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Abstract: The purpose of the present paper is to find the necessary and
sufficient conditions under which a Conformal-Kropina change becomes
a Projective change. The condition under which a Conformal-Kropina
change of Douglas space becomes a Douglas space have been also found.
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1. Introduction

Let F"= (M ”,L) is a Finsler space, where L is fundamental function

of x and y:;c defined on smooth manifold M". In the paper' the
necessary and sufficient condition under which a Kropina change becomes a
Projective change. Let S =5,(x)y" be one form on the manifold M",

z

L—e° L is called conformal — Kropina change of Finsler metric L. If we

write
2

- L
1.1 L—e” =,
( ) e ﬁ

where o is scalar function of x. Then Finsler space F" = (M ”,Lj is said
to be obtained from Finsler space F” :(M ”,L) by Conformal-Kropina

change. The quantities corresponding to F" is denoted by putting bar on
those quantities. Some basic tensor of F" = (M ”,L) are given as follows:
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:l aL ll:a—L:Ll and hl:gl_lll
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8

where g, is fundamental metric tensor, /; is normalized element of support

and 7, is angular metric tensor.

Partial derivative with respect to x' and »' will be denoted as &, and 0
respectively and derivatives are written as
oL o’L o’L

" T Sk eyey

1.2 L=—,L =——a
( ) 1 ayt y ayjayz

The equation of geodesic of a Finsler space’ is

2.0 2
d f +d)§ +2G’(x,@j:0,
ds ds ds

where G’ is positively homogeneous of degree two in ¥* and is given by

i

2G' =g7(y’aa, -9, LZ).

Berwald connection BT = (G"jk,G"j,O) of Finler space F”" :(M”,L) is
given by?
' oG’
¢ -2 ¢,
J ay/ J ayk

Cartan connection CTr =( ]J‘jk",ij,Cjk") 1s constructed from L with the
help of following axioms*:
(1) Cartan connection cr is v-metrical,
(i) Cartan connection cr is h-metrical,
(iii) The (v)v torsion tensor field $* of Cartan connection vanishes,
(iv) The (h)h torsion tensor field T of Cartan connection vanishes,
(v) The deflection Tensor field D of Cartan connection vanishes.
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h and v- covariant derivative with respect to Cartan connection are denoted
by |k and |k.
Let

(1.3) G =G +D,

;. . . i
where D' is difference tensor homogeneous of second degree in ) .

Then F:G-i+D~i,, G, =G, +D,,, where ,,_8_17 and
j j j ik ik ik Dj—

oy’
oD’
D =—
Jk ay/
are homogeneous of degree 1 and 0 in y' respectively.
2. Difference Tensor D’
From (1.1) and (1.2) we have
_ 2
2.1 l,:e”(z—LL—ib,-} )
B
J— 2
(2.2) L, =¢ {2—LLI./. v 2, -2 (1, +L,bl.)+2i3bib,},
‘ g B B B
2L 2 2L
—L, +—(LL~+LL+L L|-——I|\Lb +Lb.+L. b
(23) 7 _eo- ﬂ Tik ﬁ( ik Tk j ik 1) ﬂZ( Tk ik~ j ik 1)
ik

2
g bt Ll + Lyl

o.L

J

2

oL e 28 2L i
{Gn oo

(2.4)
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2
[%Ly_ =y _2_f(L,.bj+ij,.)+2L bb, ]a o+2La,,
B B B B

B
+[2Ly 2 = (Lb,+Lb)+ 3b,bjj8kL
gl B B

(2.5)

2
(Lb,+Lb —6iabj =73 —3LLJ 0.5
F B

o
el
{7

ZLj J [ujb. 2L, ]6b
B g B

Now in F?" and F", we have

(2.6) L, =0=0,L,-L,G, —LiF, =0.
2.7 Lyzk =0=0, L szrG Lsz;k Lj F,"=0.

G, =G/ +D,” and Fi =F,”+D,”

Putting the value from (2.2), (2.3), (2.5) and (2.7) in (2.6) and contract the
resulting equation by ¥=, we have

(23) (4L(Lb +Lb)- oL 2L, —%Liijroo
B g

B g
+(2L3 b,-—z—LzLiJ(mS,) (2—% 2 j](msm)
B B T B B
+ [EL w20 -2 (Lp,+ L17)+2—L32b,.b,]A1
B B B

—* (2L D +LD) 4L, ) =0,
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where A, =0,0)"

Now in F* and F" , we have

29) L, -0=0L-1.G ~LF/ =0

(2.10) L,=0=dL~-LG ~LF =0

L

Putting the value from (2.1), (2.2), (2.4) and (2.10) in (2.9), we have

—by —’L, D +e’“LD*’ —[Z—LL —EbJﬁ
@2.11) B BB

—[%b—l@j(';o +5,)
g B
Since

(212)  2r=b +b,

Therefore putting the value from (2.11) in (2.12), we have

2

o1 r o *r 2L LZ
ﬁz ;;_j:e l/trDl +2¢e LrDy _(El’_ﬁbijajo-
(2.13)

e DS Diar i

Substract (2.8) from (2.13) and contract the resulting equation by yiyj , We
get

(2.14) 4LBL.D -2I’b.D" =-Lr, + L’ BA,
Since,
(2.15)  2s,=b,-b,

Therefore putting the value from (2.11) in (2.15), we have
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2

2
L S _e_O-Ler) _e_gL/rD) [22114 zz bl\Ja/O-

]

(2.16) _(%Q_EL]( TS+ [2LL,——2b,]8
BB BB
+(2—ij/—2—1;ij(’?0+Si0)
BB

Substract (2.8) from (2.16) and contract the resulting equation by y"bi , We
have

—4LBP’ L. D" +4L°b*h, D" =21’ fBs,

(217) +2r00(L2b2—ﬁ2)+(2ﬁ3_Lzbzﬂ)Al_ﬂszAz

where A2 = 8k6bk

Solution of algebraic equation (2.14) and (2.17) is given by

12L2 (B’ 2" )1y, = 2BLs, + 2B°A, - B°L’A, |

2.18) b D" =

, 1 'L, BLA
(219) L,D :W{_L%O_Lﬂroo ( ﬂ j 1 ) 2}

Substract (2.8) from (2.16) and contract the resulting equation by yj , We

have

(2.20)

—2l; si0+(2—L i—ib] (2L b—2—L ]r —Lﬁa e LoD’
p BB g B B

Putting the value from (2.2) in (2.20)

using LI, =g —LL ,L =Iand contracting the resulting equation by gij

, we have



Conformal-Kropina Change of Finsler Metric

2L SO,-{&,,-_%,),}M(zL} b,_z_g,_,jrm
; BB Fp

L. ., 4 4L, AL AL
S 008 ==D - IbD "L D +—b'b D’
B BB B B
or
iD’ =—2LZ s, +l/(2—LA1—2—l;7’;)0 +4—€b,,D"j
B B BB B
+b’(2€ T —%A+4—€L,.D* —4]? er"J—AQGg”
B g p p B
or
D’f:—LZS’f+ Y (,[S'ZAI—ﬂr +2ﬂbDr)
(2.21) 28" T op w0 TSP
+L(LZQO _PLa b - 2L2bVD’j—£8i0'g"
28 2 4

Proposition 2.1: Difference tensor of conformal kropina change of
Finsler metric L is given by equations (2.21), (2.19) and (2.18).

3. Projective Change of Finsler Metric

Definition3.1*: A Finsler space F_ is called projective to Finsler space
F" if there is geodesics correspond between F* and F".That is, L. —+ L s
projective if G' = G* + P(x,¥)¥’, where P(x,¥) is called projective factor,
this is homogeneous scalar function of degree one in ¥*

Putting D' = Py’ in equation (2.21), where P is projective factor and

contracting the resulting equation by ¥; , we have

LD
T
Putting the value from (2.19) in (3.1), we have

[ KL Ik
(3-2) Pzzbzﬁ{—LSO—ﬂrmJ{ﬂ +7]q—ﬂ ’*}-

3.1) P

2
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Putting the value from (3.2), (2.19) and (2.18) in (2.21), we have

33) , - _Bs _FA _(ﬁbz _KJAI

2

" A 2A 2 L')A

where A:(ﬁj e
L

Putting the value from (3.3) in (3.2), we have

G4y p=Si P D

QA 4ATT AN
Putting the value from (3.4), (3.3), (2.19) and (2.18) in equation (2.21), we
have
Soj :bj _i_&_}_&
(3.5) A 2A 2LA

+yj ﬁso+ﬂA2_ﬂb Al _ﬁalggij.
LA 20N 20A 2

Equation (3.3) and (3.5) are necessary condition for conformal kropina
change of Finsler metric to be projective.

Conversely, if condition (3.3) and (3.5) are satisfied, then put these value in

(2.21), we have
=[Sy LA P py=py
20 4AT 4A

Thatis F* is projective to F".
Theorem 3.1: The Conformal- Kropina change of Finsler space is
projective iff equation (3.3) and (3.5) are satisfied and then projective factor

s, p b’
Pisgivenby P=| L +2A ——A
sren sy (2A 407 4A 1]

If we put ¢ = 0, we find result that has been discussed in'.

4. Douglas Space
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Definition 4.1°: A Finsler space F® is called Douglas space if
G'v' — GIy' is homogeneous polynomial of degree three in v' . In brief,
homogeneous polynomial of degree r in ! is denoted by hp(r).

If we denote

(41) B'=D'y'—-D’y'

from equation (2.21), we have

) 2 by — by
g1, - PEN Lo o pr |02 20 i )
(4.2) 2 28
; o R 5 o o
g%y =) —(0,08"y =0,08"y)

From (4.2), we see that % is hp (3).

That is, if Douglas space is transformed to be Douglas space by Conformal-
Kropina change of Finsler metric, then 5% is hp(3) and if 5 is hp(3 )then
Douglas space transformed by Conformal-Kropina change is Douglas space.

Theorem 4.1: The conformal — Kropina change of Douglas space is
Douglas space iff 8% given by (4.2) is hp(3).
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