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Abstract: The purpose of the present paper is to find the necessary and
sufficient conditions under which a conformal B-change of Finsler
metric becomes a projective change .We have also found a condition
under which a conformal B-change of Finsler metric leads a Douglas
space into a Douglas space.
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1. Introduction
Let F“=(M " L) be an n- dimensional Finsler space on the differentiable

manifold M™, equipped with the fundamental function L(x,y). B. N. Prasad
and Bindu Kumari* and C. Shibata? have considered the - change of Finsler
metric given by

L'(x,y)=f (L, p),

where f is positively homogeneous function of degree one in L and £, where
p given by
B(x.Y)=bi(x)y’

is a one-form on M™ .

The conformal theory of Finsler space was initiated by M. S.
Knebelman? in 1929 and has been investigated in detail by many authors
(Hashiguchi#, 1zumi®® and Kitayama’). The conformal change is defined as
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L (x,y)—=>e" X L(x,y),

where o(x) is a function of position only and known as conformal factor.

In this paper we have combined the above two changes and have
introduced another Finsler metric defined as

(1.1) L(x,y)=e" f(L, ),

where o(x) is a function of x and (x,y)=b,(x)y' is a 1-form on M™.

This conformal change of (L, 8)— metric will be called as conformal A-
change of Finsler metric. When &=0, it reduces to a S-change. When
o=constant, it becomes a homothetic A-change. When f (L, ) has special

L2 L2 Lm+1
L-g" B "
conformal Matsumoto change, conformal Kropina change, conformal
generalized Kropina change of Finsler metric respectively. The Finsler
space equipped with the metric Lgiven by (1.1) will be denoted by F™.

Throughout the paper the quantities corresponding to F™ will be denoted by
putting bar on the top of them. The fundamental quantities of F" are given

by

forms asL+z,

(m=0,-1), we get conformal Randers change,

2 2 2] 2

We shall denote the partial derivatives with respect to x'and y' by ¢, and
o, respectively and write

L=5L, L, =0,5L, L, =8,0,6,L.

Then L=l, L™h;=L;;. The geodesics of F™ are given by the system of
differential equations

2
94X 26| x, 9% =0,
ds ds

where G'(x,y) are positively homogeneous of degree two in y' and are
given by

2

i ~iif T A L
2G'=g'(y'9,6,F-0;F), F=—
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where g" are the inverse of g;;.
Berwald connection Brz(G‘jk,G‘j,O) of Finsler space is given byé:
_ i 0G|

The Cartan’s connection(F',,G},C',) is constructed from the metric
functionL with the help of following axioms®:

(1) Cartan’s connection CI" is v-metrical.

(2) Cartan’s connection CI" is h-metrical.

(3) The (v)v-torsion tensor field S of Cartan’s connection vanishes.

(4) The (h)h-torsion tensor field T of Cartan’s connection vanishes.

(5) The deflection tensor field D of Cartan’s connection vanishes.

The h- and v- covariant derivatives with respect to Cartan’s connection
aredenoted by |, and | respectively. It is clear that the h-covariant

derivative of L with respect to BI' and CI' is the same and vanishes
identically. Further-more, the h-covariant derivatives of L, L;; with respect

to CI' are also zero. We shall write
25, =by;+by;, 25, =by;—by,.

il

2. Difference Tensor of Conformal g-Change

The conformal - change of Finsler metric L is given by

L(x,y)=e" f (L, ),

wheref is positively homogeneous function of degree one in Land £.
Homogeneity of fgives

Lf,+Bf,=f,

where subscripts “1”” and “2” denote the partial derivatives with respect to
L and frespectively.

Differentiating above equations with respect to L and S respectively,
we get
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Lf,+pf,=0 and Lf,+/f,=0.

Hence, we have

which gives
fy =fo, f,="LBw, f,= L,

where Weierstrass function w is positively homogeneous of degree-3 in
L and B . Therefore

Lo+ o, +30=0,

where w; and w, are positively homogeneous of degree —4 in L and .

Throughout the paper we frequently use the above equations without
quoting them. Also we have assumed that f is not a linear function of
L and S sothat w # 0.We now put

(2.1) G'=G'+D'.
Then G/=G+D, and G',=G',+D'; , where D/=9,D' and D',=4,D;.

The tensors D?, Dji and Djikare positively homogeneous in y‘of degree

two, one and zero respectively. To find D' we deal with equation Lij k= 0,
i.e.,

(2.2) oL L Gi-L

1) jr

ri Firk_LirF;kzo :

Since 9,8 = bi from (1.1),we have

(2.3) L=e"(fL,+f,b,),

L=’ L+ Aol Li—LAa(Lb+L b )+L7bb |,
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AL+ B o(L L +L L+ L, L )-LBe(b, L +b L, +h L, )
L= +8(20+ B, )(LiL b +L L b +L L b, )+ FoLL L, :

~L(w+pw,)bb;L,+bb, L +b b, L )+L?mbb b,

al::eo.

fo;Li+a( 5 Li—LBb, ), L+a(L*b~LAL, )0, 8
#1500+ EL+5b,)o, |

| ol —~ Le, J(L.b.+L b,
fo L+ prol-florlo)LbiLb) oL
+plo,L L +L(20+Lo, )ob,

~LpoL,+p(20+fw,)LiL,

+ 2 kﬂ
~L(w,+ B, )(Lib;+L b, )+ L w,b b,

+B* oL ~LBab; )0, Li+(B oL ~LBab, )0, L,

+o(L’b;~LAL; )0, bi+e(L*~LAL, )o,b,

H L+ oL L —Lpo(Lb+L b )+ b b o,

=]

6,L

D
Q

i

oo
where o=k
X

Since Ly, = 0 in F, after using (2.1), we have

(2.4) o.L;-L,,,Gi-L;Fy—L,F"=0.

ijr

Substituting in the above equation the values of d,L;;,L; and Ly, from
(2.3) in (2.4) and then contracting the equation thus obtained with y*, we

get

2L, D"+ D{+L, D~ L’b;~LAL; )(r,e+S;,)
—LpoL i+ B(20+pw,)LL,

~L(@+Bw,)(Lib;+L b, )+ L w,b b, o

H L+ oL L i—LBo(Lb+L b )+ wb b }o=0,

(2:5) _w(Lzbi_LﬂLi)(rjoJrst)_{




24

H. S. Shukla and Neelam Mishra

where’0’ stands for contraction with y<viz., r ;=r , ¥, ro=r , y'y*, o =0y’
and we have used the fact that D', y“=D',, y*=D', %, where°D' ,=F' , —F' .

Next, we deal with L;;; = 0, that is,

ilj

(2.6) o,L,-L,G\-L,F{=0.

J

Putting the values of 9;L;, L;, and L, from (2.3) in (2.6) we get,

fby={ L, + B oL L, ~LBa(Lb+L b )+ wbb, | D]

+(f,L,+£b, ) Dj,~(L* b~ LBl )(ro+so; )-(fLi+ £,0;)o;

hence after using 2r;; = b;j; + bj;and 2s;; = by — b;j; \we get

21, ={ L+ oL L ~LBa(Lb+Lb )+ wbb, |D]

+H AL+ B oL L ~LBo(L;b+L b, )+L*wb b, D]
(2.7)
~(LPab—LBaL, )(re;+Sy; )—-(L?ab;~L oL )(ry+sy )

~(fLi+ fby)oy—(fL;+ £b; )o+2(fL + f,b,) D]

ij?

21,5,={ L, + S 0L L,~LBo(Lb,+L b )+ wbb, | D]

+H AL+ B oL L ~LBo(L;b+L b )+L*wb b, D]
(2.8)
~(LPab—LBaL, )(re;+Sy; )+(L° b~ Lol )(ro+sy)

—(fL+ fby)oy+(fL;+ £,b; )o; +2(f,L+ b, )°Dy;.

Subtracting (2.7) from (2.5) and contracting the resulting equation with y',
we get

“2{fL;+F oL L~LBo(L,b+L b, )+L*wb b, |D"
(2.9)
HL?abj~LBoL ) o+2 1y =20, DS ~(f L+ f,B)o;—( L+ f,b; )y

Contracting (2.9) with y/ , we get
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(2.10) {fL+ fzbr}Dr:%( f,r oo+ fop).

Subtracting (2.8) from (2.5) and contracting the resulting equation with y/,
we get

{fL,+B oL L,~LBa(L;b+L b)+L*ebb, |D’

(2.11) = f25i0+%(L2a)bi—Lﬂa)Li)roo+ LBw(L; B-Lb,)y o,

1 1
+E( flLi+ f2bi)o-0 —E fo.

Inview of LL;. = g; — L;L,, equation (2.11) can be written as

igirDr+{(—L+ ﬂziji—Lﬁa)bi}L,D'+{L2a)bi—L,6’a)Li}brD’
(2.12) L L

1 1 1
- fzsi0+§(L2a)bi—LﬂwLi)roo+5( f,L+1f,b;)o, —far

Contracting (2.12) byb" = g”/b;, we get

{—E—f—LﬂwA}LrD'+{%+L2a)A}err
(2.13) . o 1s )
oA
:Tr00+ f280 +E(1T+ fzsz—E f 01,
2 .
whereA= b? — [Z—Z and o, = o;b".

The equation (2.10) and (2.13) are algebraic equations in
L.D"and b,.D" , whose solution is given by

f+L0A
(£, 68+ 0f A)rg+2f f,L%+ Al ) o, ff %o,
+L(f2B+Lb* 1, 1,)

(214 b= 2f(f+L%0n)

and
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(2 15) L D= Lfl fzroo_ fzz LZSO +L{ f ( f1+ LawA)—(Lf22b2+ﬁfl fz)}o-o _ ffZLZO-l
| T 2f(f+L°0A) -

Contracting (2.12) by g¥and putting the values of L,.D" and b, D" ,we get

Lo,
ff,—Lpof
(hf-Lpof)(fry-2Lts) (k4L ){—('—fzbﬁﬁfl)%}
21f,(f,+ L) ° 21f,(f,+ L)

(2.16)

24(6+Cn) 26" 24(f+Lan)

O; gij"'L_fZSio ,
f

Lo fry-2L5s,) Lf, LL3w[Lfca—(szb2+ﬂfl)Go]}bi

_Lu
21,

where [ = yiL71,

Proposition 2.1: The difference tensor D'=G'-G' of conformal g-change
of Finsler metric is given by (2.16).

3. Projective Change of FinslerMetric

The Finsler space F" is said to be projective to Finsler space F" if every
geodesic of F"is transformed to a geodesic of F"and vice-versa. It is well
known that the change L—L is projective iff G'=G'+P(x,y)y', where P(x,y)

is a homogeneous scalar function of degree one in y¢, called projective
factor, Thus from (2.1) it follow that L—L is projective iff D'=Py'. Now

we consider that the changes L—L is projective .Then from equation (2.16),
we have
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Lfo
ff,—LBof
By (f.f,-LBof )(fir,—2Lfs) L( ho-Lpe ){—(szbﬁﬁfl)aj

B o 21t (f+L°0A)

2ff(f+L°wA) y

(31) N L3(0( flroo_ZLf250)+|—_1:zo_ N L3a)|:LfGl—(Lf2b2+ﬂ fl)Go] X
26(f+LwA)  2f 21,(f,+L%0n)
ngij"‘Lszsim

1

_L
21,

Contracting (3.1) with y;(= g;;¥/) and using the fact that sfy; =0 and
yiy' = L?, we get

o f(hrg2LEs) LUy +{ f(f+L°wA)- f,(LEb%+ 81, oy
2f(f,+L°0A) 2f(f,+L°0A) '

3.2)

Putting the value of P from (3.2) in (3.1) ,we get

(LBwy'-Loab')(fro—2LEs)—(fy'+ ') f,+L°wA)
(3.3) +{Lf o, ~(LEb*+ A1 )0 (LBoY L b
=—Lf(f,+L°0A)o;g"+2LE,( f,+L°0A)s' .

Transvecting (3.3) by bi, we get

2Lt +Lf o, —(LE,b*+ A1, )o,
(3.4) oo = E :
A

Substituting the value of 1y, from (3.4) in (3.2), we get

o —21}s,+Lff,0,— £,(LED*+ B, o + fLwA G,
- 2 fL3wA

(3.5)

Substituting the value of r,, from (3.4) in (3.3), we get
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(e By, i__(flyi+f2bi)o-0L{Lfol—(szb2+ﬁfl)o-o}
(36) S°_{b Lzy)ATszJ"gJ 2L, 2f,L'0h

The equations (3.4) and (3.6) give the necessary conditions under which the
change L —L becomes a projective change.

Conversely, if conditions (3.4) and (3.6) are satisfied, then putting the
values of 7o, and s} from (3.4) and (3.6) respectively in (2.16), we get

o ~21}s,+Lff,0,— ,(LED*+ B, oy + LA,
- 2 fL3wA y

i.e. D'=Py', where P is given by (3.5). Thus Fis projective to F™ .

Theorem 3.1: The conformal S-change of Finsler metric is projective
iff (3.4) and (3.6) hold good, the projective factor P is given by (3.5).

When o = 0, the change (1.1) is simply a S-change of original metric and
the condition (3.4) reduces to

_ —2 szso

(3.7) oo = op

where as the condition (3.6) reduces to

(3.8) sioz(bi— éyij%.

Thus we get

Corollary 3.1: The g-change of Finsler metric is projective iff (3.7) and
(3.8) hold good .

This result has been investigated in*2.
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4. Douglas Space

The Finsler space F" is called a Douglas space iff G'y'-Gly'is
homogeneous polynomial of degree three in y' it.We shall write hp(r) to
denote a homogeneous polynomial in y' of degree r. If we write
B'=D'y!'-D’y', then from (2.16), we get

~ L30)( f1r00_2 |_~|:250)L sz o L3a)[Lf Gl—(l_fzbz-i-ﬂ fl)00j|
]2 fl( f1+L3a>A) "2 f, o 2 fl( f1+L3wA)

B

(4.1)

(b'y'-b'y)

+LT?(sioyj—sjoy‘ ).

If a Douglas space is transformed to a Douglas space by a conformal p-
change of Finsler metric (2.1) then BY must be hp (3) and vice-versa.

Theorem 4.1: The conformal p-change of Finsler metric leads a
Douglas space into a Douglas space iff BY given by (4.1) is hp(3).

When o = 0, the change (1.1)is simply a B-change of original metric and
the condition (4.1) reduces to

i Laa’(flroo_Zszso) iyl iy L_fz il ol
(4.2) B’—{ 241+ Lan) }(b y'-b'y' )+ f (Soy'=sy').

Thus we get

Corollary 4.1:The f-change of Finsler metric leads a Douglas space
into a Douglas space iff BY given by (4.2) is hp(3).

This result has been investigated in*2.
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