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Abstract: This paper presents an improved estimator of population
mean under the frame work of two phase sampling scheme in presence
of two auxiliary variables. Performance of the proposed estimator has
been examined in terms of theoretical and empirical comparisons.
Empirical studies suggest that the proposed estimator dominates over
the several well known estimators under the similar situations. Results
are analyzed and recommendations have been made.
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1. Introduction

In sample surveys it is an usual practice to make use of information on
auxiliary variables to obtain more efficient estimators. It is well known that
when the auxiliary information is to be used at the estimation stage, the
ratio, product and regression estimators are widely utilized in many
situations. If the information on the auxiliary variable is not available a large
preliminary sample is usually taken from the population to furnish an
estimate of the population mean of the auxiliary variable and a sub sample
from the preliminary sample is drawn for collecting the information on
study variable. This technique known as two-phase sampling is especially
appropriate if the information on auxiliary variable is easily accessible and
much cheaper to collect than the information on study variable. Utilizing the
information on known population mean of another auxiliary variable in first
phase sample, Chand' introduced chain-type ratio estimator of population
mean of study variable. Further his work was extended by Kiregyera®
Mukharjee et al.?, Sirvastava et al.’ Singh and Singh®, Singh et al.”, Singh
and Upadhayaya8 , Upadhayaya and Singhg, Singh10 and Pradhan' among
others. Motivated with the preceding work the aim of present research is to
propose a new chain-type estimator in two-phase sampling which may
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estimate the population mean in more precise way in compare to the
contemporary estimators of similar kind.

2. Two-Phase Sampling Set Up

Let U=(U,, U,,..., U )be a finite population of size N and the variables
associated with the unitU,of population is (y,, x;,z;) (i=1, 2,...,N).We

wish to estimate the population mean Y of study variable y in the presence
of two auxiliary variables x and z. Let x and z be called as first and second
auxiliary variables respectively such that y is highly correlated with x while
in compare to x, it is remotely correlated with z (i.e.p,, >p,, ). When the

population mean X of x is unknown but information on z is available on all
the units of the population, we use the following two-phase sampling
scheme.

Let us now consider a two-phase sampling where in the first phase a
large (preliminary) sample s'(s’c U) of fixed size n’is drawn following
SRSWOR and observe two auxiliary variables x and z to estimate X, while

in the second phase a sub-sample sc s of fixed size n is drawn by
SRSWOR to observe the characteristic y under study.

3. Estimators Based on One Auxiliary Variable

Ratio and regression estimators in two-phase sampling are the traditional
estimators utilize the information on one auxiliary variable and are
reproduced below along with their respective mean square error up to the
first order approximations.

(3.1) ¥, =21%

X
(3.2) M(y,)=Y?[fic}+f,(c}-2p,,C,C,) |
(3.3) V=Y +b,, (n)(XX)

G4 M(Tw)=S [ (1L )+ 03 |
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where b, ( n) is the sample regression coefficient of y on x calculated from

the data based on s and

y=— Zyl,x——ZJc and x——le, f= (——%)

i€s i€s ies

variables y and x

4. Estimators based on two auxiliary variables

Chand' introduced a chain-type ratio estimator under two-phase
sampling using two auxiliary variables x and z when the population mean

X of x is unknown but information on z is available on all the units of the
population (i.e. population mean Z of auxiliary variable z is known), which
is given as

.1 y.=217
X Z

The mean square error of the estimator y,. up to the first order
approximations is derived as

42 M(3,)=Y"[£,C+,(C12p,C,C )+, (CI2p,,C,C, ) |
where szi

between variables y and z.
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Kiregyera®® extended the work of Chand' and suggested chain-type
ratio to regression, regression to ratio and regression to regression
estimators of population mean of study variable y in two-phase sampling
which utilize the information on two auxiliary variables. The suggested
estimators are given below along with their respective mean square error up
to the first order approximations.

43) 3 =2[¥+b, (n)(27)]
@4 M(3,,)=Y[,(C+C-2p,,C,C,)+£,Cl+£,p,C, (p,,C,-2p,,C, )|

’
e

(45) yk2=y+byx (n)(iid_i)’ er= )Z(:z

- V22 2 2 2 Ci CZ
(4‘6) M(Ykz):Y Cy f1 (1 pyx)+f2 pyx+pyx C2 _2pyxpyz C
(47) yk3=y+byx (n)(i;d _i) ;i;d=|:i,+bxz (n,)(z_f)]
48  M(Yu)=YCl[ £ (1-p} ) +£, (140700, -20,0,.0., )

where b, (n") is the sample regression coefficient of x on z calculated from

;=1 . . .
the data based on s, z :—Z:zi andp_,is the correlation coefficient

7
ies'

between x and z.
5. Proposed Estimator

Motivated with the work related to the proposition of chain-type
estimators in two-phase sampling set up, we suggest below regression to
exponential chain type estimator of population mean Y of the study
variable y.
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(5.1) T=y +b, (n)(X"-X")

where y'=y+b,, (n)(Z-z), i**=i'exp(zz:;jand f:iexp(zz_;;j

where b, (n)is the sample regression coefficient of 'y on z calculated from
the data based on s.

6. Properties of the Proposed Estimator

Theorem 6.1: Bias of the estimator T defined in (5.1) up to the first order
approximations is obtained as
112 ]J

(6.1) B(T):f(M _M]_l_f (l(lazu 3
. 1 | =
Ooos  Ooi3 Z\20,, 8

where ur8t=E[(xi-)_()r(yi—§_{)s(zi—Z)t}; (r,s, t) 20 are integers.

NI|><I

Theorem 6.2: Mean square error of the estimators T defined in (5.1) up to
the first order approximations is derived as

2
_ e C
6.2) M(T)=Y’C}|f,(1-p2,)+f, pix{z(czj P -1J+Zpyzpyxpxz

X X

7. Efficiency Comparison

In this section we compare the proposed estimator T with respect to the
estimators Y ;. Y,q> Yoo Yir» Yo a0d Y,,;. Preference zones of the estimator T
are explored and shown below:

(i) T is better than y ,if M(T)<M(y,,), which gives
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f

—_

2
C
Al_(pyx_cx ]
(7.1) —_— 7 <

2
Py

lwr]

2

(i) T is preferable over y,,if M(T)<M(y,,), which shows

f

1

<L
f

(7.2) A
yz

(iii) T will dominate y, if M(T)<M(7y,. ), subsequently we get
fZ

2
C
Al_(pyx_ XJ _piz
Cy
(7.3) . —=<2
1 X 7~ - z
y: Cy Y: Cy y:

(iv) T is more efficient than y,,if M(T)<M(y,,), which gives
2

2
C
Al_(pyx_CxJ - p?fz
(7.4) d <2

2 2 - f
C, c,| ., h
Al_ pyx_C - pyz_psz _pyz
y y

(v) T is more desirable over y,, if M(T)<M(Yy,, ), which is shown below

—

Al _piz <

(7.5)

—h |N'—b

—_

2
C [C
Al+p§/x CZ(CZ_zpyxpyzj _pix

X X

(vi) T is favorable over y,if M(T)<M(y,,), subsequently we get
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Al_piz <f2

(7.6) S—=
A1+pf/x (piz_l)_zpyxpyszz fl

C[1C
where Alzpix CZ (Zc_z'pxzj-i_ 2pyzpyxpxz

8. Empirical Studies
To examine the performance of the proposed estimator T, we have
computed the percent relative efficiencies of T with respect to
Yiao Yias Yees Yir» Yio and Y, based on seven natural populations and presented

in Table-1.The percent relative efficiencies of the estimator T with respect
to an estimator O is defined as

{MSE(S)
PRE=|——~
MS

E(T):IXlOO

Population I: Source: Fisher et al."

Y: Measurement of Petal width
X: Measurement of Sepal width
Z: Measurement of Petal length

N=50, n’=18, n=8, Y = 2.026, p,=0.5377, p,=0.3221,
p,, = 0.4010, Ci =0.018009,C; = 0.011524, C2=0.009683.

Population II: Source: Fisher et al. "

Y: Measurement of Petal width
X: Measurement of Sepal width
Z: Measurement of Petal length

N=50, n"=20, n=10, Y = 2.770, p_, = 0.5259, p,, = 0.5605,
p,, = 0.7540, C2=0.012566,C2= 0.007343, C2=0.011924.

Population III: Source: Cochran "

Y: Number of ‘placebo’ children
X: Number of paralytic polio cases in the placebo group
Z: Number of paralytic polio cases in the ‘not inoculated’ group
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N=34, n"=15,n=10, Y =4.92, X =259, Z=291, p,, = 0.7326,
p,,=0.6430, p,,=0.6837, C;=1.0248, C:=1.5175, C;=1.1492.
Population IV: Source: Shukla'

Y: measurement of yield of fiber
X: measurement of height
Z: measurement of base diameter

N=50, n"=15, n=8, Y =2.5840, X =2.59, Z=2.91, p, = 0.4800,
p,,=0.3700, p,,=0.7300, C;=0.0866, C2=0.01163, C.=0.0170.

Population V: Source: Fisher et al. "

Y: Measurement of Petal width
X: Measurement of Sepal width
Z: Measurement of Petal length

N=34, n’=15, n=10, Y = 2.770, p,, = 0.5605, p,, = 0.5259,
p,, = 0.7540, Ci =0.012566,C: = 0.007343, C2=0.011924.

Population VI: Source: Srivnstava, Srivastava, and Khare *

Y: Measurement of weight of children.
X: Mid-arm circumference of children
Z:: Skull circumference of children

N=82, n'=43,n=25, Y=5.60 kg, p, = 0.09, p,, = 0.12,
p,, = 0.86, C2=0.0107,C>= 0.0052, C*=0.0008.
Population VII: Source: Anderson®

Y: Head length of second son.
X: Head length of first son
Z: Head breadth of first son

N=25, n’=10,n=7, Y = 183.84, p, = 0.7108, p,, = 0.6932,
p., = 0.7346, C2=0.002981,C> = 0.002766, C = 0.002381.

Table 1: Percentage relative efficiencies of M(T) with respect to different
estimators M (yrd ) .M (?lrd ) .M (yrc ) M (ykl ) M (?kz ) and M (§k3 )
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PRE FOR POPULATION I

Fstimator Y Yira Yie Y Yio Yis

T 11141 | 10548 | 114.298 | 106.83 | 102.18 | 101.40
PRE FOR POPULATION II

T | 12415 | 119.03 | 11643 | 107.21 | 102.73 | 103.53
PRE FOR POPULATION IIT

T | 16040 | 139.68 | 136.66 | 123.10 [ * [ 100.85
PRE FOR POPULATION IV

T | 108.14 | 107.26 | 100.95 | 101.23 | 102.20 | 100.00
PRE FOR POPULATION V

T | 12400 | 121.20 [ 11831 | 103.42 [ 103.09 | 101.23
PRE FOR POPULATION VI

T | 122.89 | 12047 | 12325 | 131.54 | 100.18 | 100.00
PRE FOR POPULATION VII

T | 15926 | 154.07 | 109.13 | 10458 | 100.00 | 102.70

(*) denotes no gain.

11. Conclusions

From Table-1, it is visible that the proposed estimator T is preferable
over the estimators Y, ;,Y,q>Y.e» Yi1» Yio ad Yy, in almost all the populations.
Therefore the proposed estimator may be recommended for its practical
applications.
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