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Abstract: In the present paper we have considered a special 

( , )  metric 

2
/( )( )L e 

  
 

 


, where   and   are 

constants,   is a Riemannian metric and   is a one-form, are given 

by ( ) and ( ) .i j i

ij ia x y y b x y   We have found the Berwald 

connection and the condition under which a Finsler space with this 

metric is a Berwald space. We have evaluated the main scalars of two 

dimensional Finsler space with the above metric. The equations of 

geodesic of the Finsler space with this metric have also been found. 
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1. Introduction 

 

 M. Matsumoto
1
 while studying a Finsler space with ( , )  metric of 

Douglas type, introduced a special ( , )  metric given by  
 

(1.1)      
2

.L





        

 

While measuring the slope of mountain with respect to time he
2
 introduced a 

metric given by  
 

(1.2)      
2

. L


 



 

 

This latter metric is called Matsumoto metric. 
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 Shukla, Prasad and Pandey
3
 have considered a special ( , )    metric of 

Douglas type given by  

 

(1.3)      / .L e   

 

This metric is called exponential ( , )  metric. 
 

 Shukla and Mishra
4 

 have considered a special ( , )  metric which is a 

linear combination of metrics (1.1) and (1.2) given by  
 
 

(1.4)      
2 2

1 2 .( ) ( )L A A
 


  

  


 

 

 In the present paper we have considered a special ( , )  metric which 

is a linear combination of Matsumoto metric and exponential ( , )  metric 

and is given by  

 

(1.5)      
2

/( ).( )L e 
  

 
 


 

 

When 0   and 0  , then this metric is homothetic to exponential 

( , )  metric and when 0   and 0   then this metric is homothetic to 

Matsumoto metric. We shall abbreviate by nF  the n dimensional Finsler 

space with metric (1.5) and nR  the associated Riemannian space.  

 In the following discussion the Riemannian metric   is not supposed to 

be positive definite and we shall restrict our discussion to a domain (x, y), 

where   does not vanish. The covariant differentiation with respect to the 

Levi-Civita connection { ( )}i

jk x  of nR  is denoted by the semi-colon (;). We 

list the symbols here for the latter use
5
:  

 

(1.6) 

2

; ; ; ;,   ,   2 ,   2 ,

, , , .

i ir rs

r r s ij i j j i ij i j j i

i is i ir s r

j sj j rj i s i i r i

b a b b a b b r b b s b b

r a r s a s r b r s b s

     

   
 

 

The Berwald connection ( , )i i

jk jB G G   of nF  plays the most important 

role in the present paper. Let 
i

jkB  denote the difference tensor
6
 of 

i

jkG  from 

i

jk  
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(1.7)      ( , ) ( ) ( , ).i i i

jk jk jkG x y x B x y   
 

Contracting (1.7) with respect to ky  and jy  successively, we get 

   

(1.8)      0 00, 2 2 ,i i i i i i

j j jG B G B      
 

where 
i i

j jB B  , 
i i

jk k jB B  . 
 

 It is to be noted that the Cartan connection and the Berwald connection 

have the same non-linear connection { }i

jG . ( , )iB x y  is called difference 

vector in the present paper and for an ( , )  metric it is given by
2
  

 

(1.9)    *

0 ,( )
i

i i i i
L LE y

B y s C b
L L

 

 

  

  
     

 

where  
 

(1.10)  
00 0* * 2 2 2 2

2 2

( 2 )
, , .

2( )

L r L s L
E C C b

L L L

  

 

  
  

 


   


 

 
 

2.    Finsler Space with Metric Given by (1.5) 
 

 From the metric given by the equation (1.5), we obtain  

 

(2.1) 

32 2

2 2

2

3 3 3

3 3 2 3 3

, , ,
( ) ( ) ( )

, , ,
( ) ( ) ( )

AH B
L L L

C C C
L L L

 

  

      

 

        

  
  


  

  

 

where  

 

(2.2)     

2 /

2

2 3 /

3

2 2 /

2

3 3 /

3

( ) ,

( 2 ) ( ) ,

( ) ,

2 ( ) .

H e

A e

B e

C e

 

 

 

 

   

     

   

   

  

   

  

  

 

 

Since B is Lmetrical, i.e. | | | 0i i iL L L     , therefore from 

equations (2.1), we have 3 | 2 | 0i iA B    , and so  
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(2.3)     2
| |

3

.i i

B

A


    

 
 

It is observed that | | ;( )s r s

i s i s i r sib y b b B y    , which implies that  

 

(2.4)     | 00 2 .i r

i ry r b B    

 

Since 
2 2

;( ) ( ) 2 ( )i i m i

i i mi mib y b y b r s y    , which gives  

 

(2.5)     
2

; 0 0( ) 2( ).i

ib y r s   

 

Now the quadratic form 
2 2 2 2 2( ) i j

ij i jb b a bb y y       gives the 

following result  
 

(2.6)  
2 2 2 2

3 | 3 0 0 2 3 00( ) 2 ( ) 2( )( 2 ).i r

i rA y A r s B b A r b B         
 

The following lemma has been used: 
 

Lemma
7
 2.1.  If 0  (mod  ), that is, ( ) i j

ija x y y  contains ( ) i

ib x y  as a 

factor, then the dimension is equal to two and 2b  vanishes. In this case we 

have ( ) i

id x y   satisfying 2   and 2i

id b  . 
 

In the following we consider that 0  (mod  ). 

 

3.    The Berwald space with Metric (1.5) 
  

 Since | ( ) 0k

i i i kL L G L     , which is written in the form  

 

(3.1)     
2

3 2 ;( ) ,k j k j

ji k j i ji kA B y y B b B b y   

 

where i

k kiy a y . Now putting the values of 3A  and 2B  from equation (2.2) 

in the above equation (3.1) and then rearranging the terms. This equation 

becomes  
 

(3.2) 3 4 ; 2 3 ;( ) [ ( ) ] 0,k j k j k j k j

ji k j i ji k ji k j i ji kP B y y Q b B b y R B y y S b B b y       

 

where 3P , 4Q , 2R  and 3S  are homogeneous functions of degree three, four, 

two and three respectively in the variables   and   and these are given as 

follows:  
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(3.3)     

2 2 3 /

3

4 4 2 2 /

4

2 2 2 /

2

2 /

3

2 (3 ) ,

( ) ,

( 3 ) ,

2 .

P e

Q e

R e

S e

 

 

 

 

     

    

   

 

  

  

  



 

 

Assume that the Finsler space with the metric (1.5) is a Berwald space (art
5
. 

25). Then ( )i i

jk jkB B x  and ( )k j k j h

ji k ji khB y y B a y y  is a quadratic form in 

iy . Since 3P , 4Q , 2R , 3S  and ;

j

j ib y  are rational functions of iy  whereas   

is an irrational function of iy , therefore from equation (3.2), we have  
 

(3.4)    3 4 ;( ) 0,k j k j

ji k j i ji kP B y y Q b B b y    
 

and  
 

(3.5)    2 3 ;( ) 0.k j k j

ji k j i ji kR B y y S b B b y    
 

If 
2 0  (mod  ), then 3 3 4 2 0P S Q R  and hence  

 

                           ;0, 0.k k k

ji kh hi kj j i ji kB a B a b B b     
 

The former yields 0k

jiB  . Consequently the latter gives ; 0j ib  . 
 

 Conversely if ; 0j ib  , then equation (1.6) gives 0ij ijr s  . Then (1.9) 

and (1.10) lead to 0iB  , 0k

jiB   and so ( )i i

jk jkG x . Hence nF  is a 

Berwald space. Thus we have the following theorem: 

 

Theorem 3.1. The Finsler space with the metric (1.5) is a Berwald space if 

and only if the vector ib  is covariantly constant, i.e. ; 0i jb   and the 

Berwald connection is given by 0( , ,0)i i

jk jB    .  

 

4.    Main Scalar of Two Dimensional Finsler Space  

with ( , )  metric (1.5) 
  

 The main scalar I of two dimensional Finsler space 2F with metric 

( , )L    is given by
7
  

 

(4.1)     

2 2

2 4

3

( )
,

4
( ) { }

TL
I

T




  
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where  is signature of the space, 2 2 2 2b    ,  
 

(4.2)    2 2 2

0 1 0 2 1( ) { ( ) } ,T p p p b p p p p         

 
12 2

0

1 2 1 2 2

1 2

(4.3) ( ) ,

( ) , ( ) (

,

.)

p LL p LL L

p LL L L p L L L L

  

     



   



   

 

  

    
 

 

and 
T

T






. If | |ijg g  and | |ija a  then in n dimensional Finsler space 

with ( , )  metric, we have
8
  

 

(4.4)       2( ) .ng p T a  
 

Substituting the values of L, L , L , L , L  and L  from (2.1) in (4.3), 

we get  

 

(4.5)     

2

2 3 2 3 2
02 3 4 4

2 2

3 2 2 3 2 3 3 2 3
1 23 4 5 4 4 3

( )
,                  ,

( ) ( ) ( )

( )
,        ,

( ) ( ) ( )

H A H C B
p p

A B H C H C A H A
p p

       

   

        
 

  
  

 
  

  

 

 

where 2H , 3A , 2B  and 3C  are given in equation (2.2). For a two 

dimensional Finsler space with ( , )  metric, we have
8
  

 

(4.6)     

3

2 .( )
Lg L

T L
a



 
 

 
   

 
 

 

Putting the values of L, L  and L  from (2.1) in the above equation (4.6), 

we get  
 

(4.7)     
3 2

2 3 3

5 6

( ) [ ( ) ]
.

( )

H A C
T

   

  

 



 

 

From (4.6) it follows that  
 

(4.8) 

32
2 2

3

3 1
2 ,( ) [ { }]

LT L L
T L L L L L



       
    

  
      
  
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where 
3 4 / 4

3 2 4

( ) 6

( )

L e
L

 



   

   

  
 
 

. Putting the values of L, L , 

L  and L  in equation (4.8), we get  
 

(4.9)    

2 3
22 2 2

3 35 7 6 7

2 4 / 4

3

3( ) ( )
[ ( ) ]

( ) ( )

[3 ( ) { ( ) 6 }].

H B H
T A C

C e



 

   
     

        

    
 

   

 

 

Putting the value of L in (4.1) we get the main scalar of two dimensional 

space with metric (1.5) as  
 

(4.10)     

2 24
2 2

4 4 3

( )( )
,

( ) 4
{ }

TH
I

T



  



 

 

where 2H , T and T  are given by (2.2), (4.7) and (4.9) respectively. Thus, 

we have the following theorem 
 

Theorem 4.1. The main scalar of two dimensional Finsler space with 

( , )  metric (1.5) is given by (4.10).  

 

5.    Equations of Geodesic of a Finsler Space with ( , )  metric (1.5) 
  

 In terms of the arc length s the equations of geodesic of nF  are written 

in the well known form
7 

  

(5.1)    
2

2
2 , 0,( )

i
id x dx

G x
ds ds

   

 

where functions ( , )iG x y  are given by  
 

                              
2

2 ( ), .
2

i ir j

r j i

L
G g y F F F      

 

Using the parameter  , (5.1) may be written as  
 

(5.2)    
2

2 '
2 , ,( )

i i
id x dx dx

G x
d ds d



  



    

 

where 
d

ds


   . 

But for an ( , )  metric L, the equations of geodesic are given by
8
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(5.3)   
2

00 02 2

2 2
0,

i
i i i

L LL Ed x
s p

d L L L

 

  


 

     

 

where 
2

i i ip b y



   and E is given by the equation (1.10). Putting the 

values of L , L , L  from (2.1) in the expression of *C  and E given by 

(1.10), we get  
 

(5.4)     
2 2

* 00 3 0 2

2

3 3

( )[ 2 ]

2 [ ( ) ]

r A s B
C

A C

   

    

 


 
 

and  

(5.5)     
2 2

2 00 3 0 2

2

2 3 3

[ 2 ]
.

2 [ ( ) ]

B r A s B
E

H A C

 

   




 
 

 

Putting the values of L, L , L , L  and E in the equation (5.3), we get the 

equations of geodesic for a Finsler space with metric (1.5) as 

  

(5.6)   
22

3 00 3 0 22
00 02 2

3 3 3 3

[ 2 ]2
0.

[ ( ) ]

i
i i iC r A s BBd x

s p
d A A A C




    


   

 
 

 

Taking 0  , we get the equations of geodesic of the associated 

Riemannian space nR as  

 

     
2

00 0
00 02 2 2

(2 ) ( 2 )
2 0.

[( ) (2 )]

i
i i ir sd x

s p
d b

 


     


   

  
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