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Abstract: In this paper, the structure of cyclic codes over me of length

n= pk for any prime p and natural numbers m and k is studied as ideals

of me[x]/<x”—1>. It is proved that cyclic codes of length n=p* over

me are generated as ideals of Zp [x]/<x"—I> by at most m elements.
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1. Introduction

Let R be a commutative finite ring with identity. A linear code C over R

of length n is defined as an R-submodule of R". A cyclic code C over R of
length 7 is a linear code such that any cyclic shift of a codeword is also a
codeword, that is, whenever (¢,,q,c.....c,;) is in C then so is

(€,_1>Cy>C1+Cn-5C,_p ) - The one-one correspondence between cyclic codes of
length n= pk over me and ideals of me [x]/<x"—1> is well known (Here p

is prime and k and m are natural numbers).

The structure of cyclic codes over Z, of length 2° is given by T.

Abualrub®. This result is extended to cyclic codes over Z, of length ok by

Arpana Garg and Sucheta Dutt’, where it is proved that cyclic codes over Zg

of length 2 are generated by at most three elements. This result is further
generalized to cyclic codes of length 2% over Z,nand it is proved that

cyclic codes over the ring sz of length 2% as ideals of Zym[xl/ <xX'—1>,

where n=2% are generated by at most m elements 3,
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In this paper, we study the structure of cyclic codes of length n= pk over

me as ideals of the ring me[x]/ <x"—1> and prove that cyclic codes of

length n= pk over me are generated by at mostm elements.

2. Preliminaries

Codewords of a cyclic code of length n over a ring R can be represented
by polynomials over R modulo x" —1. Thus any codeword (c¢,.c.c, ....c, ;)

n—1

can be represented by a polynomial c(x)=c,+cx+c,x’+..+c,_x"" over the

ring R.

Definition 2.1: The content of the polynomial
f(x)=a, +ax+a,x* +..+ax'

where a,'s belong to me, is defined as the greatest common divisor of

ay,a,,a, ...,qa.

Consider the ring Zp,,, [x]/<x"—1> where p is prime and m, n are natural

numbers. It is known that this ring is a principal ideal domain for m = 1.
However, for m>1 andn = pk, the ideal of me [x]/ < x"—1> generated

byp, Xx+p—1 cannot be generated by a single element. Therefore

me [x)/<x"—1> is not a principal ideal ring for m >1 andn = p*.

3. Generators of cyclic codes over Z o of length pk

as ideals of me [x)/<x"-1>

Lemma 3.1: Let C be an ideal of the ring Zp,,, [x]/ < x"—=1> where

n=p* . If the minimal degree polynomial g(x)in C is monic, then C is
generated as an ideal by g(x).

Proof: Let g(x)be the minimal degree polynomial in C such that the
leading coefficient of g(x) is a unit. Let c¢(x) be a polynomial in C. Then, by
division algorithm there exists g(x) and r(x) over me such that
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c(x)=gx)g(x)+r(x) where r(x)=0o0r degr(x)<degg(x). Now
r(x)=c(x)—gx)q(x)e C, as C s an  ideal. Ifr(x)#0,
thendeg r(x) < deg g(x), which is a contradiction to the choice of degree
of g(x). Therefore r(x) =0, that is , every polynomial c¢(x) in C is a multiple
of g(x). Hence C is generated by g(x).

Lemma 3.2: Let C be an ideal of the ring me [x]/ < x"—1> where

n=p“. Let g(x) be a minimal degree polynomial in C. If the leading
coefficient of g(x) is p'hwhere 1<s<m and (p,h)=1, then the content
of g(x)is p°, thatis, g(x)= p'q (x), where q_(x)e Zp”"“‘ [x]/<x" —1>.

Proof: Let g(x)be a minimal degree polynomial in C of degree ' with
leading coefficient p°'h  where 1<s<m and (p,h)=1. Let
g(x)=a,+ax+a,x’+..+ax" be such thata, = p'h. We claim that
a;, =0(mod p*) for every i. Suppose this is not so. Then there exist

m—s

some j<¢ such thata, #0(mod p*). Then p"“g(x) 1is a nonzero
polynomial of degree less than the degree of g(x) and belongs to C, which
contradicts the minimality of degree of g(x) in C. Hence a;, = 0(mod p*) for
every i and content of g(x) isp’.Thereforeg(x)=p'q (x),

where g (x)e meﬂ [x]/ <x"—1>.

Lemma 3.3: Let C be an ideal of the ring me [x]/ < x" =1> where

n=p*. Let g(x)be a minimal degree polynomial in C with leading
coefficient p*hwhere 1<s<m and (p,h)=1. Let all the polynomials in C
have leading coefficients of the type p"h such that u>sand h is a unit.
Then C=<g(x)>=<p’q,(x)> where q ,(x)€ me [x]/<x"=1>.

Proof: As g(x) is a minimal degree polynomial in C of degree‘t’ with
leading coefficient p*h where 1<s<m and (p,h)=1, by Lemma 3.2, the
content of g(x)1s p’and g(x)=piq,(x), where
q,(x)e Z s [x]/ < x" —=1>. We claim that all the polynomials in C are
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multiples of g(x) = p°q,(x). If possible, slet there exist polynomials in C
which are not divisible by g(x). Out of such polynomials, let c(x) be a
minimal degree polynomial. Letdegc(x)=v. As ¢(x) is not divisible by
g(x), there exists r(x)#O0such that c(x)=g(x)dx"" +r(x) where
degr(x)<degc(x)and d is an integer. Because C is an ideal, we have
r(x)=c(x)—g(x)dx"" € C. As degr(x)<degc(x)and r(x)e C we must
have g(x)/r(x) . This implies g(x)/c(x), which is a contradiction. Therefore
all polynomials in C are multiples ofg(x)=p’q, (x). Hence
C=<g(x)>=<p’q(x)>

Lemma 3.4: Let C be an ideal of the ring Zp,,,[x]/<x"—1>

wheren = p*. Let p*q,(x)be a minimal degree polynomial in C, where
q,(x) is monic. Then C =< p”q,(x), p"q,(x),.... p"" ¢, (x), p" q,(x) >

where 0<s <s,<..<s5,,<s, and p"q,(x) is a minimal degree
polynomial in C among all polynomials in C with leading coefficient of the
type p“a, where(a,p)=lLu<s and q;(x) is monic for1<i<l.

i+l

Proof: Let c(x) be any polynomial in C with leading coefficient of the

type p“h (hunit). If u > s,, then kill the highest power of c(x) as follows:

3.1 c(x)=p'q, (x)_d_xdegu(x))—deg(p”qz<x>> +r(x)

where either r(x)=0or degr(x)<degc(x). As Cis an ideal, r(x)e C. If
r(x)e C and leading coefficient of r(x) ) is of the type p“h (h unit) such
that u = s,, then further go on killing the highest degree term of the

remainder till it is zero or it has leading coefficient of the type p“h (h unit)
such that u <s,. If remainder become zero at some stage, then c(x) is

divisible by p”¢,(x). Moreover, if during the process degree of remainder
becomes less than the degree of p”g,(x), we must have the remainder equal

to zero at that stage as p”q,(x) is a minimal degree polynomial in C.
Therefore without loss of generality, we suppose that either c(x) is divisible
by p*gq,(x) or

(3.2) c(x) = p"q,(x)g(x)+r(x),
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where degdeg(r,(x)) > deg(p”q,(x))and leading coefficient of r(x) is of
the type p“h (h unit) such that u<s,. Let g (x) be minimal degree
polynomial in C among all polynomials in C with leading coefficient of the

type p“h (h unit) such thatu <s,. Then all polynomials in C with degree
less than degree of g,(x) should have leading coefficient of the type p“h
(h unit) such that u < s,. Let leading coefficient of g,(x) be p*~'h, (h, unit).
Now, we claim that content of g,(x) is p”'. Leading coefficient of

(p” = p"*)g,(x) is p*h,(h, unit). Therefore
(3.3) (p" = p")g,(x) = P’ q,(x).d x* SO ()

where r(x)=0degr (x)< deg{(p‘“ —p )gl(x)} =degg,(x). As C is an

ideal, r'(x) € C. If r'(x) # 0, then leading coefficient of r'(x) must be of the
type p“h (h unit) such that u > s,. Therefore

(3.4) r'(x) = pYq(x).d, x T 4y

where either r'(x)=0or deg(r"(x)) <deg(r'(x)) <deg(g,(x)). As C is an
ideal, r (x)e C. Again, if r (x)#0, then leading coefficient of r"(x) must
be of the type p“h (h unit) such thatu > s,. Continuing in this way, we can

go on killing the highest degree term of the remainder till degree of the
remainder becomes less than degree of p*¢,(x). The situation that the

degree of remainder is less than degree of p”¢,(x) cannot arise because
p’q,(x) is a minimal degree polynomial in C and the remainder belongs to
C. It follows that at some stage the remainder is zero. This implies that
content of (p” —p™')g,(x) is p" and therefore the content of g, (x) is p™
and g,(x)= p’q,,(x) (say), where g, ,(x) is a monic polynomial.

Now, if C does not contain any polynomial with leading coefficient of the
type p“h (h unit) such that wu<s,,, then leading coefficient of
1 (x) (referring back to equation (3.2)) is of the type p“h (h unit) such that
s, >u 25, . Now, kill the highest degree term of r,(x) as follows:

(B5) R =P, (X ()
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where either r,(x)=0 or deg(r,(x))<deg(r(x)). As r,(x)e C and all
polynomials in C have leading coefficient of the type p“h (h unit) such that
u > s, ,, leading coefficient of r,(x) is also of the type p“h (h unit) such

that u=>s,,. Let leading coefficient of r,(x) be equal to
p“'t, (¢, unit) where u, = s, ,. If u, =5, ,, then kill the highest degree term
of r,(x)by using p"q,(x) and if s, >u =s, , then kill the highest degree
term of r,(x) by using p*'q, ,(x). The successive remainder is either zero

or is of the same type. Continuing in the same way, kill the highest power of
the remainder by using p”g,(x) or p"'q,,(x) to obtain the various

S

successive remainders as multiples of p*¢g,(x) or p*g, ,(x). Moreover, at

some stage degree of remainder becomes less than degree of p*¢,(x),
which implies that remainder 1is zero. This further implies
thatc(x)e< p”q,(x), p""q,_,(x) >.

If code C contains polynomials with leading coefficient of the type p“h (h
unit) such that u <s,_,, then choose minimal degree polynomial in C among
all those polynomials in C with leading coefficient of the type p“h (h unit)
such that u <s,,. Let it be g,(x) with leading coefficient p*-h,(h, unit).
Then all polynomials in C of degree less than degree of g,(x) have leading
coefficient of the type p“h (h unit) such thatu > s, ,,. We claim that content
of g,(x) is p’?.  Now, pT g, (%) has  leading

coefficient p*~' h, (h, unit) . Therefore
(3.6) P g (X) = P (), xS ()
2 ql 1 4 3

where either r,(x) =0 or deg deg(r,(x)) <deg(p’ " "2g,(x)) =deg(g,(x)).
As C is an ideal, r;(x)e C. If r,(x) #0, then leading coefficient of r,(x)
must be of the type p“h (h unit) such thatu > s, . Let leading coefficient of
r,(x) be equal to p“¢, (¢, unit) . If u, >, then kill the highest degree term
of r;(x) by using p*gq,(x) and if s, >u, = s, , then kill the highest degree
term of r,(x) by using p’“q, ,(x). The successive remainder is either zero

or is of the same type. Continuing in the same way, kill the highest power of
the remainder by using p”¢q,(x) or p*“g, ,(x) to obtain the various



k
Cyclic Codes of Length p~ over Z o 129

S

successive remainders as multiples of p”gq,(x)or p*'q,(x). Moreover, at
some stage degree of remainder becomes less than degree of p”¢,(x),
which implies that remainder is zero. This further implies that the content of
p’ 2 g, (x) isp”'. Therefore the content of g,(x) is p"?* and
8,(x)=p"q,_,(x) (say), where ¢, ,(x) is a monic polynomial.

Now, if C does not contain any polynomial with leading coefficient of the
type p“h (h unit) such thatu <s,,. Then leading coefficient of 7 (x)
(referring back to equation (3.2)) is of the type p“h (h unit) such
thatu > s,_,.

Let leading coefficient of 1, (x) be equal to
p“t,(t, unit) whereu, >s, ,. Ifu, > s,, then kill the highest degree term of
r,(x) by using p*q,(x). Ifs, >u, = s, ,, then kill the highest degree term of
r;(x) by using p*“'q, (x). If s,, >u; =s,,, then kill the highest degree
term of r,(x) by using p*?q, ,(x). The successive remainder is either zero
or is of the same type. Continuing in the same way, kill the highest power of
q,,(x) to obtain the

8-

the remainder by using p”¢,(x) or p*'q, (x) or p
various successive remainders as multiples of p¥g,(x) or
p’q,,(x)or p"2q, ,(x). Moreover, at some stage degree of remainder
becomes less than degree of p* ¢, (x), which implies that remainder is zero.
This further implies thatc(x)e< p*q,(x), p""q,_,(x).p">q,_, (x) >.

If code C contains polynomials with leading coefficient of the type p“h (h
unit) such that u < s, ,, then again choose minimal degree polynomial in C
among all those polynomials in C with leading coefficient of the type p“h
(h unit) such that u < s, ,. Continuing in this way, we shall get a sequence
of generators p“~¢q, ,(x), p"*q, ,(x),...for C. This process must come to an

end 1in finite no of steps, because the sequence s, is a decreasing sequence
of non negative numbers. Thus, in a finite number of steps, we obtain that
C=<p"q,(x), p?q,(X)scc, P q,, (X), p" q; (x) >

where 0<s <s,<..<s5,_,<s, and p’g,(x) is a minimal degree
polynomial in C among all polynomials in C with leading coefficient of the
type p“a, where(a,p)=1,u <s,,, ,and g;(x) is monic for 1<i<1.

i+l
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We summarize the results of the Lemmas 3.1 to 3.4 in Theorem 3.5. The

Theorem follows from these Lemmas because

1) All cyclic codes of length p“over me are covered by one of these

Lemmas and
2) The number of generators in all the cases is less than or equal to m.

Theorem 3.5: m Cyclic codes of length n= p* over me are generated

as ideals of R = me [x]/ < x" —1> by at most elements.

10.

11.
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