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Abstract: The m-dissection of the power series PzZanq” is the
n=0

representation of P as P=F +PF +.... +P

m_1» Where

P = Zamn g™ . The m-dissection of continued fractions are
n=0

represented in terms of power series and infinite products. In this paper,

an attempt has been made to obtain results on 3- dissection of ratio of

infinite products.

1. Introduction

The oldest and the most famous theorem associated with Ramanujan’s

career is the Rogers Ramanujan continued fraction given by

2 3 2 3. 5
Clq)=1+214 9 _4.q:q).

1+ 1+ 1+ G .q:q°).,

Andrew'and Hirschhorn? have given the 2-dissection and 5-dissection

of C(gq)
q1+q) ¢°(1+q°) ¢’ 1+4°)

R(@) =1+

1+ 1+ 1+

Ramanujan3 gave the following result for R(g)

(L) R(g) = L0
(4.9739")..

Neera A. Bhagirathi4 obtained above result as special case.
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The m-dissection of the power series P = Zanq” is the representation of P
n=0

_ mn+k
where P, = z T—

n=0

as P=F+P +...... +P

m—12

Neera A. Herbert ® has obtained 4-dissection of Ramanujan’s continued

fraction .
Here an attempt has been made to obtain 3-dissection of ratio of infinite
products.

2. Notations

Suppose that |q| <1, where g is non-zero complex number, this condition

ensures that all the infinite products that we use will converge. We will use
the notation,

@.1) (z:q). =TI(1~2¢")
n=0
(2.2) [:q). = (z:q).(c ' q:q).  forz#0

and often we write

(2.3) [2)s Zyserrereeereerineriieen 2,9 =z q]_ [25g] oo [2,:9]_

The following facts can be easily verified;

(2.4) [c"sql =2 "[zql. =lzasql.
(2.5) 2. 20:0]. = [z;qL,

(2.6) [e-zql =|:07 ]

2.7) " asal =1z sa L

(2.8) Fiqllea?] =2

Also, we have the following general relations;
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Suppose
Ay Oy, Y ,b, € C\{0} satisfy
i) a #q"a;fori# jandanyn € Z
i) aa,.cceeenn. a,=bb,............. b,
Then,
. H[ai_lb],q]
(2.9) > = =0
I [aa]
Jj=1,j#i

This theorem appears without proof as given by Slater® and with a proof as
given by Lewis’.

3. Main Results

[(]” q9j.q12j I:qu’q4j;q12j:| [qaj;qm,]
[q. q q1z,]m:[q ’quj] [qz,i’mq4,i’qlz,,q24j]
N qz*’.[qz",q ,q”’} [4%:q7 ]
(454" [4".4%.q4":q |
+q.i|:q2j,q2.i,_q10j —q" ,q12/] [q ,q24,]
[_qj,qj, q ’qlzj} [quJ’q24j

(3.1)

b

lq'.q":q™ 1. _ La7-a"sa™ ] [a7 0" ],
[q3j’q9j;q12j]m - |:q6j;q12j m|:q2j’q4j’q6j q12,’q24]]

12

(3.2)

24 j

9’ a%.q":9% ] 4.4
|:q6j;q12ji| |:q4j,q6j,q12j’ql4]’q24j:|
qjl:qu’qu _quD;’_q ’q12j:| [(] ],C] ,C]M] q24j:|
- [ 7.4 —q ’qlzjlo[q ’q12j’q18]’q24]:|

oo

>

where | qj | < 1 and j is any positive integer.
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Proof: To prove (3.1), we consider

[q3j q9/ q12,}

33 :
G [q'.q":4" ]

=R(q’),

where | q | <1 and j is any positive integer.
Now, setting (al,az,aS,a4;bl,b2,b3,b4)= (1,—1,qj,q7j;q3j,qgj,—q_”,q_”)
and taking ¢'*/for ¢ in (2.9), we get
la”.a” ~a a7 ] eV —a"a a7 g
Fraad™] 12’

12]

l_la_qj’_q7j’q oo
[¢7.¢" ~a".a:q™ ] [a".q" =" q"1q" ]
a7 ~a7.4":4" | - a7 =a7q*q" ] =

By applying (2.4) to (2.8) in above equation, we get

[q%, q9, qlz;} [ 6] 9, 12,]

[q’ 7. 121} [ i 7; 12;] I:q12j_q24j} [q4j_q24j (_q—4,)

v q21 qSJ q121 q61 q241 q 6141 q2; q12] 18/ q24,
[61 12 } [ 2j. 24j] [ 6j. 12 ] [ 14j . ,]
e R T el R L R L

X

By using (2.2) we get
2[612’ 614’ qlz;} [qé/ qz4,}

[q6, 12,] [q4, 12, 24;}

[qz, q24/lo [q14,;q24/l°

Let al(q2~’)=%[R(q~’)+R(—qj)},

G4  R(q')+R(-q
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. qz, q4, q12j qﬁ, q24]
(3.5 (") = [qu T [q2]] qu . q;]]

q [qz, q4, q12,:| [q(” qz4,:|
[q(” q12,:| [q‘” q12, q14, qz4,:| !

Again setting
(al7a2’a39a4;b19b29b39b4): (19_1’ Clllj,_qmquj,qgj,_qj,_CISjQCInj) and

taking ¢'*for ¢in (2.9), we get

14”.4" .~ =q":d" | [-4".~4".a’ a4 |
11/ _13j, 12 + 11j 135, 12j
[ Lg".,—q":q [ L-g"".q7q L
I:quj,qu' __-10j —6/ 6]121] I: q 74/ 12j quj quJ
—111 _ 11; 121 —13; —3j 12 ==0.
[ 1. [ q irg

a4 ST 70 2]
Dividing bY[ .99 "9 -4 Land using (2.2) to (2.7), we get

[qu’q quJ [_qu _q quJ
la’.q":4"] _[ -¢'.=q":q" |
2¢7'[~4",~¢" ,q”’,q a ] [a5a ]
= [ 7 'q_f,—qz'i;CIIZJ] |:q12]’ 24_;'] N
29’ 4. 47,4 —4":4™ | | 47:q7 |
’ |4’—q'—4" ,q”’ 1[4 ]
‘ ‘ _ij[ 6] 6] q12j 12]] [qz, q24j]
3.6) R(q’)-R(-q¢’)=
(q ) ( 4q ) [_q ,6] 6] q12j:| [6] j. 6]24J:|

2¢'| ¢ a7 =4 ~a":q" | [ a7
(¢ —a' a4V ] [d":a ]

+
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4, 12] 8] 12]qu2, 24]L

3.7) :31(‘]2/)__61 l_ 2 12 12/, 24
lq .4’ =q"; ’qu g™

q[qzj 2/_q10/_6/ IZJL[CIZJ 24jL

lq 2, 12,qu12/ 24/L

By using (3.5) and (3.7), we get
38  R(¢)=a(q”)+B(q")
[ 2, 4, 12,:' [ 24;:| q '[qzj 4, 12,:' [qw qz4,
_[ 6, 12,] [qz, q4, q12j, 24/] [(]GJ 12/] [ 4/ 121’(]14/ q24jlo
q [—C] q4/ q12j qs, q12j:| [qz, q24/
- [_q (] qz, 12,] [ 12, 24,] =

q [qz, 2j —(] j q6/ q12j]w[q2j;q24j:|m
[(]i (] qz; qlz;] [qlzj;qzulo >

+

Now by applying (2.2) and (3.3),we obtain

[qu q9j q12j] [qzj 4 12]L[q61 24JL [qzj 4, lZ]L[qC»] 24]L
[6]/ q7, q12, lqé, 12/qu2, 4, 12, 24,L lqm 12,qu4, 12, 14, 24/L

2j 2, 10/ 6, 12, 2j. 24j
¢'le".* ~q Llgsg]

[(] (] ’ qzj 12]qu12] 24JL
Now, To prove (3.2), we consider (3.4)

2[(]2] 4/ 12]] [(]61 24]] 1 (]2]

O O L T ] [ L T ]

2j 14j 24j
[4".q

j. 18j., 24
Multiplying (3.4) by [‘1 4 -4 lo

+
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e gLl | |
N N o) Zj, 4]'; 12,‘oo 6j; 24]'00 2j’ 14j; 24/’m
(3.9) R(q’) ! +R(—6]j) = qu6j;quZijqlqétj,qquj;qqZéljLo[qq6j’qqlSj;qqZ4jLo

1 qu
X quj;q24j - + lqm, q24,

arl)=2lele') '+ Rl-g )|

' a* g% g% g7, q" g |
(3.10) aZ(qzj):lq6[j;q12ijlq2j,]q4[j,q6j e |
qu[q2j’q4j quj] [qu q14,’q24] i
lq6j;q12jlmlq4j q q12, q14j;q24joo

+

Now, let

1

B(g*) = %[R(q’ J'-RrRl-q7)"

Multiplying (3.6) by

2j 1 J. 24]
{36/‘ 18/, Z }m we get
G1) Bg) =2 'Lgv 4 N N i R e
: 2

185, 24j

lq a4 0™ g% .4 4" g
R e A ) I PSR qz‘”L

18, 24j

-q'.q’ 4> 4" Lg% a7 g™ g% |

By using (3.10) and (3.11) we get (3.2)

Rlg’)" =axg™)+ putg™)
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[qzj q4j,q12]] [q q14] q24j]

=)

(3.12) R(qf)—lz[q qlzj [q ’(] (] q12, q24,
q2/|:q2j q4j,q12/} [q q4/ q24jlc
e 12 12 14). 24)
(a3 ] [4".a".q™ q" g™ |

qj[_q4 ,_q q12, qs, qn,] [qz, qj q14j;q24j:|m
’ (-4’4’4’ q”’] [4.4".4":q™ ]

qj [qu’qu, q (] qn,} [qu,qu,qu;qo;j}w
- [dd ,q”’} (4.4 .4":q7 |

By applying (2.2) and (3.3),we obtain

l¢'q "> _ [a7.a"a™ ] [‘12’ a"q™ |
l47.4":¢™ ). [4":4 ] [a”.q" 4.4 :q™ ]
qz,l:qzj q4, qu,] I:qz, q14, q24]
I:qw q12] [q ,(] ’q j’q14j;q24]l°

_(] I:q _ql()j qéj_quj:' I:qzj q2j ql4j;q24j:|

oo

=

[-¢’.q’.~a":q" ] _[4".4".4"™:q*" ]

oo

4. Special cases

(1) Substituting j=1in main result (3.1),we get

N
(¢.a7:4% ] [a%547 ] [a%q" a0 ]

a’[a’.q":q' ] [ "
[a%:a] 4", .
qla*.q4’.—q".—q":4q' ] [q°:q°
[-q.9.-a%:4"]_[d":9™ |

) [aa"a ] [d*a'sa”] [a%a™ }

]
1
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By applying (2.5) in (4.1), we obtain
[q3;q6] B [qz q4 qu:' I:qé 24
(a:¢°] [4%4”] [4".q" 9™ qz“]
2 4, 12 qé 24
+ [qé[qu] [q4 :|q12|: q14 q24]]
ala’.4-4".~4":4" | [ *:q
+
I:_q’q qz 12] [ 12, qz4]

(i1) Substituting j=1 in main result (3.2), we get

(4.2)

] >

2 4, 12

lg.q'5q).  _ |4a"d"] [4a"q" ]
[q3’q9q12]m [qé q12] [qz q4 qé qlz q24]
2 4, 12 q2 14 2

+[q6[q12:| [ 4] 6|: 12 14 24]:'

6, 12 2 2 14, 24

_q[q,q,q qq][qqqq]w

[—q,q,—q ,q :| [ 6 12 18 24]

(4.3)

By applying (2.5) in (4.3), we obtain

[q'qé] I:qz 4, 12] I:qz 14 24

(4‘4) 3’ 600 6. 12 2 4 6 12 240o
la":q"].. [qq][qqqqq]
4

(][(]2412][214 -

[qe 12] [q4 qé q12 q14 q4]:|
ala’.4.—4"~4"q" | [q2 Sl

) [-¢.9.— qz 9" [4°.4" 4]

(ii1) Substituting j=2 in (3.1) and applying (2.2), we get
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[qG,qlg;qM]w B [cf,qg;q%]m [qlz;qw]m
[(]2»(]14§q24]w - I:qlz;q24]m [q4,q8,q24;q48 .

q4 [q4’q8;qz4]m [qlz;q%]m

+[ 12, 24 8 24 20, 48
q°:q l@[q 497 |
qz I:q4’ (]4,—(]20,—(]12;(]24 :L I:q4; q48:|
[_qz,qz’_q4;qz4lo [q24;q4glo

4.5)

oo

(iv) Substituting j=2 in (3.2) and applying (2.2) , we get
[4%, 4" g1 [q4,q8;q24] I:q4,q2();q48
[qGZqISZq“]: 4] [q“fqg,q“,q“;q;]m
(]4 [(]4,q8;(]24]m [q4,q28;q48]m
[qlz;qzztlo [qs’qlz’qzzt’qzo;q%]w
qz q4’q4,_q20,_q12;q24 q4’q4,q20;q4g
I:[_qz,qz’_qzt;qzzt] I:q]ZI,:qlz,qM;q%] :Lo

(v) By taking j=2 in (3.3) and applying (2.2) and (2.6), we get relation
between R(q) and R(qz).

(4.6)

6 18 24
144" ] 14 ¢’ ~¢":q"]
(4.4) R(¢*) = == ==R(q)R(—q).
(4°.9":¢"]  la.—a.4".~4"54"1.
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