n n

n nn

n n

xq q
ii x q

x q

xq
iii x q

x q

α

α

α

α

∞
+ +∞

=∞ +

∞
+∞

=∞ +

ℑ =

ℑ =

∑

∑

 

 

All the above functions give the corresponding seventh order mock theta 

function for x q=  and 1.α =  In a mannar similar to used for third and fifth 

order mock theta functions, we can find the integral representations for the 

Fq-functions related to seventh order mock theta functions. 

For Re 0, 1;x a> <  we have 

(6.2)

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1
1 1

0 0

0

1
1 1

1 1

0

1
1 1

2 2

0

( ) , 1 0, ,

( ) , 1 0, ,

( ) , 1 0, .

x x

q

x x

q

x x

q

i q q a q t tq at d t

ii q q a q t tq at d t

iii q q a q t tq at d t

− −

∞ ∞

− −

∞ ∞

− −

∞ ∞

ℑ = − ℑ

ℑ = − ℑ

ℑ = − ℑ

∫

∫

∫

 

 

For 1x =  and ,a q=  we get the integral representations for the seventh order 

mock theta functions, namely 

 (6.3)

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1
1

0 0

0

1
1

1 1

0

1
1

2 2

0

( ) 1 0, ,

( ) 1 0, ,

( ) 1 0, ,

q

q

q

i q q q tq at d t

ii q q q tq at d t

iii q q q tq at d t

−

∞ ∞

−

∞ ∞

−

∞ ∞

ℑ = − ℑ

ℑ = − ℑ

ℑ = − ℑ

∫

∫

∫

 

 

We also have the following two q-differential relations connecting the 

functions defined in (6.1(i-iii)): 
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                      ( ) ( )1

, 2 1( ) , ,
1

q x

x q
i D x q qα

α
−

=
ℑ = ℑ

=
 

(6.4)          ( ) ( ) ( ), 0 1 2( ) , , .
1

q x

x q
ii D x x qα α

α

=
ℑ − ℑ = ℑ   =

 

                      

The q-differential relations (6.4(i-ii)) are again very significant. They 

clearly exhibit the close relationship between the three members of the 

generalized seventh order mock theta functions. It was asserted by 

Ramanujan and accepted so, by us that the three seventh order mock theta 

functions are unrelated. However, (6.4(i-ii)) show the close relationship 

between the three seventh order mock theta functions. 

 

7. Concluding Remarks 
 

It may be remarked that the generalized Fq-functions constructed by us 

are not unique. One could construct generalised Fq-functions different from 

the ones which we have used and which reduce to mock theta functions for 

particular values of x and α. This study is continued in the next two papers 

for the mock theta functions found in the ‘Lost’ Notebook also and for 

certain expansion formulae for all these generalised functions have been 

investigated. 
 

References 
 
 

1. R. R. Agarwal, On the properties of a class of q-functions satisfying the q-

differential-diffrence equation ( ) ( ),
, , 1

q z
D F z F zα α= + , Proc. Nat. Acad. Sci. 

(India), 67(A) III (1997) 265-284. 

2. R. R. Agarwal, On further properties of a class of q-functions satisfying the q-

differential-diffrence equation ( ) ( ),
, , 1

q z
D F z F zα α= + , Proc. Nat. Acad. Sci. 

(India), 68(A) I (1998). 

3. G. E. Andrews and D. Hickerson, Ramanujan’s Lost Notebook VII: The sixth order 

Mock Theta Functions, Adv. in Mathematics, 89 (1991) 60-105. 

4. G. N. Watson, The Final Problem-An account of the Mock Theta-Functions, J. 

London Math. Soc., 11 (1936) 55-80.  

5. N. J. Fine, Basic Hypergeometric Series and Applications, Mathematical Surveys 

and Monographs, Amer. Math. Soc., 27 (1988). 

6. R. P. Agarwal, Mock Theta Functions – An analytical point of view, Proc. Nat. 

Acad. Sci. (India), 64 (1994) 95-107. 

7. W. Hahn, Beitrge zur Theoric der Heineschen Reihen, die 24 Integrale der 

hypergeometrischen q-Differenzen-gleichung, das q-Analogon der Laplace-

Transformation, Math. Nachr., 2 (1949) 340-379. 

 


