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1. Introduction
Let us consider a differentiable manifold M,, of differentiability class
C”. Let there be in M, a vector-valued linear function F of class C”,

satisfying the algebraic equation

(1.1a) ? = —aZX, for arbitrary vector field X,
where

__def
(1.1 b) X = FX and ‘a’ is a complex number.

Then {F} is said to give to M, a hyperbolic differentiable structure,
briefly known as HGF-structure, defined by the equations (1.1) and the
manifold M, is called HGF-manifold. The equations (1.1) give different

structures for different values of ‘a’.
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If a # 0, it is Hyperbolic m-structure, if a = £ 1, it is an almost
complex or an almost hyperbolic Product structure, if a = % 1, it is an almost
Product or an almost hyperbolic Complex structure and if a = 0, it is an

almost tangent or hyperbolic almost tangent structure.

Let the HGF-structure be endowed with a Hermite tensor g, such that

(1.2) g(X.Y) -a’g(X,Y)=0.

Then {F,g}is said to give to M,, a hyperbolic differentiable metric structure
and the manifold M, is called a hyperbolic differentiable metric structure
manifold.

Let us put

def

(1.3) 'F(X.Y)=g(X,Y).
Then the following equations hold:
(1.4a) 'F(X,Y)=—-F({,X),
i.e. 'F is skew-symmetric in X and Y.
(1.4b) 'F(X,Y)=a>F(X,Y),
i.e. 'F ishybridin X and Y.

(1.4¢) 'F(X,Y)=-"F(X,Y).

A bilinear function B in HGF-metric manifold is said to be pure in the two

slots, if

(1.5) B(X,Y)+a’B(X,Y)=0 .

It is said to be hybrid in the two slots, if
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(1.6) B(X.,Y)-a’B(X,Y)=0.
Let D be a connexion and X, Y and Z be C” vector fields in M,,,

the function K, defined by
def
(1.7) K(X.,Y,Z)=DyD,Z—-D,D,Z—-D 2,

is called the curvature tensor of the connexion D.

Let us put

def

(1.8) 'K(X,Y,Z,T)=g(K(X,Y,Z),T).

31

then

Then 'K is a real-valued 4-linear function, called associated curvature tensor

or Riemann christoffel curvature tensor of the first kind which satisfies the

following properties:

(i) It is skew-symmetric in first two slots:

(1.9) 'KX,Y,Z,T) =-K(Y,X,Z,T).

(i1) It is skew-symmetric in last two slots:
(1.10) 'K(X,Y,Z,T) =-KX,Y,T,Z).
(iii) It is symmetric in two pairs of slots:
(1.11) 'K(X,Y,Z,T) ='K(ZT,X,Y).
(iv) It satisfies Bianchi’s first identities:

(1.12) 'K(X,Y,Z,T) +'K(Y,ZX,T) + ' K(Z,X,Y,T) =0.

(v) It also satisfies Bianchi’s second identities:

(1.13) DOx'K)(Y,Z,T,U) + (Dy'K)(Z,X,T,U) + (DZK)(X,Y,T,U)

=0.
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The tensor defined by

(1.14) Ric(Y,Z)dif(ch)(Y,Z),

is called Ricci tensor, C, being the contraction operator.
It is a symmetric tensor of the type (0, 2):

(1.15) Ric(Y,Z) = Ric(Z,Y).

The linear map r, defined by

(1.16) g(r(X),Y) = g(X, r(Y)) is called Ricci map.

The scalar R, defined by
(1.17) R= (C/r)

is called the scalar curvature of M, at any point p.

In the HGF-metric structure manifold, Pseudo H- Conharmonic

Curvature tensor S*, and Pseudo Bochner Curvature tensor B* are given by

a2

+4)

(1.18)  S*(X,Y,Z)=KX)Y,Z)- ( [a’Ric(Y,Z)X —a’Ric(X,Z)Y
n

—¢(X,2)r(Y) + g(Y,Z)r(X) + Ric(X,Z)Y
—Ric(Y,Z)X —=2Ric(X,Y)Z + g(X,Z)r(Y)
—g(Y,Z)r(X) —2g(X,Y)r(2)],

2
a

(n+4)

(1.19) B*(X,Y,Z)=KX,Y,Z) - [a’Ric(Y,Z)X —a’Ric(X,Z)Y

—g(X,2)r(Y) + g(Y,Z)r(X) + Ric(X,Z)Y

—Ric(Y,Z)X —=2Ric(X,Y)Z + g(X,Z)r(Y)
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— gV, Z)r(X) —2¢(X,Y)r(Z)]

a’R

ot BDX g2 + (X, 2)Y

—2(Y,2)X -28(X.Y)Z].

The associated Pseudo H-Conharmonic curvature tensor 'S* and associated

Pseudo Bochner curvature tensor 'B* are given by

def

(1.20a) SH(X,Y,Z,T)=g(S*(X,Y,2),T),

def

(1.20b) '‘B*(X.Y,Z,T) = g(B*(X,Y,Z),T),

Consequently,

2
a

(1.21) S*X,Y,Z T)=KX)Y,ZT)— [a’Ric(Y,Z)g(X,T)
(n+4)

—a’Ric(X,Z)g(Y.,T) + Ric(X,Z)g(Y,T)
—Ric(Y,Z)g(X,T) —2Ric(X,Y)g(Z,T)

— g(X,Z)Ric(Y,T) +g(Y,Z)Ric(X,T)
—g(Y,Z)Ric(X,T) —2g(X,Y)Ric(Z,T)],

2
a

+4)

(1.22)  B*X,Y,Z T)="KX,Y,ZT)— ( [a’Ric(Y,Z)g(X,T)
n

—a’Ric(X,Z2)g(Y,T) — g(X,Z)Ric(Y,T)
+¢(Y,Z)Ric(X,T) + Ric(X,Z)g(Y,T)
—Ric(Y,Z)g(X,T) —2Ric(X,Y)g(Z,T)

+2(X,Z)Ric(Y,T) — g(Y,Z)Ric(X,T)
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S e a’R
— 2g(X,Y)RlC(Z,T)] +m[g(Y,Z)g(X,T)

- g(X,Z)g(Y,T) +g(X,Z)g(Y,T)

~g(Y,Z)g(X,T) —2g(X,Y)g(Z,T)].

2. n-Recurrence and n-Recurrence Symmetry of Different Kinds

Theorem 2.1. In the hyperbolic general structure metric manifold V,, if
any two of the following conditions hold for the same n-recurrence parameter
then the third also holds:

(i) Itis associated Pseudo H-Conharmonic (1) n-recurrent,

(ii) It is associated Pseudo Bochner (1) n-recurrent,

(iii) It is Ricci n-recurrent,
provided

a2

- & [V _,.VRU,...U Y.Z)e(V FYX.U),T
(n+2)(n+4)[( -V IRWU,,....U, _Ng¥,2)g(V,F)X,U,,T)

2.1)
- g((V,F)(X.U,).Z)g(Y.T) +g((V,F)X.U,).Z)g(Y.T)

+a’g(Y.Z)g(V, X)(U,).T) +2a’g((V, X)U,).Y)g(Z.T)}

Vi VAU, U, U Y, Z)g(V,  F)X,U, ).T)

~ (V. F)X,U, ), 2)g(Y,T) +g((V, ,F)X,U, ), Z)g(Y,T)

+a’g(Y,Z)g((V, , X)U, ),T) +2a*g((V, , X)U, ). Y)¢(Z,T)}
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.................... +V,..V.V.RU,.U,....U ){g(Y.Z)g((V,F)X,U,).T)

~g(V,F)(X,U,),Z)g(Y,T) + g(V,F)X,U,),Z)g(Y,T)
+a2g(Y,2)g(V, X)(U,),T) +2ag((V, X)(U,),Y)g(Z,T))
+HV V,R)U,,...U ){g(Y.Z)g((V,F)X,U,),T)

—g(V,F)(X,U,),2)g(Y,T) + g(V,F)(X,U,),Z)g(Y,T)

+a2g(Y,2)g((V, X)U,),T) +2a¢((V, X)U,),Y)g(Z,T)}

+(V, ..V RYU,,..U, )g(Y.Z)g(V,V, FYX.,U, ,U,).T)

n

- g((V,V, . F)X,U, ,,U)Z)g¥,T) +g((V,V, ,F)X.U, U)Z)g¥.T)

n - n-1

+a’g(Y,Z)g(V. V. X)U, . U)T) +2a°g((V.V

n ' n-l

X)U,.,U,)Y)g(Z,T)}

+(V,..V.R)U,,...U){g(Y,Z)g((V,V,F)X,U,,U,),T)

—¢((V,V,F)X,U,,U,),Z)g(Y,T) + g(V,V,F)X,U,,U,),Z)g(Y,T)
+a’g(Y,2)g(V,V, X)U,,U,),T) +2a’g(V,V, X)U,,U,),Y)g(Z,T)}

+V. AU g, Z)g(V, .V, F)X,U,,..U,).T)

n-1

—g((V, o V)X, U, U, ), Z2)8(Y,T) +g((V, ..V F)X,U,,..U,_)Z)g(Y.T)

n—=1*

+a’g(Y,2)g(V, .V, X)(U,,..U, ,),T) +2a°¢((V, .V, X)U,,..U, ),Y)g(Z,T)}

n-1°
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+(V,RYU){g(Y.2)g((V,.V,F)X,U,,..U).T) —g(V,.V,F)X.,U,....U,),Z)g(¥.T)
+¢((V,..V,F)X,U,,..,U,),Z)g(Y,T) +a’g(Y,Z)g(V, ..V, X)(U,,..U,),T)
+2a°¢((V,..V, X)(U,,...U,).Y)g(Z.,T)} +R{g(Y.Z)g((V,..V,F)XX,U,,...U,).T)
~¢((V,..V,F)X,U,,..,U,),Z)g(Y,T) +g((V,.V,F)XX,U,,..,U,),Z)g(Y,T)
+a’g(Y,2)g((V,..V,X)(U,,...U,).T) +2a’g((V,..V,X)U,,...U,).Y)g(Z,T)}

=0.

Proof: From the equations (1.21) and (1.22), we have
. a’R
2.2) 'S(X,Y,Z,T)='B (X,Y,Z,T)—-—————[g(Y,2)g(X,T)
(n+2)(n+4)

~8(X,2)g(Y.T) +g(X.2)g(Y.T) - g(Y.Z)g(X.T)
~2g(X.V)g(Z. 1],
Barring X in equation (2.2) and using the equation (1.1a) in the resulting
equation, we get
a’R

m[g(Y,Z)g(X,T)

23) 'S (X.Y,Z,T)='B (X.Y,Z,T)-

~¢(X,2)g(Y,T) +g(X,Z)g(Y,T)+a’g(Y,Z)g(X,T)

+2a%g(X,Y)g(Z,T)].
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Multiplying the equation (2.3) by B (Uj,..cccoirnnenee. ,U,), barring X then

using the equation (1.1a) in the resulting equation, we get
(24) a’B(U,,..U)'S(X,Y,Z,T)=a’B,(U,,.,.U,)' B (X,Y,Z,T)

B.(U, .. U R
_5.\M \ (X Z)e(V.T
midnis ST28X.T) 8(X.2)g(Y.T)

+8(X,2)g(Y,T)~g(Y,Z2)g(X,T) —2g(X,Y)g(Z,T)].

Differentiating the equation (2.3) with respect toU,,...,U,, using the equation

n?

(2.3), then barring X and subtracting the equation (2.4) from the resulting
equation, we get

(2.5)a*(v,..V,'S'¥(X,Y,Z,T,U,,...,U,)

~(V,_.V,'SYVY,F)X,U)Y,ZT,U,,...U, )

~(V..V.V,'SW(V,F)X,U,),Y,Z,T,U,U,,...U,)
—~(V,.V.V,'SY(V,F)X,U).Y.Z,T,U,,U,,...U,)

~(V, ,.V'SWVV, F)XX.U,_U)Y.ZTU,.U, ) eovvennnnn.n.

n n-1°

—-(V,.V,'SHW(V,V,F)X,U,,U,).Y,Z,T,U,,..,U,)

—~(V, 'SV, VXU, iU, VY ZTU,) e,

n—-1°*

-V, 'S*)((Vn...VZF)(g,UZ,...,Un),Y,Z,T,Ul)

~'S"(V,V,_,..VFXX,U,,...U,_,.U)Y,Z.T)

n-1?

=a’(v,.V,'B')X,Y,Z,T,U,,..,.U,)

—~(V,_,..V,'BY(V,FXX.,U).Y.Z,T,U,....U,)

n-1°

~V.V _,.V,'BY(V, FYX,U, )Y,ZTU,,..U, U,
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—g((V,F)(Y,U,).Z)g(X,(V,F)T.U,))
—~(V,..V.,V,'B)(V,F)X,U,).Y.Z,T,U,.U,,...U,)

~(V, ,.V,'BY(V.V, F)YX,U

n n-1

U).Y.Z,T,U,,...U,,)

n-1°

~(V...V,'BY(V,V,F)X,U,.U,),Y,Z,T,U,,...U,)

—~(V,'BY(V, ..V, F)X,U,,....U,).Y.Z,T,U,)

n—-1°

—~(V,'B(V,..V,F)X,U,,...U).Y,Z,T,U,)
-'B'(V,V,_ .V F)X,U,..U, U)Y,ZT)

-a’B,(U,,U,,...,U,)'B(X,Y,Z,T)

1

——{(V,..V U ) -
(n+2)(n+4){( g ViR, U )= RB, (U, U}

n

[e(Y,Z)g(X,T) —g(X,Z)g(Y,T) +g(X,Z)g(Y,T)

~2(Y,2)g(X,T) —2¢(X,Y)g(Z,T)]

a2

— V.V V,F)(X
+(n+2)(n+4) [( n—1 IR)(UI’ ’Un—l){g(Y’Z)g(( nF)(X’Un)’T)

~g((V,F)X,U,),2)g(Y,T) +g(V,F)X,U,),Z)g(Y,T)

+a’g(Y,2)g((V, X)U,),T) +2a*¢((V, X)U,),Y)g(Z,T)}
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+V,V, . V\RU,,..U, ,, U)g(Y.Z)g((V, ,FXX,U, ).T)

n-1

~ (V. F)X,U, ), 2)g(Y,T) +g((V, ,F)X,U, ), Z)g(Y,T)

+a’g(Y,Z)g((V, , X)U, ),T) +2a*g((V, , X)U, ). Y)¢(Z,T)}

+V,.V.VR)U,U,,.., Un){g(Y,Z)g((VzF)(f,Uz),T)

—g(V,F)(X,U,),2)g(Y,T) + g(V,F)X,U,),Z)g(Y,T)
+a%g(Y,Z)g((V, X)(U,),T) +2a°g((V, X)(U,),Y)g(Z,T)}
+V,.V,.R)U,,.., U,,){g(Y,Z)g((VIF)(Y,UI),T)—g((VIF)(?,Ul),Z)g(Y,T)

+g((V,F)X,U,),Z)g(Y,T) +a’g(Y,Z)g(V,X)(U,),T)

+2a2g((V, X)(U,),Y)g(Z,T)}

+(V, . V.RU,,..U, )Mg(¥,Z)g(V,V, ,FXX,U, ,,U,)T)

n - n-1

—g((V,V, \FYX,U, ,,U)Z)g(Y,T) +g((V,V, F)X,U,,,U)Z)g(Y,T)

+a’g(Y,Z)g(V,V, , X)U, ,,U,)T) +2a%g((V,V

n " n-l n ' n—l

X)U,..U,),Y)g(Z,T)}

............ +(V, ..V, R)U,,...U ) {g(Y,Z)g(V,V,F)X,U,,U,),T)
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—g((V,V,F)X,U,,U,),Z)g(Y,T) + g(V,V,F)X,U,,U,),Z)g(Y,T)

+a’g(Y,2)g(V,V, X)U,,U,),T) +2a’g(V,V, X)U,,U,),Y)g(Z,T)}

............ +V, R UMY, 2)g((V, ..V, FXX,U,,...U, ),T)

=]t

—g((V, ..V F)X,U,,..U, ). Z)g(Y.T) +g(V. ..V, FYX,U,....U,),Z)g(Y.T)
+2°8(Y,Z)8((V oo A G (/R U, ).T)
+2a2g((v”’1mvl§)(U1’W’U”’l)’Y)g(Z’T)} .....................................
+(V1R)(U1){g(Y,Z)g((Vn...VzF)(§,U2 ..... U).T)-gV,.... VZF)(Y,UZ,...,Un),Z)g(Y,T)
+g((V,.V,F)XX,U,,..U,).Z)g(Y.T) +a’g(Y,Z)g(V,.V, X)U,....U,).T)

+2a%g((V,..V, X)(U,....U,).Y)g(Z,T)} +R{g(Y.Z)g((V,..V,F)X,U,....U,).T)

—g((V,..V,F)X,U,,...U).Z)g(Y.T) +g((V,.V,F)X,U,..U)Z)g({¥.T)

+a’g(Y,Z)g((V,. NV, X)U,....U,).T) +2a’g((V,..V,X)U,,...U,).Y)g(Z.T)}.

Let the hyperbolic general structure metric manifold is associated Pseudo
H-Conharmonic (1) n-recurrent and associated Pseudo Bochner (1) n-recurrent
for the same n-recurrence parameter and the equation (2.1) is satisfied. Then

from the equation (2.5), we have
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(2.6) (VN RU,. U )= RB,(U,,sU Vg (V. 2)g(X.T)

n+2)(n+4) "

~8(X,2)g(Y,T) + g(X,Z)g(Y.T) - g(¥.Z)g(X.T) —2g(X,Y)g(Z,T)] =0.
or

(Voo V. RU, oo, U )=RB, (U, oo U.),

n

which shows that the manifold is Ricci n-recurrent.

Similarly, it can be shown that if the hyperbolic general structure metric
manifold is either associated Pseudo H-Conharmonic (1) n-recurrent and Ricci
n-recurrent or associated Pseudo Bochner (1) n-recurrent and Ricci n-recurrent
then it is either associated Pseudo Bochner (1) n-recurrent or associated Pseudo
H-Conharmonic (1) n-recurrent for the same n-recurrence parameter provided

the equation (2.1) is satisfied.

Theorem 2.2. In the hyperbolic general structure metric manifold M,, if any

two of the following conditions hold for the same n-recurrence parameter then

the third also holds:
(i) It is associated Pseudo H-Conharmonic (1) n- recurrent symmetric,
(ii) It is associated Pseudo Bochner (1) n- recurrent symmetric,
(iii) It is Ricci n- recurrent symmetric,

provided

2

(2.7) muvn,l.-.vlmwl,..,U,Fl){g(Y,Z>g<<V,1F><¥,U,,>,T>

~g((V,F)X,U,),2)g(Y,T) + g(V,F)X,U,),Z)g(Y,T)

+a’g(Y,2)g((V, X)U,),T) +2a*g((V, X)U,),Y)g(Z,T)}

e VRYU, U, U (Y, 2)g(V,  F)X, U, ).T)
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~ gV, F)X,U, ),2)g(Y,T) +g((V, ,F)X,U, ), Z)g(.,T)

+a’g(Y,Z2)g((V, , X)U, ),T) +2a*¢((V, , X)U, ),Y)g(Z,T)}

+(V,. V. VR, Uy, . U g (Y, 2)g(V,F )X ,U,),T)
—g(VoF)X,U,),2)g(Y.T) +g((V,F)X,U,),Z)g(Y,T)

+a2g(Y,2)g(V, X)(U,),T) +2a°¢((V, X)(U,),Y)g(Z,T))

+(V,..V,R)U,...U){g(Y.Z)g((V,F)X.U).T) - g((V,F)X,U,),Z)g(Y.T)
+8((V,F)(X,U)),Z)g(Y,T) +a>g(Y.Z)g((V,X)(U,).T)

+2a%g((V,X)(U,),Y)g(Z.T))

+V,,.V.R)U,,.., Unfz){g(Y,Z)g((VnV,HF)(g, u,.,.U)T)

~g(V,V, F)X,U,,,U)Z)g¥,T) +g(V,V, ,F)XX,U,,,U)Z)gX.T)

+a’g(Y,Z)g(V,V,, X)(U,,,U)T) +2a’¢(V,V,, X)U, ,U),Y)g(Z,T))

n ' n-l n—1

..................... +(V, ..V RU,....U ){g(Y,Z)g((V,V,F)X,U,,U,),T)

—¢((V,V,F)X,U,,U,),Z)g(Y,T) + g(V,V,F)X,U,,U,),Z)g(Y,T)



On Hyperbolic General Structure Metric Manifold 43

+a%g(Y,2)g(V,V, X)U,,U,),T) +2a°g(V,V,X)U,,U,),Y)g(Z,T)}

+HV,RUNgY.Z2)g(V,,..V F)X,U,,..U,_).T)

~¢((V, .V F)X,U,,..U, ), Z)g(Y,T) +¢((V, ,..V,F)X,U,,..,.U, ),Z)g(Y.T)

+a’g(Y,Z2)g((V, ..V, X)U,,...U,_).T) +2a’g((V, .V, X)U,,...U,).Y)g(Z,T)}

................. +V.RYUN{g(Y.Z)g(V,..V,F)X,U,,..U),T)

—g((V,.V,F)X,U,,..U,).Z)g(Y.T) +g((V,..V,F)X.U,....U,).Z)g(Y.T)
+a’g(Y,Z)g((V,..V,X)(U,,..U,).,T) +2a’g((V,..V, X)(U,.,...U,),Y)g(Z,T)}
+R{g(Y.Z)g((V,..V,F)XX,U,,..U,).T) —-g(V,..V ,FXX,U,....U,).,Z)g(Y.T)

+g((V,..VF)X,U,,..U,),Z)g(Y.T) +a’g(Y,Z)g((V,..V,X)U,....U,).T)

0.

+2a%g((V....V, X)U,....U).Y)g(Z,T)}

Proof: Let the hyperbolic general structure metric manifold is associated
Pseudo H-Conharmonic (1) n-recurrent symmetric and associated Pseudo
Bochner (1) n- recurrent symmetric then from the equation (2.5), we have

(28) (V,..V,R)U,....U)g(Y.Z)g(X.T) —g(X,Z)g(Y,T) +g(X,Z)g(Y.T)

~g(Y,Z)g(X,T) —2g(X,Y)g(Z,T)]=0,
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or

provided the equation (2.7) is satisfied, which shows that the manifold is Ricci
n-recurrent symmetric.

Similarly, it can be shown that if the hyperbolic general structure metric
manifold is either associated Pseudo H-Conharmonic (1) n-recurrent symmetric
and Ricci n-recurrent symmetric or associated Pseudo Bochner (1) n-recurrent
symmetric and Ricci n- recurrent symmetric then it is either associated Pseudo
Bochner (1) n- recurrent symmetric or associated Pseudo H-Conharmonic (1) n-

recurrent symmetric for the same n- recurrence parameter provided the equation
(2.7) is satisfied.

Note 2.1. Theorems of the type (2.1) and (2.2) can also be stated and proved
taking (2), (3), (4), (12), (13), (14), (23), (34), (123), (124), (134), (234) or
(1234) n- recurrent and (2), (3), (4), (12), (13), (14), (23), (34), (123), (124),
(134), (234) or (1234) n- recurrent symmetric hyperbolic general structure
metric manifold.
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