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Abstract: In the paper, we consider an n-dimensional Finsler space
F'(n>2)with the metric  L(X,Y)=y(X, y)¢(s), where

B

s="and ¢(s) is a differentiable function with respect to s, Sis a
Y

differential one form and y is cubic metric. We obtain expressions for

the fundamental metric tensor, Cartan tensor, geodesic spray
coefficients and the equation of geodesics in a Finsler space with the
above metric. Some other properties of such space have also been
discussed.
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1. Introduction

The notion of an m™-root metric was introduced by H. Shimada® in
1979. By introducing the regularity of the metric, various fundamental
quantities of a Finsler metric could be found. In particular, the Cartan
connection of a Finsler space with m™-root metric was introduced from the
theoretical standpoint. M. Matsumoto and K. Okubo’ studied Berwald
connection of a Finsler space with m™-root metric and gave main scalars in
two dimensional case and defined higher order Christoffel symbols. The
m™-root metric is used in many problems of theoretical physics®. T. N.
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Pandey et. al* studied three dimensional Finsler space with m™-root metric.
To discuss general relativity with the electromagnetic field, G. Randers®
introduced a metric of the form L(x,y)=a(x,y)+ B(x,y), Where« is a square
root metric and g is a differential one form. In his honor, this metric is called

Randers metric, and it has been extensively studied by several geometers
and physicists®®. Recently P. N. Pandey and Shivalika Saxena® studied a
Finsler space with the metric L of the form L(x,y)=F(x,y)+ 8(x,y) , where F
is an m™-root metric and called the space with this metric as an R-Randers
m™-root space and obtained many results related to it. In 2010, Ryozo
Yoshikawa and Katsumi Okubo™® studied S3-like Finsler spaces with the

metric L(X, y)=a(X,y) ¢(£J
(04
The aim of the present paper is to study a more general space with the

metric  L(X, y)=y(X, y)¢(s), where s:ﬁand #(s) is a differentiable
v

function with respect to s, gis a differential one form and » is cubic

metric. The paper is organized as follows. Section 2 deals with some
preliminary concepts required for the discussion of the following sections.
In section 3, we derive certain identities satisfied in a Finsler space with the
above metric. We obtain the fundamental metric tensor g;, its inverse

g"and the Cartan tensor C for a Finsler space with the metric

L(X,y)=r(x,y)#(s). In section 4, we obtain the spray coefficients of a

Finsler space with this metric. It also includes the equations of the geodesics
in a Finsler space equipped with the above metric.

2. Preliminaries

Let F"=(M,L(x,y)) (n>2) be an n-dimensional Finsler space. The

m"-root metric on M is defined as L"=a,, . (X)y"y*...y", where

In case of m=2, the metric L is Riemannian. For m=3 and m=4these
metrics are called cubic and quartic respectively.

The covariant symmetric metric tensor g; of F"=(M,L(x,y)) is defined
by
1

. . . 0
(21 g =:§aiaj|_2, 0, Eﬁ'
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This tensor is positively homogeneous of degree zero in y'. From the metric
tensor g, , we construct the Cartan tensor C;;, by

1.
(2.2) Cijk ::Eakgij-
The tensor C;, is symmetric in its lower indices and is positively

homogeneous of degree -1 in y'. Due to its homogeneous and symmetric
properties, it satisfies the following

(2.3) Cijkyi :Ckijyi =Cjkiyi =0.
The angular metric tensor of a Finsler space is given by

(2'4) hij =gij_|i|j’
where |, =0,L.
The geodesic of a Finsler space is given by*

d?x' -
2.5 +2G' =0,
@5) dt?
where G' are the geodesic spray coefficients given by

i L ok _ 0

(2.6) 2G =§g’{y 0,0, —0;L°}, ajzﬁ.
The nonlinear connection of a Finsler space is defined as
(2.7) N|=0,G"

In the present paper, we study the space whose fundamental function is
given by

28)  L(xy)=r(x,)¢(s),

where

(2.9) y= ﬁalmn (X)y'y™y" is a cubic metric
(210)  p=b(x)Y,

is a differential one form and s=%.
4

=
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3. Fundamental Metric Tensor and Cartan Tensor
In this section, we find the fundamental metric tensor g, its inverse g"

angular metric tensor h;and the Cartan tensor C, for a Finsler space with

the metric (2.8).
Differentiating (2.9) partially with respect to y', we get

(3.1) oy =r"a,

where a, =a; y'y".

Differentiating (2.10) partially with respect to y‘, we find
(32) 0,8 ="h,

Differentiating (2.8) partially with respect to y'and using (3.1) and (3.2), we
have

(3.3) O,L=pa + pyh,
where

(34) Po=9¢"=L;,
(3.5) p=y"(s-s¢)

and the subscripts denote the degree of homogeneity of the corresponding
entities with respect to y'.

Differentiating (3.4) and (3.5) partially with respect to y'and using (3.1)
and (3.2), we respectively get

(36) 00y = P + P 53,
and

3.7) 0P =P +p s,
where

(38) pa=Ly, =1,
(3.9) ps=y"L,=-sy7¢"
and

(3.10) ps=7r"(L,—2y7'L, )=y (5"~ 2p+2s¢').
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Thus, we have

Proposition 3.1. In a Finsler space with the metric (2.8), the following
identities hold

8ip0 =pab+p_a and 0, = psb+p 8.

Differentiating (3.3) partially with respect to y' and using (2.6) and (2.7),
we get

(3.11) 0,0,L=2pa;+p,bb, +p(ab; +a)b )+ o aa;.

From (2.1), we have

(3.12) g; =(&L)(8;L)+L(8;0.L).

Using (3.3) and (3.11), (3.12) yields

313 g; = (2, + Py, )(paj + pob; )+ L(Zpaij +pbb;+ ., (aibj +ajbi)
+ P88, ).

Take d; =2pa; and ¢, =q,b +0_,a, where g, and g_, satisfy

G =Lo,+p, 0,°=p +Lps, G, =p0,+Lpos.
Then (3.13) takes the form

(3.14) g; = Ld; +cc;.

Thus, we have

Theorem 3.2. The fundamental metric tensor g; of a Finsler space with the
metric (2.8), is given by (3.14).

Theorem 3.3. In a Finsler space with the metric (2.8), the inverse g” of the
fundamental metric tensor g, is given by

1 1 .
3.15 Y=—|d"-———c'c! |,
(315 g L( L+c? j

where ¢' =d'c; and ¢* =c'c,.
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Proof. Let (d") be the inverse of nonsingular matrix (d; ). Suppose that

(g") is given by (3.15).
Now,

9;9" :(Ldij +Cicj)%(d ko1 CjckJ

L+c?
_ d. _ _ _
=d,d* -———= c’ck+lcicjd1k——cicjc‘ck
L+c L L(L+c?)
k
=5 - GC . +£cick—%czcic"
L+c® L L(L+c?)
=5~

Therefore, g" given by (3.15) is the inverse of the matrix g; - This also
shows that (g; ) is non-degenerate. .

Using (3.3) and (3.13) in (2.4), we get the angular metric tensor of a Finsler
space with the metric (2.8)

(3.16) h, = L{Zpaij +p_bb; + o (ab, +ajbi)+p75aiaj}.
Thus, we have

Theorem 3.4. In a Finsler space F" with the metric (2.8), the angular
metric tensor h; is given by (3.16).

Differentiating (3.8), (3.9) and (3.10) partially with respect to y', we
respectively get

(3.17) Op1 =P +p.a,
(3.18) Ops =P+ P

and

(3.19) 0ips = Pob +poR,

where P, = 7/—2¢m, P = _7—4 (¢”+S¢’”), P = }/—6 (SZ¢’”+4S¢”) and
po=—y " (s°"+95°¢" +104 —104).
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Thus, we have the following

Proposition 3.5. In a Finsler space F" with the metric (2.8), the following
hold good

0P = Pb+ P8, 8ip—3 =p.b+pedy, 8ip—s =Pt + 08
Differentiating (3.13) partially with respect to y*, we get
akgij:[zpo( kpo) (6 b)p 1+L( )]bb
+(ppy + Lp. 3)(b.8 a +0.0 a.)

(3.20) +(a'b’+ab) ( kp")“’O( p)+pa(dL)+L(0ps)}
+{2P kP +P5 kp5 }aa
+(p2+Lp5){ ( }

+2(6,L) pay +2L (0 kp)au—i—ZLp(@k )
Partial differentiation of a; and a; with respect to y* yield

(3.21) 0& =2a, and 0,3, =2a.

If we use (3.3), (3.6), (3.7), (3.17), (3.18), (3.19) and (3.21) in (3.20), on
simplification it follows that

2C; = bbb, + 1 ;88,8 + . 5 3 bb;a,

(3.22)
+y_5(icjylz)a ab, +u. 2(0‘)& b + 4 4(0')a a, +2Lpay,

where
H=3pop s+ Lp,, 1, =2(ppy+Lps),
Hs=2pop 5+ PP+ Lp, 1, =2(p" +Lps),
Hs=2Pps+popPstLpe i, =3pps+Lp
and (”ak) denotes the interchange of indices i, j & k and addition.
Thus, we have
Theorem 3.6. In a Finsler space with the metric (2.8), the Cartan tensor
C., isgiven by (3.22).

U]
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4. Spray and Equation of Geodesics

In this section, we discuss about the spray of a Finsler space with the
metric (2.8) and obtain its local coefficients. We also obtain the equation of
geodesics in such space.

If we differentiate (2.9) partially with respect to x', we get

(4.) o7 =27"A,

where

(4.2) A :(a,aijk)y‘yjyk.

Differentiating (2.10) partially with respect to x', we get
(4.3) 0,4=B,

where B, =(0,b)y". If we differentiate (2.8) partially with respect to x*“and
use (4.1) and (4.3), it follows that

(4.4) o, :%U_l& +0,B,,
where
v, =y (24" —2s¢¢') and v, =244y
Further, differentiating (4.4) partially with respect to y’, we have
(4.5) 0,0,2 =v A4, +uv, (% Ab; + Bkajjwolskbj +0, A,
where
v, = —% y (207 —25°¢" —25°04'), v, =y 7 (269 — 2547 — 259",
vy =2(47 +¢¢").
In view of (4.4) and (4.5), (2.6) gives

i1 g 1 1
(4.6) 2G :Eg ’ {U_‘A@j +u, (5 AD; + Boaj)+UOBObj +U, Ay ‘5‘)—1Aj -uB; |,

where A)=AY", B,=B.y", A, =AYy and g"is given by (3.15).
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Thus, we have

Theorem 4.1. In a Finsler space equipped with the metric (2.8), the spray
coefficients are given by (4.6).

In view of (2.5) and Theorem 4.1, we have

Corollary 4.1. In a Finsler space with the metric (2.8), the equation of
geodesics is given by

d2x'
dt?

+2G' =0,
where the spray coefficients G' are given by (4.6).
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