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Abstract: The concept of semicompatible mappings is introduced by
Cho, Sharma and Sahu (Semicompatibility and fixed points, Math.
Japon, 42 (1995) no. 1, 91-98). In this note we use the concept of
semicompatible in metric space to prove some common fixed point
theorems.
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1. Introduction

The first important result in the theory of fixed point of compatible
mappings was obtained by Gerald Jungck® in 1986 as a generalization of
commuting mappings. Pathak, Chang and Cho? in 1994 introduced the
concept of compatible mappings of type(P). In 2004 Rohen, Singh and
Shambhu® introduced the concept of compatible mappings of type(R) by
combining the definitions of compatible mappings and compatible mappings
of type(P).

The aim of this paper is to prove some common fixed point theorems of
semicompatible mappings in metric spaces by considering four self
mappings. Following are definition of types of compatible mappings.

Definition® 1.1: Let S and T be mappings from a complete metric space
X into itself. The mappings S and T are said to be compatible if

limd(STx,,TSx,) =0 whenever {x,} is a sequence in X such that

nN—oo

limSx, =limTx, =t for some t e X.

n—o0 nN—oo

Definition® 1.2: Let S and T be mappings from a complete metric space
X into itself. The mappings S and T are said to be semicompatible if
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limd(STx,,Tx,)=0 whenever {x,} is a sequence in X such that

limSx, =limTx, =t for somet e X.

nN—0 nN—oo

Definition® 1.3: Let S and T be mappings from a complete metric space
X into itself. If w=Su=Tu for some u in X then w is called a coincidence
pointof Sand T.

Definition® 1.4: Let S and T be mappings from a complete metric space
X into itself. The mappings S and T are said to be weakly compatible if they
commute at their coincidence points, i.e. if Su = Tu for some u in X then
Stu = TSu.

2. Main Results

Now we give our main theorem.

Theorem 2.4: Let A, B, S and T be self maps of a complete metric space
(X, d) satisfying the following conditions:
(DA (X) €T(X) and B(X) < S(X),
(2)[d(AX, BX)]? < kd(Ax, SX)d(By, Ty)+ kod(By, Sx)d(Ax, Ty)

+ksd(Ax, SX)d(Ax, Ty)+kad(By, Ty)d(ByY, Sx),

Where 0 <ki + Ko+ ks +ka< 1; Ky, ko, k3, ka=> 0.
(3)One of A or S is continuous.

(DIA, S] is semicompatible and [B, T] is weakly compatible on X.
Then A, B, S and T have a unique common fixed point in X.

Proof: (3) Let Xo € X then by (1) there exists x;e X such that Tx; = Axg
and for x; there exists x,e X such that Sx, = Bx; and so on. Continuing this
process we can define a sequence {y,} in X such that

Yon+1= T Xon+1=AXzn and yon= SXon= BXon-1

then we have to prove that the sequence {y,} is Cauchy sequence in X.
By condition (2), we have

[d(Y2n+1, Y20)]*=[d(AXan, SX2n-1)]? < k1d(AXzn, SXan)d(BXan-1, TXzn1)
+ kzd(Bin-l, Sin)d(AXQn, TX2n.1) + k3d(AX2n, SXZn)
d(AXan, TXon-1)+ Kad(BX2n-1, TX2n-1)d(BX2n-1, SX2n)
= kad(Y2n+1, Y2n)d(Y2n, Yon-1) + 0 + Kad(Yan+1, Yan)
d(Yzn+1, Yan-1) +0 [d(Yan+1, Yon)/ < k1d(Yn, Yon-1)
+ Ks[d(Y2n+1, Y2n) + d(Y2n, Yon-1)]
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Ky +Kkg
1-Kq <1l

[d(y2n+1, Yon)/ < pd(y2n, Y2n-1) Where p =
Hence {yn} is Cauchy sequence.
Since X is complete so there exists a point ze X such that lim y, = z as
n—oo. Consequently subsequences AXan, SXan, BX2n-1 @and TXon+1 CONVeErges to
z. Let S be continuous. Since A and S are semicompatible on X, then by
proposition 1.5. we have $*z, — Sz and ASxg, — Sz as n — oo.
Now by condition (2) we have
[d(ASXan, BXan-1)]? < kad(ASXan, S2X2n)d(BXzn-1, TXan-1)
+ Kod(BX2n-1, SX2n)d(ASX2n-1, TX2n-1)
+ kgd(ASXQn, SZXZn)d(ASXZn, TXZn-l)
+ k4d(BX2n-1, TXZn-l)d(BXZn-l, SzXZn)-
AS h—oo, we have
[d(Sz, 2)]°< k2[d(Sz, 2)]?,
which is a contradiction. Hence Sz = z.
Now [d(Az, BXon1)]* < kad(Az, S2)d(BXzn-1, TXan-1)
+ kzd(Bin-l, SZ)d(AZ, TXZn-l)
+ k3d(Az, Sz)d(Az, Txon-1)
+ k4d(BX2n-1, TXZn.l)d(BXQn.l, SZ)
Letting n—oo, we have [d(Az, 2)]? < ks[d(Az, z)]°. Hence Az = z.
Now since Az =z, by condition (1) z € T(X). Also T is self map of X so there
exists a point u X such that z = Az = Tu. More over by condition (2), we
obtain,
[d(z, Bu)]?=[d(Az, Bu)]’< kxd(Az, Sz)d(Bu, Tu)
+ kod(Bu, Sz)d(Az, Tu)
+ k3d(Az, Sz)d(Az, Tu) + ksd(Bu, Tu)d(Bu, Sz).

ie. [d(z, Bu)]? < ka[d(z, Bu)]>.
Hence Bu=zi.e.,,z=Tu=Bu.
Since (B, T) is weak compatible we have Tz = Bz.
Now,
[d(Az, Bz)]’< kid(Az, Sz)d(Bz, Tz) + kod(Bz, Sz)d(Az, Tz)
+k3d(Az, Sz)d(Az, Tz) +k.d(Bz, Tz)d(Bz, Sz),
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ie. [d(Az, B2)]? < k[d(Az, Bz)]?
Hence, Az = Bz.

Therefore z is common fixed point of A, B, Sand T.

Again let A be continuous then AAx;, — Az and ASxp, — Az as n — oo.
Since A and S are semicompatible on X, then we have ASxz, — Sz as n — oo.
Hence Az = Sz.

Now by condition (2) we have
[d(AAX2n, BXon1)]? < k1d(AAXan, SAX2n)d(BXan-1, TXon-1)
+Kkod(BXon-1, SAX2n)d(AAX2n-1, TX2n-1)
+ k3d(AAX2n, SAX2n)d(AAX2n, TXon-1)
+ K40(BX2n-1, TX2n-1)d(BXon-1, SAX2n).
As h—oo, we have
[d(Az, 2)]°< ky[d(Az, 2)]%,
which is a contradiction.
Hence Az =z = Sz.

Now since Az = z, by condition (1) z € T(X). Also T is self map of X so there
exists a point u eX such that z = Az = Tu. More over by condition (2), we
obtain

[d(z, Bu)]*=[d(Az, Bu)]?< k1d(Az, Sz)d(Bu, Tu)
+ kod(Bu, Sz)d(Az, Tu)
+ k3d(Az, Sz)d(Az, Tu)
+ k4d(Bu, Tu)d(Bu, Sz)
ie. [d(z, Bu)]? < ka[d(z, Bu)]>.
Hence Bu=zi.e.,, z=Tu=Bu.
Since (B, T) is weak compatible we have Tz = Bz.
Now,
[d(Az, B2)]’< kid(Az, Sz)d(Bz, Tz)
+ kod(Bz, Sz)d(Az, Tz) + ksd(Az, Sz)d(Az, Tz)
+k4d(Bz, Tz)d(Bz, Sz).
ie. [d(Az, B2)]? <k[d(Az, Bz)]?.
Hence Az = Bz.
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Therefore z is common fixed point of A, B, Sand T.

Finally, in order to prove the uniqueness of z, suppose w be another
common fixed point of A, B, S and T Then we have,

[d(z, w)]*=[d(Az, Bw)]*< k1[d(Az, Sz)d(Bw, Tw)
+ d(Bw, Sz)d(Az, Tw)]
+ ko[d(Az, S2)d(Az, Tw)
+ d(Bw, Tw)d(Bw, Sz)],
which gives
[d(z, Tw)]* < k1[d(z, Tw)]? Hence z = w.
This completes the proof.
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