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Abstract: The 7-tensor played an important role in the Finsler geometry.
In this paper, we discuss a four-dimensional Finsler space whose 7T-tensor
is of special forms.
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1. Orthonormal frame and connection vectors

Let M* be a four-dimensional smooth manifold and F*'=(M"*,L) be a
four-dimensional Finsler space equipped with a metric function L(x,y)on

M*. The normalized supporting element, the metric tensor, the angular
metric tensor and Cartan tensor are defined by

1=3L.  g=2d3,L. h=L3JL and C,=dg,
respectively.
The torsion vector C' is defined by C'=C’, ¢”. Throughout this paper, we
use the symbols 9 and 9, for d/dy’and 9/dx’ respectively. The Cartan
connection in the Finsler space is given as CI'=(F,,G,,C},). The h- and v-
covariant derivatives of a covariant vector X, (x,y) with respect to the
Cartan connection are given by\
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(1.1) X,,=0,X,~(,X)G!-F X,
and
(1.2) X1,=0,X,-C/ X,.

In 1972, H. Kawaguchil and M. Matsumoto® independently found an
important tensor

[l +C

hik ©j

1L+C 1

(1.3) =LC, | +C, 1 +C LG
This is called the T-tensor. It is completely symmetric in its indices. The
vanishing of 7-tensor is called 7-condition.

U.P. Singh et al.>* studied three-dimensional Finsler spaces with T-

tensor of the following forms:

hijk

(A) Y;Iijk :p(hhi hjk +hhj hik +hhk hij) ’
(B) Y;Iijk :hhi ij +hhj Pik +hhk Pij +hij Phk +hik Phj +hjk th ’
(C) T,,=pC,CC.C,+a,CC,C,+aC,C.C,+aC,CC,+a,C,CC,,

where P, are the components of a tensor field, a, are the components of a

covariant vector field and p is a scalar. The present authors®!? studied the

theory of four-dimensional Finsler space. In this paper, we discuss four-
dimensional Finsler spaces with 7-tensor of such forms.

2. Four-dimensional Finsler space

The Miron frame for a four-dimensional Finsler space is constructed by

the unit vectors (e.¢,.¢,.¢,). The first vector ¢ is the normalized

supporting element /'and the second e is the normalized torsion vector
m'=C'/C, the third ¢ =n"and the fourth ¢, =p'are constructed by

g, €, e, =0,,. We suppose that the length C of the vector C' does not vanish,
i.e. the space is non-Riemannian. With respect to this frame, the scalar

components of an arbitrary tensor 7, are defined by

J
a)ieﬁ) ?

2.1 T,=T e
from which, we get

(2.2) =T, e, €5,
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where summation convention is also applied to Greek indices. The scalar
components of the metric tensor g, are &, .

Let H,,, and V, , /L be scalar components of the s- and v-covariant
derivatives e(;)lj and e;) I, respectively of the vectors e ;) , then
2.3) o~ Haypy s 650
and
2.4 Lea) ’ :Vmﬁyeﬁ) €,

H, 4y and v, 4, Ar€ called /- and v-connection scalars respectively and are

positively homogeneous of degree zero in y. Orthogonality of the Miron
frame yieldss H =-H and V. =-V . Also we have H _ =0 and
a) Bay a) By Bay DBy
Vosr =% %%
Now we define Finsler vector fields:

hi=H2)3;/e;/)i’ ]i:H4)2;/e;/)i’ ki=Hzyuy ey,

Br

and
up =Voyzy epyis Vi =Vayy €y, Wi =Vayay €y .
The vector fields #;, j;, k; are called h-connection vectors and the vector

fields u;, v;, w; are called v-connection vectors®'’, The scalars H,, , H,,,,

H,, and V..V, . V,, are considered as the scalar components

hy, jy. k, and u,,v,, w, of the h- and v-connection vectors respectively

with respect to the orthonormal frame.
From (2.4), we get

(2.5) a) Le{)|j=Lli|j=mimj+ninj+pipj=h§-,

b) Le’z) lj=Lm' |;=~l'"m; +n'u; —p'v,,

c) Leé) Iszni |j=—linj—miuj+piwj,
d) Lei) Ij=Lpi Ij=—lipj+mivj—niwj.
Because of the homogeneity of e;) , (2.5) gives

Lm' Ijlj=0=niujlj—pivjlj,
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Ln' I 1/=0 =—miujlj +piwjlj.
These imply u, =u I/ =0, v, =v;1/ =0, w, =w;l/ =0. Thus, we have:

Proposition 2.1- The first scalar components u,,v, and w, of the v-
connection vectors u,,v,,w, vanish identically.

Let C_, be scalar components of LC. ., with respect to the Miron
afy ijk

frame, i.e.

(2.6) LG =Cop 05 €

The main scalars of a four-dimensional Finsler space are given byﬁ'8
Cp=4A, C;=B, G,=C, G,=D,
Cp=E, Cp=F, C3;=G, C,,=H.

We also have C,,,=—(D+E), C,,,=—(F+G) and

2.7 A+B+C=LC.

The scalar components T, of L T/ |, are written in the form®
f— A k

(28) 72!&7_1’(81«7;!/3)67) +7;tﬂvﬂ)w7+Taﬂ Vﬂ)ﬁ}”

The explicit form of C, ;5 is obtained as follows

/ Cy.s=A.s~3Dus+3F vy
Crns=Bs+(2D—E)us+Gvs—2H wy,
Cuy.s=Cs+(D+E)u;—(3F +G)vs+2Hwy,
Ciy.s=Ds+(A=2B)us+2Hv;—Fw;,

Gy =E s +3Bus=3Gws,

(2.9) < Cps=Fs—2Hu;—(A-2C)vs+Dwy,
Cp33.5=Gs+2Hu;—Bvg+(2D+3E)wy,
Cry.s=H s+(F—Gus—(2D+E)vs+(B—C)wy,
Cips=—Ds—Es+Cus—2Hvs+(F+3G)wy,
Chass=—E5=G5=3Cvs—(3D+3E)wy,

\ ¢, =

Byo*

Bris
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where 45=L(8kA)e§) . From (2.7) and (2.9), we get

C222;5+C233;5+C244;5 :A,5+B;5+C;5 =(LC );5 >
(2.10) Ciny. 5+Cisy 5+Cos s =(A+B+Ctg=L Cus .
CirrsFCi3.51Coy. s =—(A+B+C)v;=—L Cvy,

From (2.6), it follows that

2 _
LChijIk+LChl.jlk—C 57:5€2n€5)i€y) 1 €s)k >

o

which implies
2
2.11) LG 1= (Coprs=CopyOis) €arn€s)1€y) €51

From (1.3) and (2.11), we get

(2.12) LT, i=(Coap 5 Cpr58at Cays O+ Caps By €an€s i€y sy
Since the tensor Cy; |, is completely symmetric in its indices, from (2.11)
we get

(2.13) Copys —Copsy = Copy 015 = Cups O,

In view of (2.13), equation (2.10) gives
LC uy = Cypp +Ca3300 +Cagsn = Cogpy + Cagz3 + Copyz =(LC) 3,
(2.14) —LC vy = Cypno +Caazn + Caagn = Cozps +Conzg + Coggg =(LC) .y,
LC uy = Cypy +Caaz + Cayys = Cangiy + Cagzg + Cagys =—LCv3,
Since L;=L(d;L)ey,=Llin' =0 and L, =L(9,L)e}, =LI;p' =0, we have:
Proposition 2.2- The scalar components u, and v, of the v-connection

vectors u, and v; of a four-dimensional Finsler space are given by
-1 -1
MZZG 633 ) VZZ_G C’4s
and the scalar components u, and v, are related by u, =—v,.

3. T-tensor of form (A)

A Finsler space is C-reducible if and only if the 7-tensor is of the form
(A) for p 2012 Let F* be a four-dimensional Finsler space with T-tensor
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of the form (A). The scalar components of the angular metric tensor #; are

given by
hij = (Oap = S1a01p) €ayi €p)) »
therefore in view of (2.12) and (A), we have

C(zﬁy;& +C,H75 510/ +Cayb‘ 51,5 +Cops §1y = pL{(é‘(zﬁ - §la§1ﬁ)(§y5 - 517515)

+(5ay_élaé;y)(§ﬂ5_§lﬂé;5)
+(5m§'_51a615)(5ﬁy_51ﬁ517ﬁ)} ’
which gives

Coms =3p L0y, Co3.5 =P Ly, Coass =P L5,
(3.1) Cips =P L3 , Cizz5 =3p L0535 , Cagas =P L35 ,
Cins=pLbys, Cizs =P LIys, Casgs =3pL6ys.

Putting (3.1) into (2.10), we get
(L@);(;:SpLé‘ztg,
LC us=5pLd,s,
—-LC vs=5pL6,s.

Also from the first equation of (3.1), we get
C222;§ :A;é‘ —3DM§ +3FV§ :3,0L§2§.
Thus, we have:

Theorem 3.1- If the T-tensor of a four-dimensional Finsler space is of
the form (A) then p is given by

An 1 1 1
=——=—C,==Cu;=—=-C v,.
YRR
Theorem 3.2- The scalar components of v-connection vectors u, and
v; of a four-dimensional Finsler space with T-tensor of the form (A), are

given by
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M1=0, M2=O, u3=e:l@;2 i M4=O,

V1=O, V2=O, V3=O, V4=_@—1@;2 .

4. T-tensor of form (B)

Tkeda'® showed that for an n-dimensional Finsler space with 7-tensor of
the form

(B) T =My Py +hy By +hyy P+ hy Py +hy B +hy By,

we get

Py = 1 Ty = L hy s
n+3 2(n+1)
where T, =T, ¢" and T =T ¢". Therefore (B) becomes

1
T =m(hm Ty +hy Ty + by Ty + by T + hy Ty + hy Thi)

T

—m(hhi hge + hyj b + hyg hyp).

Thus for a four-dimensional Finsler space, we have

1
A Ty = 7[(hhi T +hy Ty + hyy Ty + hy Ty + by Ty + h Thi)
4.1)
T
—g(/’lh; By + hyj By + hy hij)]

Let 7,5 be the scalar components of LT, i.e.
LT, =T e, €p-
In view of (2.12) and (4.1), we get

1
Caﬁ?’;é + Cﬁ;fé‘ 51& + Ca;/é' 51/3 + Caﬁé‘ 517 = 7 [{(5aﬁ - 5la§15)T76 + (§a7 - 5la§1;/)Tﬁé‘
+ (5a§ - §1a51§)Tﬁ7 + (557 - 5lﬁ517)T(l5 + (555 - 51ﬁ515)T0!}/
LT
+(0y5 = 61,015) o }—?{(5@3 = 014918) ()5 — 61,015)
By = 81001) (B35 = 8,585) + (B = 6,0015) S5, — 550,50 1
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which gives

1
Cons :_{37;54‘37;252 s——LTJ, 5}
7 5
1 1
C233;5:—{7;3&;5+7;s+27;36;5——LT@5}
4.2) 7 5
1 1
C2445 7{7744525"'7125"'27124@5_51471525}
1 1
%225 7{7;25 +7;5+2Tz%525 SLTé;s}
1 3
Cinss :7 37&5"'37%3535_5[‘7635
1 1
C344;5:7 7:146‘35+7§5+27;4é:15_§LT5‘35
1 1
Cin:s :; T1,0,5+T,5+21,,6,5— SLTé:w
1 1
43%5 7 723545"'7:15"'27345%5 SLT545
1

3
\ Chass :7{37:15 +37,,6,5 _gLTdm}'
Putting (4.2) into (2.10), we get

1

(LGC).s =7{5T25 + (3T +Ty3 +Tyy — LT) S5 +2T53 835 + 21540451
1

LCug 27{5T35 +2Ty; Or5 +(Tyy +3T53 + Ty, —LT) 835+ 2T3,0,5 )

1
Therefore

1 .
(LC), :7{8T22 +Ty+Ty — LT}, (LC)s =Ty, (LC)y=Tyy,
1
(4.3) LCuy =Ty, L@u3=7{T22+8T33+T44—LT}, LCuy =Ty,

1

From T =T; ¢”, we find
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LT =Ty 5115 =T =T +T33+Ty,.

Thus, in view of (4.3), we have:

Theorem 4.1- If the T-tensor of a four-dimensional Finsler space is of
the form
(B), the scalar components of the tensor T; are given by

Ti,=0, Tyn=(LC),, T;3=LCuy, T,=-LCv,,
T23=L@u3:(L@)’3, T24=_L@V2=(LG)’4, T34=L@u4=_LGV3,
aﬂd T=G’2+ GM3_@V4.

5. T-tensor of form (C)

U. P. Singh et al.* showed that the T-tensor of a C-2 like Finsler space is
of the form

(C) Thijk = pChClC/Ck + ahCiCjCk +aiCthCk +ajChCiCk + akChCiCj'
Let a,be the scalar components of Lgq;, i.e.
Lai = Cla ea)i .

Since e,,; =C;/C , we get C; =C &,, ¢, . Therefore in view of (2.12) and (C),

we have

4
Copy.s T Cpps Oip + Cayéé‘lﬁ +C, 551;/ =pLC 5201525527/525
>3
+C (Qa52ﬁ527§25 + aﬁ52a527525 + a},é‘wé‘zﬁ(szg + a552a52ﬁ527) N
which gives
3 23
Coms= C(PLCH3ay)0,5+C a5, Cyp =0,

Cops=0,
3
(5.1) Cing = O a30y5, C33.5 =0, Caaa,5 =0,
3
Cims = Cay055, Ci335 =0, Cians=0.

Putting (5.1) into (2.10), we get



228 M.K. Gupta and P.N. Pandey

(LC) 5= C (pLC+3a,) 8,5 +C ay,
L@Mé,‘: @3036‘25,
_L@VLV)‘: @3 04525 .

Since 7, is an indicatory tensor, from (C) it follows that a, =q; y' =0. Thus

we have:

Theorem 5.1- If the T-tensor of a four-dimensional Finsler space is of
the form (C), the scalar components a, of the La, are given by

al:(), a2:§(@-3 G;Z_p@)’

a3:LG_2 Uy, = 6_3 (LG);3, a, =-L 6_2 Vy, = 6_3 (L@)4

Theorem 5.2- In a four-dimensional Finsler space with T-tensor of the

form (C), the scalar components of v-connection vectors u; and v; are given
by

L@I/lé': @3a3§25, _LGV¢5:GBG4§25.
Corollary 5.1- In a four-dimensional Finsler space with T-tensor of the
form (C), the v-connection vectors u, and v, vanish if the scalar

components ayand a, of La; vanish.

6. T-2 like Finsler space

A non-Riemannian Finsler space F"(n>2) is called 7-2 like Finsler
space if the T-tensor 7,

hi

ik is written in the form

Equation (6.1) is a particular case of (C) when a, =0. Thus we have:

Theorem 6.1- In a T-2 like four-dimensional Finsler space, the v-
connection vectors u; and v; vanish.
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Theorem 6.2- In a T-2 like four-dimensional Finsler space, p is given
by

p= 6_4 6;2.
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