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Abstract: This paper contains the study of Kaehler manifold with
different approaches. We consider a Kaehler manifold with semi-
symmetric metric connection and obtain conharmonic curvature
tensor with respect to semi-symmetric metric connection. We
study conharmonic recurrent Kaehler manifold with respect to
semi-symmetric metric connection and obtain interesting results.
Also, we discuss Kaehlerian conharmonic symmetric manifold
with respect to a semi-symmetric metric connection.
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1. Introduction

In 1967, O. C. Andoni' and in 1981, M. C. Chaki® studied the theory of
semi-symmetric metric connection. B. B. Chaturvedi and P. N. Pandeyz"“’5

studied semi-symmetric metric connection in Kaehler and Hermitian
manifold.

Let(M",g),(n>?2)be an even dimensional manifold with structure E" ,

if F"satisfies the relation

(1.1) F/F'=-0!

j R

the manifold is called almost complex manifold. In almost complex
manifold, if

k
(1.2) Ej:_Fji (F,/ :giji ),

then the manifold is called Hermitian manifold.
In Hermitian manifold if
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(1.3) F' =0,

LJ
then the manifold is called a Kaehler manifold i.e. in a Kaehler manifold
equation (1.1), (1.2) and (1.3) hold, where Fi" is a tensor field of type (1, 1)
and Fis covariant derivative of F/with respect to Riemannian

connection.
. 6 . . . .
A Friedman and J. A. Schouten” considered a semi-symmetric metric

connection V and a Riemannian connection D with coefficients F: and
{Z}respectively. According to them if the torsion tensor T of the connection

V.on(M", g), (n>2) be

(14) 1) =6 0, -5} o,
then
(1.5) F;:{Z}Jr 5 0; —g; @',

where @"=w g", ®" being the contravariant components of the

generating vector @, and
(1.6) V.o=D,0-00+g,0,

where 0= 0"®),.
Friedman and J. A. Schouten® also shown that the curvature tensor with

respect to semi-symmetric metric connection and Riemannian connection
are related by

(1.7) szkm = szkm 8y T8 ik =8 i im T 8T jm »

where
1
(1.8) Ty =Vja)k—a)ja)k+5gjka).
Transvecting (1.7) by g™, we get
(1.9) R"=R"ic =0/ 7; + 87, — g 4 7] + 8, .

If wetake 6,7, = &) 7, then the equation (1.9) can be written as

(1.10) R'y=R"w—g,n'+g,7".
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Again transvecting (1.10) by g”*, we get
(1.11) R"'=R"' —(n-Dx] .

We well known that Riemannian curvature tensor R, Reci tensor R, and

scalar curvature tensor R are defined by
(1.12) R :ai{?‘k}_aj{f;c}+{Z}{lj‘k}_{ljl}{ék}’

Ra

i~ aij

(1.13) R

and
(1.14) R =R;g".
In (1967) Tachibana found the following identities
(1.15) F‘R/ =R'F/,
and
(1.16) F'R,=—R,F.
From (1.1) and (1.15), we get
(1.17) F'RIF/ =—R/.
Transvecting (1.16) by g, we get

(1.18) F‘R.=—R/F’.

a’” j
Equation (1.18) implies
(1.19)  F‘R! = 0.
The holomorphically conharmonic curvature tensor in Riemannian manifold

is defined by

h _ ph 1 h h
(1.20) T, =R; +m(gikRj_giji ).

Therefore the holomorphically conharmonic curvature tensor with respect to
semi-symmetric metric connection is given by
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_ 1 _ _
Tho_ h h
(L.21) Tuk _Ruk + (n-2) (gikRj_giji )s

where R , Rand R are called curvature tensor, Ricci tensor and scalar

curvature tensor with respect to semi-symmetric metric connection
respectively.
Using (1.10) and (1.11) in (1.21), we have

e h h h
(1.22) %*‘&W‘gﬁ%*wmﬂf+(_2ﬂ&AR ~(n-Dx’)

— g, (R —(n-Dx)))

From (1.17) and (1.22), we have

T! =R"

ijk ijk

1
h h a pb h h
—8 il T8yl + (n_z)(gik(_Fj R F,) —(n=-Dx;)

(1.23)
gjk (_F}aRijh _(n_l)”,‘h))-

Equation (1.23) implies

(1.24)
= h h 'F, 1 h
— a” b a
szk _szk (n _2)(gzk j _giji )+ (n _2)(g1k ; _gik”j)'

Using (1.2) in the equation (1.24), we have

2R’F.F"
(1.25) T!"=R" + k"b+1

h h
iik g T (n-2) (n-2) (gjkﬂ’.i _gikﬁj)°

Thus we have:

Theoreml.1. In a Hermitian manifold (M ", g),(n > 2) the holomorphic
conharmonic curvature tensor with respect to semi-symmetric metric
connection is given by (1.25)and the holomorphic conharmonic curvature
with respect to semi-symmetric metric connection will be equal to
Riemannian curvature tensor if and only if

(1.26) F,RF, =78,
Definition 1.2. In a Kaehler manifold if the curvature tensor satisfies

relation

(1.27) R .=, R}.

ijk ,a a ijk
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is called Kaehlerian recurrent manifold, where A, is a non -zero

recurrence vector
A Kaehler manifold which satisfies the relation

(1.28) =4, R;.

ya

is called Ricci- recurrent Kaehlerian manifold, where 4, is a non -zero
recurrence vector
Transvecting (1.28) by g” , we have

(1.29) R!' =4, R
Definition 1.3. The Kaehler manifold in which the relation
(1.30) To=4, T"

ijk >
satisfies is called a Kaehlerian conharmonic recurrent manifold, where
A, ais non-zero recurrence vector.

Taking covariant derivative of (1.24) with respect to V , we have

V R°E! I l
(1.31) VT =V Rl - (—’é’(g,kF - guk)
1 h n RV, E) I !
(g Vi — g,V ) - b (o Fl g
(n_z)(g]k a’ti 8ikVa j) ( 2) ( 8ik J g]k ’)
1 th ;
(l’l 2)( agjk a8ik ) ( _2)( ik gjk a l)

By straight forward calculation we can easily get

(a) V, R =D,R]

a” ik ijk >
() V.R'=DR'
(¢) V,x'=D,x,

(d) VaF;'h :DaEh’
(e) V,8,=D,sg,;.
If we take 7 =A 7z and using (1.3), (1.29) and (a, b, ¢, d, ) in (1.31),

i,a a

we have
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R'F/
(1.32) VT i ﬂ{R.’f - (g,kF gij)+

(-2
From (1.24) and (1.32), we have

1 h_ h
(-2 (gjkﬂ’-i 8i; )j

(1.33) VT!'=AT"

a” ijk a” ijk*

Thus we have:
Theorem 1.4. In a Kaehler manifold (M",g),(n>2) equipped with
semi-symmetric metric connection if n'ih be recurrent with respect to semi-

symmetric metric connection then the manifold will be called Kaehlerian
conharmonic recurrent manifold with respect to semi- symmetric metric
connection.

Taking covariant derivative of (1.24) with respect toV , we have

V_R'F/
(1 34) VaT;/k VaR:k ( _2) ( zk j _g/kF;l)
+ ! (g.V 7' — z)—m( Fl-g,F)
(n—2) gjk a’vi glk a ( _2) zk g/k
R'F)
h h ! !
+(n_2) (Vagjkﬂ’-i _Vugikﬂ’-j) = _bz) CIA F; _gjkVaFi )-

Using (1.3) in (1.34), we have

V.R'F)}

T h _ h a L~ b ! !

(135) Va]-'t]k _VaRijk - (n—_z)(giij _gjkE )
1

( _2)(g]k a l_g Vaﬂ’.])

Transvecting (1.24) by 4, , we have

(136) AT!'=AR" - AR'F)

h
a” ijk a” ijk ( _2) (g]k l_gikn.j)'

A,
k - szl
———(g.F, g, F )+ (n-2)

Subtracting (1.36) from (1.35), we have
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(1.37) VT,

_(V Rk_ﬂR ) (Vath_ﬂ’ath)th
i

o

aljk aljk

a’vj

+_n12(gjk(va7z'ih _ﬂ,an'l.h)—glk(v 7" ﬂ, 7] ))

Now let 7 be recurrent then theorem (1.4), we can say that 7, will also be

recurrent i.e. if V 7[ —/17[ this implies VT =1, T, k,therefore from

at/k

equation (1.35) we can say that if 7z be recurrent thenV R, Uk = ﬂaRuk

Thus we conclude:
Theoreml1.5. In a Kaehler manifold equipped with semi-symmetric
metric connection if ﬂ;’ is recurrent with respect to connectionV, then the

manifold will be Kaehlerian recurrent manifold equipped with semi-
symmetric metric connection.

Now we propose:

Theorem1.6. In a Kaehler manifold equipped with semi-symmetric
metric connection if ﬂ;’ g, =7'g i 1-€ zl'g i be symmetric in i and j indices
then conharmonic curvature tensor with respect to semi-symmetric metric

connection will be equal to conharmonic curvature tensor with respect to
Riemannian connection.

Proof. From equation (1.22), we have

1
(1.38) Ty =R +——(g,R! —g R ) +—— (g, 7! — g, 7).
(n-2)

1
(n-2)

If g jkﬂ'ih is symmetric in i and j indices then form equation (1.38), we have

— 1
(1.39) TUZ :ng + 0 (n-2) (g4 R j _gij;h)
Using (1.20), we have
(1.40) Y_‘UZ :Tl.;,i.

2. Kaehlerian Conharmonic Symmetric Manifold

Definition 2.1. A Kaehler manifold satisfying the relation
(2.1) T! =0.

ijk
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is called Kaehlerian conharmonic symmetric manifold.
Therefore from theorem (1.6) we can say that if 7'g, =7,g, then

Y_ZIZ =TU',’( and if our Kaehler manifold be conharmonic symmetric then from
(2.1) T,; =0 , this implies T} =0.

[/

Therefore we conclude:

Theorem 2.2. If a Kaehler manifold equipped with semi-symmetric
metric connection with condition 7t g P =7[;’ 8. be Kaehlerian conharmonic
symmetric with respect to Riemannian connection then this will also be

Kaehlerian conharmonic symmetric with respect to semi-symmetric metric
connection.
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