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Abstract: This paper contains the study of Kaehler manifold with 

different approaches. We consider a Kaehler manifold with semi-

symmetric metric connection and obtain conharmonic curvature 

tensor with respect to semi-symmetric metric connection. We 

study conharmonic recurrent Kaehler manifold with respect to 

semi-symmetric metric connection and obtain interesting results. 

Also, we discuss Kaehlerian conharmonic symmetric manifold 

with respect to a semi-symmetric metric connection. 
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1. Introduction 
 

In 1967, O. C. Andoni  and in 1981, M. C. Chaki  studied the theory of 

semi-symmetric metric connection. B. B. Chaturvedi and P. N. Pandey  

studied semi-symmetric metric connection in Kaehler and Hermitian 

manifold.        
 

Let )2(),,( >ngM n be an even dimensional manifold with structure ,h

iF  

if h

iF satisfies the relation 

(1.1)                    ,h

j

h

i

i

j FF δ−=  

the manifold is called almost complex manifold. In almost complex 

manifold, if 

(1.2)

 

                ),( k

ijkijjiij FgFFF =−=   

then the manifold is called Hermitian manifold. 

In Hermitian manifold if 

1 2

3,4,5
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,0)3.1( , =h

jiF  

then the manifold is called a Kaehler manifold i.e. in a Kaehler manifold 

equation (1.1), (1.2) and (1.3) hold, where h

iF  is a tensor field of type (1, 1) 

and h

jiF , is covariant derivative of h

iF with respect to Riemannian 

connection. 

A Friedman and J. A. Schouten
6
 considered a semi-symmetric metric 

connection ∇  and a Riemannian connection D with coefficients h

ijΓ and 

}{h

ij respectively. According to them if the torsion tensor T of the connection 

∇ on )2(),,( >ngM n  be  

,)4.1( i

h

jj

h

i

h

ijT ωδωδ −=  

then 

{ } ,)5.1( h

ijj

h

i

h

ij

h

ij g ωωδ −+=Γ  

where  hth

t

h
g ωωω ,=  being the contravariant components of the 

generating vector hω and 

,)6.1( ωωωωω ijjiijij gD +−=∇   

where .h

hωωω =  

Friedman and J. A. Schouten
6
 also shown that the curvature tensor with 

respect to semi-symmetric metric connection and Riemannian connection 

are related by  

,)7.1( jmikimjkikjmjkimijkmijkm ggggRR ππππ +−+−=   

where  

.
2

1
)8.1( ωωωωπ jkkjkjjk g+−∇=  

Transvecting (1.7) by ,mhg we get 

.)9.1( h

jik

h

ijkik

h

jjk

h

iijk
h

ijk
h

ggRR πππδπδ +−+−=  

If we take ik

h

jjk

h

i πδπδ =  then the equation (1.9) can be written as 

 (1.10)  .h

jik

h

ijkijk
h

ijk
h

πgπgRR +−=   



 
Again transvecting (1.10) by ,jkg we get 

 (1.11) .)1( h

ii
h

i
h

nRR π−−=   

We well known that Riemannian curvature tensor ,ijk
hR Rcci tensor ijR and 

scalar curvature tensor R are defined by  

 (1.12)   },}{{}}{{}{}{ l

ik

h

jl

l

jk

h

il

h

ikj

h

jkiijk
h

R −+∂−∂=  

 (1.13)   ,a

aijij RR =  

 and  

 (1.14)  .ij

ij gRR =      

        In (1967) Tachibana found the following identities  

 (1.15)   ,j

a

a

i

j

a

a

i FRRF =  

 and 

(1.16)  .a

jiaaj

a

i FRRF −=  

From (1.1) and (1.15), we get  

 (1.17)          .j

i

j

b

b

a

a

i RFRF −=  

Transvecting (1.16) by ,ijg we get  

(1.18)    .a

j

j

a

i

a

a

i FRRF −=  

Equation (1.18) implies 

(1.19) .0=i

a

a

i RF    

The holomorphically conharmonic curvature tensor in Riemannian manifold 

is defined by  

(1.20)      .)(
)2(

1 h

ijk

h

jik

h

ijk

h

ijk RgRg
n

RT −
−

+=  

Therefore the holomorphically conharmonic curvature tensor with respect to 

semi-symmetric metric connection is given by  
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,)(
)2(

1
)21.1( h

ijk

h

jik

h

ijk

h

ijk RgRg
n

RT −
−

+=  

where h

j

h

ijk RR , and R are called curvature tensor, Ricci tensor and scalar 

curvature tensor with respect to semi-symmetric metric connection 

respectively. 

Using (1.10) and (1.11) in (1.21), we have 

(1.22)       
[

].))1((

))1((
)2(

1

h

i

h

ijk

h

j

h

jik

h

jik

h

ijk

h

ijk

h

ijk

nRg

nRg
n

ggRT

π

πππ

−−−

−−
−

++−=
   

From (1.17) and (1.22), we have  

(1.23)      

).))1((

))1(((
)2(

1

h

i

h

b

b

a

a

ijk

h

j

h

b

b

a

a

jik

h

jik

h

ijk

h

ijk

h

ijk

nFRFg

nFRFg
n

ggRT

π

πππ

−−−−

−−−
−

++−=
 

Equation (1.23) implies 

(1.24)        

.)(
)2(

1
)(

)2(

h

jik

h

ijk

a

ijk

a

jik

h

b

b

ah

ijk

h

ijk gg
n

FgFg
n

FR
RT ππ −

−
+−

−
−=  

Using (1.2) in the equation (1.24), we have  

(1.25)       .)(
)2(

1

)2(

2
h

jik

h

ijk

h

bij

b

kh

ijk

h

ijk gg
nn

FFR
RT ππ −

−
+

−
+=  

Thus we have: 

Theorem1.1. In a Hermitian manifold )2(),,( >ngM n  the holomorphic 

conharmonic curvature tensor with respect to semi-symmetric metric 

connection is given by (1.25)and the holomorphic conharmonic curvature 

with respect to semi-symmetric metric connection will be equal to 

Riemannian curvature tensor if and only if 

(1.26)       .][ ki

h

j

h

b

b

kij gFRF π=  

Definition 1.2. In a Kaehler manifold if the curvature tensor satisfies 

relation 

.,

h

ijka

h

aijk RR λ=  (1.27)



 
is called Kaehlerian recurrent manifold, where

 
aλ   is a non -zero 

recurrence vector 

A Kaehler manifold which satisfies the relation 

(1.28) ., ijaaij RR λ=  

is called Ricci- recurrent Kaehlerian manifold, where aλ  is a non -zero 

recurrence vector 

Transvecting (1.28) by hjg  , we have 

(1.29)

 

.,

h

ia

h

ai RR λ=  

Definition 1.3. The Kaehler manifold in which the relation 

,,

h

ijkaak Tλ=  

satisfies is called a Kaehlerian conharmonic recurrent manifold, where 

aλ a is non-zero recurrence vector. 

Taking covariant derivative of (1.24) with respect to ∇  , we have  

(1.31) ( )
( 2)

1
( ) ( )

( 2) ( 2)

1
( ) ( ).

( 2) ( 2)

b h
h h l la l b

a ijk a ijk ik j jk i

b h
h h l ll a b

jk a i ik a j ik j jk i

b h
h h l ll b

a jk i a ik j ik a j jk a i

R F
T R g F g F

n

R F
g g g F g F

n n

R F
g g g F g F

n n

π π

π π

∇
∇ =∇ − −

−

∇
+ ∇ − ∇ − −

− −

+ ∇ − ∇ − ∇ − ∇
− −

 

By straight forward calculation we can easily get  

,)(

,)(

,)(

h

ia

h

ia

h

ia

h

ia

h

ijka

h

ijka

Dc

RDRb

RDRa

ππ =∇

=∇

=∇

 

 

                                            
.)(

,)(

ijaija

h

ia

h

ia

gDge

FDFd

=∇

=∇
 

If we take  h

ia

h

ai πλπ =,    and using (1.3), (1.29) and (a, b, c, d, e) in (1.31), 

we have  
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(1.32) .)(
)2(

1
)(

)2( 







−

−
+−

−
−=∇ h

jik

h

ijk

l

ijk

l

jik

h

b

b

lh

ijka

h

ijka gg
n

FgFg
n

FR
RT ππλ  

From (1.24) and (1.32), we have  

.)33.1( h

ijka

h

ijka TT λ=∇  

Thus we have: 

Theorem 1.4. In a Kaehler manifold )2(),,( >ngM n   equipped with 

semi-symmetric metric connection if 
h

iπ be recurrent with respect to semi-

symmetric metric connection then the manifold will be called Kaehlerian 

conharmonic recurrent manifold with respect to semi- symmetric metric 

connection. 

Taking covariant derivative of (1.24) with respect to∇ , we have 

).(
)2(

)(
)2(

1

)(
)2(

)(
)2(

1

)(
)2(

)34.1(

l

iajk

l

jaik

h

b

b

lh

jika

h

ijka

l

ijk

l

jik

h

ba

b

lh

jaik

h

iajk

l

ijk

l

jik

h

b

b

lah

ijka

h

ijka

FgFg
n

FR
gg

n

FgFg
n

FR
gg

n

FgFg
n

FR
RT

∇−∇
−

−∇−∇
−

+

−
−

∇
−∇−∇

−
+

−
−

∇
−∇=∇

ππ

ππ

 

Using (1.3) in (1.34), we have 

).(
)2(

1

)(
)2(

)35.1(

h

jaik

h

iajk

l

ijk

l

jik

h

b

b

lah

ijka

h

ijka

gg
n

FgFg
n

FR
RT

ππ ∇−∇
−

+

−
−

∇
−∇=∇

 

Transvecting (1.24) by aλ  , we have 

.)(
)2(

)(
)2(

)36.1( h

jik

h

ijk
al

ijk

l

jik

h

b

b

lah

ijka

h

ijka gg
n

FgFg
n

FR
RT ππ

λλ
λλ −

−
+−

−
−=  

Subtracting (1.36) from (1.35), we have 



 

( ).)()(
2

1

)(
)2(

)(
)()37.1(

h

ja

h

jaik

h

ia

h

iajk

l

ijk

l

jik

h

b

b

la

b

lah

ijka

h

ijka

h

ijka

h

ijka

gg
n

FgFg
n

FRR
RRTT

πλππλπ

λ
λλ

−∇−−∇
−

+

−
−

−∇
−−∇=−∇

 

Now let  h

jπ  be recurrent then theorem (1.4), we can say that h

ijkT will also be 

recurrent i.e. if h

ia

h

ia πλπ =∇ this implies ,h

ijka

h

ijka TT λ=∇ therefore from 

equation (1.35) we can say that if h

iπ be recurrent then h

ijka

h

ijka RR λ=∇ . 

Thus we conclude: 

Theorem1.5. In a Kaehler manifold equipped with semi-symmetric 

metric connection if 
h

jπ is recurrent with respect to connection ∇ , then the 

manifold will be Kaehlerian recurrent manifold equipped with semi-

symmetric metric connection. 
 

Now we propose: 
 

Theorem1.6. In a Kaehler manifold equipped with semi-symmetric 

metric connection if jk

h

iik

h

j gg ππ =  i.e jk

h

i gπ  be symmetric in i and j indices 

then conharmonic curvature tensor with respect to semi-symmetric metric 

connection will be equal to conharmonic curvature tensor with respect to 

Riemannian connection. 
 

Proof. From equation (1.22), we have 

(1.38) ).(
)2(

1
)(

)2(

1 h

jik

h

ijk

h

ijk

h

jik

h

ijk

h

ijk gg
n

RgRg
n

RT ππ −
−

+−
−

+=  

If h

ijkg π  is symmetric in i and j indices then form equation (1.38), we have 

)(
)2(

1
)39.1( h

ijk

h

jik

h

ijk

h

ijk RgRg
n

RT −
−

+=  

Using (1.20), we have  

.)40.1( h

ijk

h

ijk TT =  

2. Kaehlerian Conharmonic Symmetric Manifold 

 

Definition 2.1. A Kaehler manifold satisfying the relation 

.0=h

ijkT  

                                 Study of Conharmonic Recurrent Symmetric                                 17

(2.1)



 18                                          B. B. Chaturvedi and B. K. Gupta  

is called Kaehlerian conharmonic symmetric manifold. 

Therefore from theorem (1.6) we can say that if ik

h

jjk

h

i gg ππ = then 

h

ijk

h

ijk TT = and if our Kaehler manifold be conharmonic symmetric then from 

(2.1) 0=h

ijkT  , this implies 0=h

ijkT . 
 

Therefore we conclude: 
 

Theorem 2.2. If a Kaehler manifold equipped with semi-symmetric 

metric connection with condition ik

h

jjk

h

i gg ππ = be Kaehlerian conharmonic 

symmetric with respect to Riemannian connection then this will also be 

Kaehlerian conharmonic symmetric with respect to semi-symmetric metric 

connection. 
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