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Abstract. The aim of the present paper is to employ new commuting
conditions to obtain some fixed point theorems as applications of the new
notions. The new definitions are proper generalisations of the existing
notions of similar type.
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1. Introduction

Recently, the authors' unified and generalized the notions of R-weak
commuting and compatibility and their various analogues by introducing the
notions of quasi R -commuting and quasi a-compatible. Two self-maps f

and g of a metric space (X,d) are called compatible 2if lim, 4 (fex,,gfx,)=0
whenever {x,} is a sequence in X such that lim, fx, =lim, gx, =¢ for some ¢
in X. Two self-mappings fand g of a metric space (X,d)are called R -

weakly commuting3 if there exists some real number R > 0 such that
d( fex,gfx) <Rd(fx,gx) for all xinX . The self-maps f and g are called R -

weakly commuting of type A, (of type A, ) if there exists some number
R >0 such that d(fegx, ggx) < Rd( fx, gx)(d( ffx, gfx) < Rd(fx,gx)) for all x in X *.
The self- maps fand g are called g-compatible (f- compatible) if
lim, d(ffx, gfx,) =0(lim, d(fgx,,ggx,)=0) whenever {x,} 1is a sequence in X
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such that lim, fx, =lim gx = for some ¢ in X °. The mappings f and g are
defined to be compatible of type (P) if lim, d(ffx, ggx,)=0 whenever {x } is
a sequence in X such that lim, fx =lim, gx =:for some ¢ in X ® If fand
g are selfmaps of a metric space (X,d)and if {x} isasequencein X such
that fx, =gx,,,,n=0,12,.., then the set O(x,f,g)={fx,.n=0,12,...}is called
the (f,g)orbit at x and g (or f) is called orbitally continuous at < if g
(or f) is continuous on the closure of O(x, f,g).
In a recent work” the authors introduced the following notions:

Definition 1.1. Two selfmaps f and g of a metric space (X,d)are

called R-commuting provided there exists a positive real number R such
that d(ffx, gfx) < Rd(fx, gx),d(fgx, gfx) < Rd( fx, gx),d(fgx,ggx) < Rd(fx, gx)
and d(ffx, ggx) < Rd( fx, gx) for each xin X.

Definition 1.2. Two selfmaps f and g of a metric space(X,d) are
called quasi R - commuting provided there exists a real number R >0 such
that given x in X we have  d(ffx,gfx)<Rd(fx, gx)or
d (fgx, gfx) <Rd (fx, gx) ord (fgx, ggx) <Rd (fx, gx) or
d ( ffx, ggx) < Rd ( fx, gx).

Example 1.1. Let X = [l,oo) equipped with the Euclidean metric.

Define f,g: X — X by
Jx=2x-1, gx=3x—-2 for eachx in X .

Thend ( ffx, gfx) <5d ( fx, gx),d ( fgx, gfx) <5d ( fx, gx),
d(fgx,ggx)<5d(fx,gx) and d(ffx,ggx)<5d(fx,gx) for each x. We
thus see that the mappings f and g are R- commuting with R=5. It may be
observed in this example that lim, fx, =lim,  gx, =¢ for some sequence
{x,}in X impliesr =1, x, -1,  lim, d(ffx,, gfx,) =0, lim, d( fgx,, gfx,) =0,
lim, d (fgxn, ggxn) =0 and lim d (ﬁ”xn, ggxn) =0.
This motivates the following generalization of Definition 1.1:

Definition 1.3. Two selfmappings f and g of a metric space (X,d)are
called a-compatible iff lim,d (ffx,.gfx,)= 0, lim, d(fgx,,gfx,)=0,
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lim, d(fgx,,ggx,)=0 and lim,d(ffx,, ggx,)=0 whenever {x }is a

sequence in X such that lim fx =lim gx =t for some tin X .

If f and g are quasi R-commuting selfmaps of a metric space (X,d) and
{x,}is any sequence in X then the definition of quasi R-commuting implies
that the sequence {x,} will split up in at most four sub-sequences such that

any of these sub-sequences, say{x.}, satisfies at least one of the four
conditions d( ﬁxni,gfxni)SRd( fxni,gxni), a’( fgxni,gfxni)SRd( fxni,gxni),

d ( f8x, . 88X, ) <Rd ( fx, . 8%, ) and d ( fx, . 88x, ) <Rd ( fx, . 8%, ) .
This observation motivates the following generalization of compatibility.

Definition 1.4. Two selfmappings f and g of a metric space (X,d)are
called quasi a-compatible provided every sequence {x,}in X satisfying

lim,k fx =lim gx =tfor some r in X splits up in at most four sub-

sequences such that any of these sub-sequences, say {xn(_}, satisfies at least
one of the four conditions lim, d ( ffx, .gfx, )=0, lim, d( fgx, .gfx, )=0.

lim, d( fex,.ggx, ) =0 andlim, d( ffx, .ggx, )=0.

Example 1.2. Let X =[0,20]and d be the Euclidean metric. Define
f,g: X > X by
fr=2+(2-x)/2ifx<2, fr=6if 2<x<5, fx=2ifx>5,
gx=21f x<2, gx=12 if 2<x <35, gx=2+(x—5)/2ifx>5.
Then d( fgx,ggx)<d(fx,gx) for each x<2, d(ffx,gfx)<d(fx,gx) for
each x >2. We thus see that the mappings f and g are quasi R-commuting

with R=1 but the mappings are neither R-weakly commuting nor R-weakly
commuting of type (Ag) nor R-weakly commuting of type (Af). It may

also be noted that the mappings fand g are quasi a-compatible but are
neither compatible nor f -compatible nor g -compatible nor compatible of
type (P).
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2. Main Results

Theorem 2.1. Let f and g be orbitally continuous selfmappings of a
complete metric space (X,d)such that fX c gX and

(i)d (fr. fy)<k[d(fr.gx)+d(fy.gy)], 0<k<1/2.
If f and g are quasi R -commuting then f and g have a unique common
fixed point.
Proof: Let x, be any point in X . Define sequences {y,} and {x,}in

X suchthat y = fx =gx

n+l?

n=0,1,2... .This can be done since fX < gX .
Now using a standard argument and by virtue of (i) it follows that {y,}is a

Cauchy sequence. Since X is complete, there exists a point ¢ in X such
that y —t as n— o . Also,lim, fx, =¢, lim, gx, =¢. These limits and
orbital continuity of f and g imply that

(1 lim, fgx, =lim, ffx, = ft, lim, ggx, =lim, gfx, =gt .

Now quasi R -commutativity of f and g implies that the sequence {x,}

will split up in at most four sub-sequences such that any of these sub-
sequences, say {x, _}, satisfies at least one of the four conditions

d( ff, . v, )< Rd(f, . gx, ).d( fex,  efx, ) < Rd( fx,. gx, ),
d (fgxn’_ . 88X, ) <Rd (fxn(_ , 8%, ) and d (ﬁ‘xm . 88X, ) <Rd (fxn[ . 8%, ) .

This, in view of (/) implies that ft = gr. Thus, quasi R -commutativity in
combination with orbital continuity implies that ¢ is a coincidence point
of f and g . Now using (i) we get d(fxﬂ,ft)Sk[d(fxn,gxn)+d(ft,gt)].
On letting n — oo this yields # = ft = gt . Hence ¢ is a common fixed point
of f and g . Uniqueness of the common fixed point follows from (i).

Since R -commuting and a-compatible are much stronger conditions than
quasi R - commuting, there is a large class of mappings which are quasi R -
commuting but not a-compatible. A remarkable feature of this class of
mappings is that we can not only prove fixed point theorems under
contractive conditions but also under Lipschitz type conditions. The next
theorem demonstrates that for such mappings we can generalise Theorem
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2.1 by replacing the Kannan type contractive condition (i)by a Lipschitz
type condition in which the range of k is extended from [0,1/2) to [0,1).

Theorem 2.2. Let f and g be selfmappings of a metric space
(X,d) satisfying the conditions

(i) (fX)C < gX, (fX)C being the closure of X ,
(i) d(fx.fy)<k[d(fe.gx)+d(fy.gy)], 0<k<1.
(iii)d(fx,fzx)<d(gx,g2x) whenever gx# g°x.

If f and g are quasi R -commuting but not a-compatible then f and g
have a common fixed point.

Proof. The mappings f and g are not a-compatible implies that there
exists a sequence {x,}in X such that lim, fx, =lim, gx, =¢ for some 7 in
X and at least one of lim, d ( ffx,, gfx,), lim, d( fgx,,gfx,),

lim, d ( fgx,, ggx,) and lim, d ( ffx,,ggx,) is either non zero or nonexistent.

Since te (fX) and (fX) < gX there exists a point u in X such that
t = gu . By (ii) we now get

d(fxn,fu)Sk[d(fxn,gxn)+d(fu,gu)].

On letting n — oo we get t = fu , thatis, = fu=gu . Since f and g are
quasi R -commuting, there exists R > 0 such that

d ( ffu, ggu) < Rd ( fu, gu)

ord ( ffu, gfu) < Rd ( fu, gu)ord ( fgu, gfu) < Rd ( fu, gu)or

d( fgu,ggu) < Rd(fu,gu), thatis, ffu= fou=gfu=ggu.If fu# ffu then
by (iii) we get d ( fu, ffu) <d(gu,ggu)=d ( fu, ffu), a contradiction. Hence
fu = ffu=gfu and fu is a common fixed point of f and g.

Example 2.1. Let X =[2,20] and 4 be the Euclidean metric. Define
f.8: X > Xby
fr=2 if x=20r>5, fr=6if 2<x<5,
g2=2,  gx=111if 2<x<5, gx=(x+1)/3 if x>5.
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Then f and g satisfy the conditions of Theorem 2.2 and have a common
fixed point x=2. It may be noted in this example that f and g satisfy the
condition d (fx. fy)<(4/5)[d(fx.gx)+d(fy.gy)] forall x, y in X . The pair
(f.g) is quasi R -commuting since d ( ffx, gfx)<d( fx,gx) for each xin X . If
we consider the sequence {x, } given by x, =5+(I/n), n=1,2,3,..., , then
lim, fx, =lim, gx, =2 but lim, d( fgx,,gfx,)=4#0, thatis, f and g are not a-
compatible.

Remark 2.1. Using the ideas contained in Theorem 2.2 we can not only
generalize several well known fixed point theorems concerning non-
compatible mappings (e.g. Imdad et al 8 Pant and Pant *, Singh and Kumar

1% but can also obtain their analogues for mappings which are quasi R -
commuting but not f -compatible (or g -compatible or compatible type

(P)).

References

1. R. P. Pant and Abhijit Pant, New commuting conditions and common fixed points, J.
Math. Anal. Appl. (Submitted).

2. G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. Math.
Sci., 9 (1986) 771-779.

3. R. P. Pant, Common fixed points of noncommuting mappings, J. Math. Anal. Appl. ,
188 (1994) 436-440.

4. H. K. Pathak, Y. J. Cho and S. M. Kang, Remarks on R-weakly commuting mappings
and common fixed point theorems, Bull. Korean Math. Soc., 34 (1997) 247-257.

5. H. K. Pathak and M. S. Khan, A comparison of various types of compatible maps and
common fixed points, Indian J. Pure Appl. Math., 28- 4(1997) 477-485.

6. H K Pathak, Y J Cho, S M Kang and B S Lee, Fixed point theorems for compatible
mappings of type (P) and applications to dynamic programming, Le Matematiche, L (1)
(1995) 15-33.

7. H. S. Ding, Z. Kadelburg and H. K. Nashine, Common fixed point theorems for
weakly increasing mappings on ordered orbitally complete metric spaces, Fixed Point
Theory Appl., 85 (2012) 1-14.

8. M. Imdad, Javid Ali and Ladlay Khan, Coincidence fixed points in symmetric spaces
under strict contractions, J. Math. Anal. Appl., 320 (2006) 352 — 360.

9. V. Pant and R. P. Pant, Common fixed points of conditionally commuting maps, Fixed
point theory, 11-1 (2010) 113-118.

10. S. L. Singh and Ashish Kumar, Fixed point theorems for Lipschitz type maps, Riv.
Mat. Univ. Parma, 7-3(2004) 25-34.



