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Abstract: In this paper, we have introduced and study of the k-generalized
Mittag-Leffler type function E{"27" . 5 ,(z). Moreover, we proved some

of its properties including usual Differential, Integration, Euler (Beta)
transforms, Laplace transforms and Whittaker transforms. Some special
cases have also been discussed.
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1. Preliminaries

The k-Pochhammer symbol (x),, was introduced by Diaz and Pariguan®
in the form as

(1.1) (X k = X(X+K)(X+2K)...(x+ (n-1)k), where xeC, keR, neN.

k — Gamma functionT', (x) was defined by Diaz and Pariguan' as

o tf

(1.2) Fk(x)z.[e_?tx’ldt, xeC, keR, Re(x)>0,
0

and

I (X+Kk)=xI (X).

*Presented at NSRDPAM & 19" PDVML -2015, Department of Mathematics, University
of Rajasthan, Jaipur during September 12-13, 2015.
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k — Beta function B, (x,y) was also defined by Diaz and Pariguan* as

1 X v,
(1.3) B, (X, )/)=%J"E"_l(1—t)k dt, xeC, k>0, Re(x)>0, Re(y) >0,
0
and
T )T (y)
U= oy

The well known Gamma function I'(n) is defined as
(1.4) r(n)=[e't""dt, Re(n)>0.
0

The Beta function B(m,n) is defined as

T(m)I'(n)

Tmin) ' Re(m) >0, Re(n) > 0.

(1.5) B(m,n) = j;t”’l(l—t)m’ldt -
The Fox- Wright function v,(z) was defined by Srivastava and
Karlsson?as

S s AR,
(16) qu 4 ZZ q H’
(b1, By). .. (0. By); o[ ][ T(b; +Bjn), M

where
Z,8,b;,A,B; eC, Re(a) >0, Re(A)>0,i=1..,p, Re(b;) >0, Re(B;) >0,

j=1.q and1+Re(Z‘}'lej— A )20.

i=1
The following known identities are required in our seque®.
Result I: Let yC, and k, seR, then the following identity holds

(L6) rm:[gjz_lrk(k{j,
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and in particular case

(L7) T () =(k)i1r(9.

Result Il: LetyeC, k,seR, andne N, then the following identity holds

(1.8) (M)na.s =(E]nq ( k_syjnq,k ’

and in particular case

(1.9) (")nax =(k)”q(ﬂq.

2. A New Generalized Mittag-Leffler Type Function

In this section, we introduce and define a new Generalized Mittag-
Leffler type function, called as k- Generalized Mittag-Leffler function

a : . :
B 0.5.p(2) and mention some of its special cases.

Definition 2.1: LetkeR, a, B3, 7, 0, u, v, p, o €C, Re(a) >0, Re(f) >0,
Re(y) >0, Re(5) >0, Re(w) >0, Re(v) >0, Re(p) >0, Re(o) >0 and p, g >0,
g<Re(a) + p, the k — Generalized Mittag-Leffler function denoted by
B2k 5.5p(2) and is defined as

n

- (7)gnk 2
nk qn,k
(21) Ei. ' 10,6 nzrk(an +pﬂ)( )an,k (5)pn,k

~n
SRS

>R
<o

where (x). , « is the k — Pochhammer symbol given by (1.1) and T',(x) is the
k — Gamma function given by (1.2).

Special cases of E£L50 5 ,(2):

On giving some particular values to the parameters k, «, 3,7,5, 1,0, p, o,
we can obtain certain Mittag-Leffler functions defined earlier
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(@ For k=1, Egn. (2.1) reduces to Mittag-Leffler function defined by
Khan and Ahmed*,

n

(7)gna 2
2.2 Ef.p7d s Vs
(2.2) it f,0,0,6,p(2)= nzorl(an+ﬂ)(0)an1( )an

(b) Putting k=1, u=v, p=0c,p=1 =1, Eqn. (2.1) reduces to Mittag-
Leffler function defined by Shukla and Prajapati®,

n

- (7)gn1Z
2.3 E/PT Pnl ™
(2.3) 1,a,ﬂ,uvpylv1( )= nz(“)l“ (an+ﬁ)(ﬂ)pn1( )1n,1

ﬂ
o0

Z“I“(am+ﬂ)nl B %()

(c) Ontakingk=1,u=v,p=0,p=19=1,6=1Eqn. (2.1) reduces to Mittag-
Leffler function defined by Prabhakar®,
ks (N)pn,1(7)1n,1 2"

2.4
( ) ,a,ﬁ,#vpylvl( ) = nZ;‘)l—‘l((Zn“‘ﬂ)(,u)pn;(l)ln,l

n

Z1"(om+[3) nl Eap(@ -

n=0

(d) Givingk=1,u=v,p=0,p=q=5=y=1,Eqn. (2.1) reduces to Mittag-
Leffler function defined by Wiman’,

(2.5) T T I N U/
La, B, up, L1 . Orl(an+ﬂ)( )pnl( )1n,1

n

= Z
- g‘,r(an < 5)

= Ea'ﬂ(z) .
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(e) Assigning k=1,u=v,p=0,p=q=56=y==1,Eqn. (2.1) reduces to
Mittag-Leffler function E, (z) defined byGosta Mittag-Leffler®,

pn 1(1)1n,1 Zn

wop Ll
(2. 6) = aplupll( )= zrl (an +1)( )pn,l(l)ln,l

Z F(an+1) =E.(2).

3. Basic Properties

In this section, we introduce some new basic properties of the of

q
Elfl;/guoé p(z)'

Theorem 3.1: We introduced here an elegant relation betweenk —
Generalized Mittag-Leffler type function Ef’Z7) 5 (z)and Generalized

Mittag-Leffler type function as follows
., pHq-c—p—=,
s [k k z].
' K h

Proof: From the definition ofk — Generalized Mittag-Leffler function
given by the Egn. (2.1), we have

1B
(3.1) B0 5 p(D)=K KE

X\Qz—\‘t
r\cz—N

P
B
"k’

- pnk(j/)anZn

Eﬂp}/q
k.a,B,0,0,0 Z (an+ﬂ)( )ank( )pn,k

On using Egns. (1.7) and (1.9), we have

2o (i) ( -+

nOl"

B2 fiv.000(0)=K

/_\‘a
7\—\9
_‘/
/ﬁ\
;_/
/—\
x|
~
o
=

1B T, pra-o-p-=
P57 kEk' 'k k'
B¢y ﬁo_ﬁp(z)k Eg Bépk Z|
K'k'k' 'k
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This completes the proof of the theorem (3.1).

Theorem 3.2: If keR, a, B, 7, S, i, v, p, 0 €C, Re(a)>0, Re(S) >0,
Re(y) >0, Re(5) >0, Re(u) >0, Re(v) >0,Re(p) >0,Re(s) >0 and p,q >0,
q<Re(x)+ p, then

d
(3.2) Bl bt 000 D= PECL fik 0,60 D+ 02 BT 16.6,0 @)

Proof: In the right-hand side of Eqgn. (3.2), and making use of the series
form of g/~ 74 (z) given by the Eqgn. (2.1), we have

k,a, B,0,0,5,p
,Bi ('u)pn,k (7)qn,k Zn
PECE 5,00, (2) ST (an+ B+ k)(u)onyk (8)
d =
+aZEE£f’OItD,’ﬂ7;rcll<,u,a,5,p(Z) i )pnk(j/)an Zn
L = (an+ﬂ+k)( ) (6)pn,k_

n

)pnk(j/)anz
sT(an+B+k)(v)_ (5)pn,k

i )pnk(V)anZ
gr (an+B+K)(0),,4(8) o |

(an+ﬂ)(#)pn,k (y)qn,k Zn
=T (an+p+ k)(u)an’k (5)pn’k

ﬂZ

n

n

2 () 0k (P )gn 2
:ré)rk(an"_ﬂ)( )o‘ﬂk( )pn,k

= Elﬁ"j'ﬁ(’jmg’p(z).
This completes the proof of the theorem (3.2).
Special Cases:

1. On Setting k =1,in Eqn. (3.2), takes the following result, we have



Certain Properties and Integral Transforms of the K-Generalized Mittag-Leffler 283

d
B s, (@)=BEL I 5.6.0(2) a2 & 05,0 (),
which is the same result as obtained by Khan and Ahmed*.

2. Puttingk=1, u=v, p=o,p=1 ands =1,Eqn.(3.2), reduces to the
following result, we get

d
E3(2)=PE ,5+1(Z)+aZEE§j?z+1(Z)-

which is the same result as deduced by Shukla and Prajapati®.

3. The Eqn. (3.2) reduces to the following form on taking
k=1 u=v, p=o,p=1 q=1land s =1, we get

d
(Z) ﬁEa ,B+1(Z)+az dz a ,B+1(Z)
which is the same result as given by Prabhakar®.

Theorem 3.3: IfkeR, a, B, 7, S, 1, v, p, o €C, Re(a) >0, Re(B) >0,
Re(y) >0, Re(5)>0, Re(x) >0, Re(v) >0,Re(p) >0,Re(s) >0 and p, g >0,
g<Re(x)+p, meN, then

m 1
(3.3) (ij ELPT 5 o(2)= (@), (ﬂ)pm K (V)qm‘k
oz (U)O'mk( )pm,k
o (/1+pmk)pn’k(7/+qu)qn’k(1+ m). 2
n=o rk(an"‘am*'ﬂ)(l)-i-dmk)o_n‘k (§+ pmk)pn,k nt’

Proof: In the left-hand side of the Egn. (3.3), and making use of the

series form of E*2/°% _ - (2), given by the Eqn. (2.1), we have

d m me (/u)pn,k(y)qn,kz
(Ej Elﬁl o-ﬁp() (de Z()Fk(an_'_ﬂ)(u)gn,k(é)pn,k

n—-m n |

i 'u)pnk( )qn,kZ

o D (an+ B)(v )o-n,k (§)pn,k (n—m)!
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i Y (0 (40 s (g 2"

(an+am+ﬂ)(u) (n+m) k( ) (n+m),k n!

on using the relation () . (%), , (x+mk) ., we have

A D) (D
R
xir y+pmk) (7/+qu) (@+m), 2N

~ (an+am+,8)(u+amk) (5+ pmk)pn‘k n’

This completes the proof of the theorem (3.3).

Special Cases:

1. Taking k =1,Eqn. (3.3), reduces to the following result, we have

(dzj E:ﬂpvgvaﬁlp(Z)_ (U)am(a)pm
= (u+pmk) (y+amk)  (1+m) /N
anzo C(an+am+ g)(v+omk) (5+pmk)pnm,

which is the same result as deduced by Khan and Ahmed*.

2. Onsetting k=1, u=v, p=0c,p=1and §=1, Eqn. (3.3), given us

d m 7, & (y+qu)qn Zn
[aqu()()qmz N

= I'(an+am+ B) nl!

= (7)gm ELTm0.(2),
which is the same result as obtained by Shukla and Prajapati®.

3. Putting k=1,u=v,p=0,p=1 q=1and §=1 Eqn. (3.3), takes the
following form, we have



Certain Properties and Integral Transforms of the K-Generalized Mittag-Leffler 285

m 0 k n
() e p@m(), S 2

— T'(an+am+ ) n!

= (7)m E§+E+ma (Z)-
which is the same result as given by Prabhakar®.

Theorem 3.4: IfkeR, a, B, 7, 5, 1, v, p, o, 71€C, Re(ar) >0, Re(p) >0,
Re(y) >0, Re(5) >0, Re(u) >0, Re(v) >0, Re(p) >0, Re(s) >0 and p, g >0,
q<Re(x)+ p, then

a

E ,/? Mp(zuk)du kEﬁ‘:‘g@’U’U’&p(z)

1 1 2a 4

(34) m OUk (1—U)k

Proof: In the left-hand side of the Egn. (3.4), and making use of the

series form of g*2/°0 - (2),given by the Eqn. (2.1), we have

B
1 A 24

uk (A-u)x TESITT s (zuk)du
rk(n)fo (-u) B

- Zn an+pf
1 Wpns Pans 2 2 5521y,
1—‘k (77) n=0 l—‘k (an + ﬂ)(u)an,k (§)pn,k 0

k - (/u)pn k(y)qn k 2" rk(an+ﬁ)rk(ﬂ)
T ET, (@n+B)() 04 (8) gy Tilan+p+n)

> )pnk( )an
Z Tlan+ B+m)(v), 1 (6), 0

= kEﬁyof,’/’})’/-;—(jy,u,a,b‘, p (Z)

This completes the proof of the theorem (3.4).
Special Cases:

1. The Eqgn. (3.4) reduces to the following form on taking k =1, we get

1 1 pa n-1eu,
%jou (L-u)"ELL7 o (u)du=kEL LTS 5 (2),

which is the same result as obtained by Khan and Ahmed®.
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2. Taking k=1, u=v, p=o,p=land =1, Eqn. (3.4), reduces to the
following result, we have

F(n)j u/t(1-u)" ELY(2%)du =kEL S, (2),

which is the same result as given by Shukla and Prajapati®.

3. On Setting k=1,u=v,p=0,p=1q=1and o&=1 Eqgn. (3.4), takes the
following form, we have

1 1 p-1 n— l a
——|u 1-u zu®)du =kE? Z),
F(?]) 0 ( ) ﬁ( ) (] ﬁ+77( )

which is the same result as deduced by Prabhakar®.

4. Integral Transforms of E£273 5 (2)

In this section, we discuss some useful integral transforms like Euler

transforms, Laplace transforms, Whittaker transforms of E{"20 5 [ (2).
Euler (Beta) Transform of Ef2 70 | 5 ,(2):

Theorem4.1: IfkeR,a,b, a, B, 7, 8, i, v, p, o, neC, Re(a) >0,
Re(/) >0,Re(y) >0, Re(5) >0, Re(x) >0,Re(v) >0, Re(p) >0, Re(o) >0 and
p,q>0, g<Re(a)+ p, then

NPT (3 A
T
(f,pj,(fﬂ,(aw)y(l'l)’

X oW ;(km_g—p_qx
(o)

Proof: In the Left-hand side of the Eqgn. (4.1), and making use of the
series form of Ef"70 5 (2), given by the Egn. (2.1), we have
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I;za’l (1-2)"* Efr s s o (2")dz
(/u)pn k( )qn k (in)ndz
n= Ork(an+ﬂ)( ) n,k(é‘)pn,k

n

_jz‘l (1-z

= pn, k(7)anx
nZ:;‘)Fk(an+ﬁ)( v), nk( )pn,k
x" B(a+nn,b)

sz“"”‘l (1- z)bfldz

i ( pn,k )an

n=0 r (an+,8)( )on,k(é‘)pn,k

IR

:i kJpn\KJgn I'(a+nn) T(b)

o k(ank*-ﬁ_ )Fk (m‘+ﬁ)(uj (5J F(a+77n+b)
k k/\k onk k on

F(ﬂ+pnjl“(7k/+qnj r(n+1) T'(a+nn) [kmq_d_p_kxj

» k
x2
I (?+f}r(i+anjr(i+ pn) I'(a+nn+b)(n!)

=}

+q-o-p-2
X4V ;[kp kJX

This completes the proof of the theorem (4.1).
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Special Cases:

1. Taking k =1,Eqn. (4.1), reduces to the following result, we have
1, _
IO 22 (1-2) T ELL I S (x2")dz

e o E ) -

C(1)T(7)
(B.@),(v,0).(5,p).(a+b,7)
which is the same result as given by Khan and Ahmed®.
2. Putting k=1, u=v, p=0c,p=1and §=1, the Eqn. (4.1) gives us
) 1 a!
e [@n

Jo2* -2 B o= S v X,
(B.a) (a+bn)

which is the same result as obtained by Shukla and Prajapati’.

3. Onsetting k=1, u=v,p=0,p=1 g=1and §=1, Eqn. (4.1), takes the
following form, we get
) (r.2).(am),
)2‘//2 » X
(B.a).(a+b,n)

I'(b
F(;/

I:za’l (1- z)b_1 E/ ;(xz")dz =

which is the same result as deduced by Saxena®.

Laplace Transform of Ef270 | 5 (2):

Theorem 4.2: If keR, a, a, B, 7, 5, 1, v, p, o, n€C, Re(er) >0, Re(B) >0,
Re(y) >0, Re(s) >0, Re(1) >0, Re(v) >0, Re(p) >0, Re(o) >0, Re(s) >0,

X
g7

1))
© 1-=
(4.2) .[0 787lg% B hd s p(x2)dz=5"2K k) \k)

<1,and p,q >0, q<Re(a) + p, then
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a
X | pra-o—p-
X W4 X s_”[k k J .

(2o

Proof : In the Left-hand side of the Egn. (4.2), and making use of the

series form of E°27°0 5 () , given by the Eqn. (2.1), we have

(4) i (7)gn i (027)"d2
a-— 1 —SZ - u, q a- 1 s £ 12
.[0 z Eﬁ lffg”“‘s p(xz”)dz—_[ : nz(:Jr (arH—ﬂ)( ) (§)pn,k

n
X
k(7/) K o 4
Pn qn, J' 78+ 1e 2z

nzor (an+ﬂ)(u)ank( )pn,k 0
)

i pnk(}/ qn.k F(a+n77)
n:Ork(an+ﬂ)(U)gn (6 )pnk S

(q x" T(a+nn)[(n+1) .
qn X

_q @ S pn o
=S z (an+ﬂ
k

RN
Uk kUK ik o

+g-o—p-<
L k

- gn| I'(n+1) I'(a+nn)
k s

6:(n+fjl“[l;+anjl"(i+ pn) (n!)
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v o

I'l—|I'| —
L0
GG

k k
2fert)|

FEe) )

This completes the proof of the theorem (4.2).

Special Cases:

1. The Eqgn. (4.2) reduces to the following form on taking k=1, we have

f;oza’le’sz Effd 5 o (x2")dz
(#.p). (7.9).(am).(L1),
()T (5)s X
T r(wr() e

(B.a),(v,0),(6,p),
which is the same result as obtained by Khan and Ahmed®.

2. Putting k=1,u=v, p=o,p=1 and &=LEqgn. (4.2), takes the
following form, we have

(7.a).(an),

—-a

© a1 _ S
[, 2 ELY, (xe")dz = SR

(B.a),

which is the same result as deduced by Shukla and Prajapati®.
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3. Onsetting k=1,u=v, p=0, p=1,g=1 and §=1, Eqn. (4.2), reduces to
the following result, we get

(»1).(an),

—-a

®_ja-l,-szy n _ S
_[O 277e T E] 5 (xz )dz—r(y) N

(B.a),
which is the same result as given by Saxena’.

Whittaker Transform of EZ2:70 5 (2):

Theorem 4.3: If keR, a, a, B, 7, S, i, v, p, o, 1€ C,Re(cx) >0,Re(B) >0,
Re(v) >0, Re(p) >0,Re(o) >0,Re(s) >0, Re(1 + ) > —% and then p,q >0,
q<Re(a)+p,

AAE
- 8
(4.3) [Fte 2w, (ELLTS, 5 (ot )dt =g 5K Z—

ol salivesafe

X

[EH ) En)e-teen

Proof: In the left-hand side of the Eqn. (4.3), and substituting gt=v
and making use of the series form of E;‘,f”g;jg@p(z), given by the Eqgn.
(2.1), we have

oy 2 (). (7) v’ 1
X 2W PN,k an,k (_j =d
L5) ewam; @A), @) (8) 7"
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B +g-o-p-2 "
¢‘§k17 F(II:JF((;) B F(ﬁ+pnjr(i+qnj [kp P k]

) i)

-V

n
@ ®Ernn-1, 2y
x[—J jov e 2W, |, (v)dv

¢77
F(/kl+pnjl“(7k/+qnj (;+v//+§+ nn]

(;—w+§+nn) I'(n+1)

T ol (i)

(1-2+&+ng)n!

rq-0-p-2
» K

¢77

| ok
X )

L)l E s

This completes the proof of the theorem (4.3).

Special Cases:

1. The Eqgn. (4.3) reduces to the following form on taking k =1, we have
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[ o2 2W y (POEL S015.6.p(et")dt= ¢~ 5—;(0)“?)

=

,(§+V/+§ nj (——1//+§,77J,(1,1),

&)
(B.@),(v,0).(6,p).(1-2+&.m)

which is the same result as obtained by Khan and Ahmed*.

2. Taking k=L u=v,p=0c and p=1, Eqn. (4.3), reduces to the following
result, we get

—gt
[t 2W,, (PELS 5(et")dt

(M),Gﬂ//+§,nj,(%—w+§,n),(l,l),

(Boa),(1-2+&,1),(8.0),

which is the same result as deduced by Shukla and Prajapati®.

3. On Setting k=L u=v, p=0, p=1,q=1and 5=1.The Eqgn. (4.3) takes
the following form, we have

gt
jo e 2W, , (A)EL 4(ct”)dt

_(7,1),(%“//%,77),@—!//+§,n),

(ﬂ,a),(l—/1+§,77)

which is the same result as given by Saxena®.
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