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1. Orthonormal frame and connection vectors 

 

 

Let 4M  be a four-dimensional smooth manifold and 4 4( , )F M L=  be a 

four-dimensional Finsler space equipped with a metric function ( , )L x y on 
4M . The normalized supporting element, the metric tensor, the angular 

metric tensor and Cartan tensor are defined by 

i i
l L=∂ɺ ,     21

2
ij i j

g L= ∂ ∂ɺ ɺ ,   
ij i j

h L L= ∂ ∂ɺ ɺ    and     
1

2
ijk k ij

C g= ∂ɺ

 respectively. 

The torsion vector i
C  is defined by i i jk

jk
C C g= . Throughout this paper, we 

use the symbols 
i

∂ɺ and 
i

∂  for / i
y∂ ∂ and / i

x∂ ∂  respectively. The Cartan 

connection in the Finsler space is given as ( , , )i i i

jk j jk
C F G CΓ= . The h- and v-

covariant derivatives of a covariant vector ( , )
i

X x y  with respect to the 

Cartan connection are given by\ 
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(1.1)      
|

( ) h r

i j j i h i j i j r
X X X G F X=∂ − ∂ −ɺ , 

and 

(1.2)     | r

i j j i i j r
X X C X=∂ −ɺ . 

In 1972, H. Kawaguchi
1
 and M. Matsumoto

2
 independently found an 

important tensor 

 

(1.3)                |
hi j k hi j k h i j k hik j h k j i k i j h

T LC C l C l C l C l= + + + + . 

This is called the T-tensor. It is completely symmetric in its indices. The 

vanishing of T-tensor is called T-condition. 

U.P. Singh et al.
3-4

 studied three-dimensional Finsler spaces with T-

tensor of the following forms: 

 

(A)               ( )
hi j k hi j k h j i k hk i j

T h h h h h hρ= + + , 

 

(B)               
h i jk hi j k h j i k hk i j i j hk ik h j j k hi

T h P h P h P h P h P h P= + + + + + , 

 

(C)            
hi j k h i j k h i j k i h j k j h i k k h i j

T C C C C a C C C a C C C a C C C a C C Cρ= + + + + , 

 

where 
i j

P are the components of a tensor field, 
h

a  are the components of a 

covariant vector field and ρ  is a scalar. The present authors
6-10

 studied the 

theory of four-dimensional Finsler space. In this paper, we discuss four-

dimensional Finsler spaces with T-tensor of such forms. 

 

2. Four-dimensional Finsler space 
 

The Miron frame for a four-dimensional Finsler space is constructed by 

the unit vectors 
1) 2) 3) 4)

( , , , )i i i i
e e e e . The first vector 

1)

i
e  is the normalized 

supporting element i
l and the second 

2)

i
e  is the normalized torsion vector 

/i i
m C= C, the third 

3)

i i
e n= and the fourth 

4)

i i
e p= are constructed by 

) )

i i

i j
g e eα β α βδ= . We suppose that the length C of the vector i

C does not vanish, 

i.e. the space is non-Riemannian. With respect to this frame, the scalar 

components of an arbitrary tensor i

j
T  are defined by 

 

(2.1)              
) )

i j

j i
T T e eα β α β= , 

from which, we get 

(2.2)              
) )

i i

j j
T T e eα β α β= , 
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where summation convention is also applied to Greek indices. The scalar 

components of the metric tensor 
i j

g are α βδ .  

Let 
)

Hα β γ
 and 

)
/V Lα β γ

 be scalar components of the h- and v-covariant 

derivatives 
)|

i

j
eα  and |

)

i

jeα  respectively of the vectors i
e

)α , then 

(2.3)     
)| ) ) )

i i

j j
e H e e
α α β γ β γ

= , 

and 

(2.4)     |
) ) ) )

i i

j j
Le V e e

α α β γ β γ
= . 

 

)
H

α β γ
 and 

)
V

α β γ
 are called h- and v-connection scalars respectively and are 

positively homogeneous of degree zero in y. Orthogonality of the Miron 

frame yields
5
 

) )
H H

α β γ β αγ
=−  and 

) )
V V

α βγ β αγ
=− . Also we have 

1)
0H

β γ
=  and 

1 11)
V

β γ β γβ γ
δ δ δ= − . 

Now we define Finsler vector fields: 

 
2)3 )i i

h H e
γ γ

= ,     
4)2 )i i

j H e
γ γ

= ,     ii eHk )4)3 γγ= , 

and 

 ii eVu )3)2 γγ= ,     ii eVv )2)4 γγ= ,       ii eVw )4)3 γγ= . 

The vector fields iii kjh ,, are called h-connection vectors and the vector 

fields iii wvu ,,  are called v-connection vectors
6-10

. The scalars 
2)3

H γ , 
4)2

H γ , 

3)4
H γ  and 

2)3
V γ , 

4)2
V γ , 

3)4
V γ  are considered as the scalar components 

γγγ kjh ,, and γγγ wvu ,, of the h- and v-connection vectors respectively 

with respect to the orthonormal frame. 

From (2.4), we get 

 

(2.5)    a) i
jj

i
j

i
j

i
j

i
j

i hppnnmmlLeL =++== ||
)1

, 

  b) j
i

j
i

j
i

j
i

j
i vpunmlmLeL −+−== ||
)2

, 

  c) j
i

j
i

j
i

j
i

j
i wpumnlnLeL +−−== ||
)3

, 

  d) j
i

j
i

j
i

j
i

j
i wnvmplLpeL −+−== ||
)4

. 

 

Because of the homogeneity of ie
)α , (2.5) gives 

  j
j

ij
j

ij
j

i
lvplunlmL −== 0| , 
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  j
j

ij
j

ij
j

i
lwplumlnL +−== 0| . 

These imply ,0
1

== j
j luu  ,0

1
== j

j lvv  0
1

== j
j lww . Thus, we have: 

Proposition 2.1- The first scalar components 11 , vu and 1w of the v-

connection vectors , ,
i i i

u v w  vanish identically. 

 

Let Cαβ γ  be scalar components of 
i jk

LC  with respect to the Miron 

frame, i.e. 

(2.6)    
) ) )

.
i jk i j k

LC C e e eαβ γ α β γ=  

The main scalars of a four-dimensional Finsler space are given by
6-8

  
 

222
C A= ,  

233
C B= ,  

244
C C= ,  

322
C D= , 

   

333
C E= ,  

422
C F= ,  

433
C G= ,  

234
C H= . 

 

We also have 
344 444

( ), ( )C D E C F G=− + =− +  and 
 

(2.7)     LCBA =++ C . 
 

The scalar components  
;

Tα β γ  of k
i
jTL |  are written in the form

5
  

 

(2.8)    
; ) ) )

( ) k

k
T L T e T V T Vαµαβ γ α β µβγ µ αγ µ β γ= ∂ + +ɺ . 

 

The explicit form of 
;

Cα β γ δ  is obtained as follows 
 

   
222; ;

3 3C A Du F vδ δ δ δ= − + ; 

   
233; ;

(2 ) 2C B D E u Gv H wδ δ δ δ δ= + − + − , 

   
244; ;

( ) (3 ) 2C C D E u F G v H wδ δ δ δ δ= + + − + + , 

   
322; ;

( 2 ) 2C D A B u H v F wδ δ δ δ δ= + − + − , 

   
333; ;

3 3C E Bu Gwδ δ δ δ= + − , 

(2.9)    
422; ;

2 ( 2 )C F Hu A C v Dwδ δ δ δ δ= − − − + , 

   
433; ;

2 (2 3 )C G Hu Bv D E wδ δ δ δ δ= + − + + , 

   
234; ;

( ) (2 ) ( )C H F G u D E v B C wδ δ δ δ δ= + − − + + − , 

   
344; ; ;

2 ( 3 )C D E Cu Hv F G wδ δ δ δ δ δ=− − + − + + , 

   
444; ; ;

3 (3 3 )C F G Cv D E wδ δ δ δ δ=− − − − + , 

   
1 ;

C Cβ γ δ βγδ=− . 
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where 
; )

( ) k

k
A L A eδ δ= ∂ɺ . From (2.7) and (2.9), we get 

 

   
222; 233; 244; ; ; ;

(C C C A B C Lδ δ δ δ δ δ+ + = + + = C
;

) δ , 

(2.10)    333; 344;322; ( )C C C A B C u Lδ δ δδ + + = + + = C δu . 

   422; 433; 444 ; ( )C C C A B C v Lδ δ δ δ+ + =− + + =− C δv , 

 

From (2.6), it follows that 

 

   2

; ) ) ) )|h i j k h i j k h i j kL C LC l C e e e eα β γ δ α β γ δ+ = , 

which implies 

 

(2.11)    2

; 1 ) ) ) )| ( )h i j k h i j kL C C C e e e eα βγ δ α β γ δ α β γ δδ= − . 

 

From (1.3) and (2.11), we get 

 

(2.12)                ; 1 1 1 ) ) ) )( )
h i jk h i j k

LT C C C C e e e eα β γ δ β γ δ α α γ δ β α β δ γ α β γ δδ δ δ= + + + . 

Since the tensor khijC |  is completely symmetric in its indices, from (2.11) 

we get 

(2.13)    γαβδδαβγγαβδδαβγ δδ 11;; CCCC −=− . 

In view of (2.13), equation (2.10) gives 

  L C =2u =++ 2;3442;3332;322 CCC 3;2443;2333;222 CCC ++ L(= C 3;) , 

(2.14)         L− C =2v =++ 2;4442;4332;422 CCC 4;2444;2334;222 CCC ++ L(= C 4;) , 

  L C =4u =++ 4;3444;3334;322 CCC 3;4443;4333;422 CCC ++ L−= C 3v , 

Since 0)( )33; ==∂= i
i

i
i nlLeLLL ɺ  and 0)( )44; ==∂= i

i
i

i plLeLLL ɺ , we have: 

Proposition 2.2- The scalar components 2u  and 2v  of the v-connection 

vectors iu  and iv of a four-dimensional Finsler space are given by 

=2u C
-1
 C;3 ,  −=2v C

-1
 C;4 , 

and the scalar components 4u  and 3v are related by 34 vu −= . 

 

3. T-tensor of form (A) 

 

A Finsler space is C-reducible if and only if the T-tensor is of the form 

(A) for 0≠ρ
11-12

. Let 4
F  be a four-dimensional Finsler space with T-tensor 
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of the form (A). The scalar components of the angular metric tensor ijh  are 

given by 

 

jiij eeh ))11 )( βαβααβ δδδ −= , 

 

therefore in view of (2.12) and (A), we have 

 
)(){( 1111111; δγγδβααβγαβδβαγδαβγδδαβγ δδδδδδρδδδ −−=+++ LCCCC  

                        
1 1 1 1

1 1 1 1

( )( )

( )( )}
αγ α γ βδ β δ

αδ α δ βγ β γβ

δ δ δ δ δ δ

δ δ δ δ δ δ

+ − −

+ − −
, 

which gives 

 

δδ δρ 2;222 3 LC = ,  δδ δρ 2;233 LC = ,  δδ δρ 2;244 LC = , 

(3.1)       δδ δρ 3;322 LC =
,  δδ δρ 3;333 3 LC =

,  δδ δρ 3;344 LC =
, 

δδ δρ 4;422 LC = ,  δδ δρ 4;433 LC = ,  δδ δρ 4;444 3 LC = . 

 

Putting (3.1) into (2.10), we get 

L( C δδ δρ 2; 5) L= , 

L C δδ δρ 35 Lu = , 

L− C δδ δρ 45 Lv = . 

 

Also from the first equation of (3.1), we get 

 

δδδδδ δρ 2;;222 333 LvFuDAC =+−= . 

 

Thus, we have: 

 

Theorem 3.1- If the T-tensor of a four-dimensional Finsler space is of 

the form (A) then ρ  is given by 

 

  
5

1

3

2;
==

L

A
ρ C 2;

5

1
= C 

5

1
3 −=u C 4v . 

Theorem 3.2- The scalar components of v-connection vectors iu  and 

iv of a four-dimensional Finsler space with T-tensor of the form (A), are 

given by 
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  ,01 =u  ,02 =u  =3u C-1 C 2;  ,  ,04 =u  

  ,01 =v  ,02 =v  ,03 =v  −=4v C-1 C 2;  . 

 

4. T-tensor of form (B) 

 

Ikeda
13

 showed that for an n-dimensional Finsler space with T-tensor of 

the form 

 

(B)               hijkhjikhkijijhkikhjjkhihijk PhPhPhPhPhPhT +++++= , 

we get 

,
)1(23

1









+
−

+
= ijijij h

n

T
T

n
P  

 

where hk
hijkij gTT = and ij

ij gTT = . Therefore (B) becomes 

 

( )

).(
)3)(1(

3

1

ijhkikhjjkhi

hijkhjikhkijijhkikhjjkhihijk

hhhhhh
nn

T

ThThThThThTh
n

T

++
++

−

+++++
+

=

 

 

Thus for a four-dimensional Finsler space, we have 

(4.1)  
( )[

].)(
5

7

1

ijhkikhjjkhi

hijkhjikhkijijhkikhjjkhihijk

hhhhhh
T

ThThThThThThT

++−

+++++=

 

 

Let αβT  be the scalar components of hiTL , i.e. 

 

ihhi eeTTL )) βααβ= . 

 

In view of (2.12) and (4.1), we get 

 

{[

} {

}],))(()()(

)()(
5

)(

)()()(

)()(
7

1

11111111

111111

111111

1111111;

γβββγδααδδββδγααγ

δγγδβααβαβδγγδ

αγδββδαδγββγβγδααδ

βδγααγγδβααβγαβδβαγδαβγδδαβγ

δδδδδδδδδδδδ

δδδδδδδδδ

δδδδδδδδδ

δδδδδδδδδ

−−+−−+

−−−−+

−+−+−+

−+−=+++

LT
T

TTT

TTCCCC
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which gives 

 

 

(4.2) 

222; 2 22 2 2

233; 33 2 2 23 3 2

244; 44 2 2 24 4 2

322; 22 3 3 23 2 3

1 3
3 3

7 5

1 1
2

7 5

1 1
2

7 5

1 1
2

7 5

C T T LT

C T T T LT

C T T T LT

C T T T LT

δ δ δ δ

δ δ δ δ δ

δ δ δ δ δ

δ δ δ δ δ

δ δ

δ δ δ

δ δ δ

δ δ δ

 
= + − 

 
 

= + + − 
 
 

= + + − 
 
 

= + + − 
 

 

333; 3 33 3 3

344; 44 3 3 34 4 3

422; 22 4 4 24 2 4

433; 33 4 4 34 3 4

444; 4 44 4 4

1 3
3 3

7 5

1 1
2

7 5

1 1
2

7 5

1 1
2

7 5

1 3
3 3 .

7 5

C T T LT

C T T T LT

C T T T LT

C T T T LT

C T T LT

δ δ δ δ

δ δ δ δ δ

δ δ δ δ δ

δ δ δ δ δ

δ δ δ δ

δ δ

δ δ δ

δ δ δ

δ δ δ

δ δ

 
= + − 

 
 

= + + − 
 
 

= + + − 
 
 

= + + − 
 
 

= + − 
 

 

 

Putting (4.2) into (2.10), we get 

 

L( C { }δδδδδ δδδ 42432324433222; 22)3(5
7

1
) TTLTTTTT ++−+++= , 

L C { }δδδδδ δδδ 43434433222233 2)3(25
7

1
TLTTTTTTu +−++++= , 

       L− C { }δδδδδ δδδ 44433223342244 )3(225
7

1
LTTTTTTTv −+++++= . 

Therefore 

L( C { }LTTTT −++= 4433222; 8
7

1
) ,   L( C 233;) T= ,    L( C 244;) T= , 

(4.3)          L C 232 Tu = ,    L C { }LTTTTu −++= 4433223 8
7

1
 ,   L C 344 Tu = , 

       L− C 242 Tv = ,    L− C 343 Tv = ,   L− C { }LTTTTv −++= 4433224 8
7

1
. 

From ij
ij gTT = , we  find 
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443322 TTTTTTL ++=== αααβαβ δ . 

 

Thus, in view of (4.3), we have: 

Theorem 4.1- If the T-tensor of a four-dimensional Finsler space is of 

the form 

(B), the scalar components of the tensor ijT are given by 

      01 =αT ,      LT (22 = C 2;) ,     LT =33 C 3u ,      LT −=44 C 4v , 

      23T = L C 3u = L( C 3;) ,   LT −=24 C 2v = L( C 4;) ,    LT =34 C 4u = L− C 3v , 

and  T = C 2; + C −3u C 4v . 

 

5. T-tensor of form (C) 

 

 

      U. P. Singh et al.
4
 showed that the T-tensor of a C-2 like Finsler space is 

of the form 

 

(C)     .jihkkihjkjhikjihkjihhijk CCCaCCCaCCCaCCCaCCCCT ++++= ρ  

 

Let αa be the scalar components of iaL , i.e. 

 

                                                             ii eaaL )αα= . 

 

Since /)2 ii Ce = C , we get =iC C ie )2 ααδ . Therefore in view of (2.12) and (C), 

we have 

 

LCCCC ρδδδ γαβδβαγδαβγδδαβγ =+++ 111; C
4

δγβα δδδδ 2222   

      +C
3

)( 222222222222 γβαδδβαγδγαβδγβα δδδδδδδδδδδδ aaaa +++ , 

which gives 

=δ;222C  C
3

Lρ( C ++ δδ 22 )3a C
3

δa ,     0;233 =δC ,               

0;244 =δC , 

(5.1)    =δ;322C  C
3

δδ 23a ,              0;333 =δC ,          0;344 =δC , 

=δ;422C  C
3

δδ 24a ,            0;433 =δC ,          0;444 =δC . 

 

Putting (5.1) into (2.10), we get 
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L( C δ;) = C
3

Lρ( C ++ δδ 22 )3a C
3

δa , 

L C δu = C3

δδ 23a , 

L− C δv = C3

δδ 24a . 

 

Since hijkT is an indicatory tensor, from (C) it follows that 01 == i
i yaa . Thus 

we have: 

 

Theorem 5.1- If the T-tensor of a four-dimensional Finsler space is of 

the form (C), the scalar components αa  of the iaL  are given by 

 

01 =a ,               (
4

2

L
a = C

-3
 C ρ−2; C), 

La =3 C 2− =2u  C 3− L( C 3;) , La −=4  C 2− =2v  C 3− L( C 4;) .  

 

Theorem 5.2- In a four-dimensional Finsler space with T-tensor of the 

form (C), the scalar components of v-connection vectors ui and vi are given 

by 

 

L C δu = C
3

δδ 23a ,     L− C δv = C
3

δδ 24a . 

Corollary 5.1- In a four-dimensional Finsler space with T-tensor of the 

form (C), the v-connection vectors 
i

u  and 
i

v  vanish if the scalar 

components 3a and 4a  of iaL vanish. 

 

 

6. T-2 like Finsler space 

 

 

A non-Riemannian Finsler space )2( >nF n  is called T-2 like Finsler 

space if the T-tensor 
h i j k

T is written in the form 

(6.1)                  kjihhijk CCCCT ρ= . 

 

Equation (6.1) is a particular case of (C) when 0=ia . Thus we have: 

 

Theorem 6.1- In a T-2 like four-dimensional Finsler space, the v-

connection vectors ui and vi vanish. 
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Theorem 6.2- In a T-2 like four-dimensional Finsler space, ρ is given 

by 

 

=ρ  C 4−  C 2; . 
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