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Abstract: In this paper, the structure of cyclic codes over 
mp

Z of length 

kn p= for any prime p and natural numbers m and k is studied as ideals 

of [ ]/ 1m
n

p
Z x x< − > . It is proved that cyclic codes of length kn p=  over 

mp
Z are generated as ideals of [ ]/ 1m

n
p

Z x x< − >  by at most m elements. 
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1. Introduction  
 

Let R be a commutative finite ring with identity. A linear code C over R 

of length n is defined as an R-submodule of nR .  A cyclic code C over R of 

length n is a linear code such that any cyclic shift of a codeword is also a 

codeword, that is, whenever 0 1 2 1,( , , ..., )nc c c c −
 is in C then so is 

1 0 1 2 2,( , , , ..., )n nc c c c c− −
. The one-one correspondence between cyclic codes of 

length kn p=  over mp
Z  and ideals of [ ]/ 1

n
mp

Z x x< − >  is well known (Here p 

is prime and k and m are natural numbers). 
 

The structure of cyclic codes over 4Z  of length 2e
 is given by T. 

Abualrub
1
. This result is extended to cyclic codes over 8Z  of length 2k by 

Arpana Garg
 
and Sucheta Dutt

2
, where it is proved that cyclic codes over 8Z  

of length 2k are generated by at most three elements. This result is further 

generalized to cyclic codes of length 2k  over 
2mZ and it is proved that 

cyclic codes over the ring 
2mZ  of length 2k   as ideals of

2
[ ]/ 1

n
mZ x x< − > , 

where 2k
n=  are generated by at most m elements

 3
. 
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In this paper, we study the structure of cyclic codes of length kn p=  over  

mp
Z  as ideals of the ring [ ]/ 1

n
mp

Z x x< − >  and prove that cyclic codes of 

length kn p=  over  mp
Z  are generated by at most m  elements. 

 

2. Preliminaries 
 

Codewords of a cyclic code of length n over a ring R can be represented 

by polynomials over R modulo 1n
x − . Thus any codeword 

0 1 2, 1( , , ..., )nc c c c
−

 

can be represented by a polynomial 2 1

0 1 2 1( ) ... n

nc x c c x c x c x
−

−
= + + + +  over the 

ring R. 
 

Definition 2.1: The content of the polynomial 

        
l

l xaxaxaaxf ++++= ...)( 2

210   

where sai '  belong to mp
Z , is defined as the greatest common divisor of 

0 1 2,, , ..., .la a a a   
 

Consider the ring [ ]/ 1m

n

p
Z x x< − >  where p is prime and m, n are natural 

numbers. It is known that this ring is a principal ideal domain for m = 1. 

However, for 1m >  and kpn = , the ideal of [ ]/ 1m

n

p
Z x x< − >  generated 

by p , 1x p+ −  cannot be generated by a single element. Therefore  

1n
mp

Z x x< − >[ ]/  is not a principal ideal ring for 1m >  and kn p= . 

 

3. Generators of cyclic codes over mp
Z  of length 

k
p  

                             as ideals of  
n

mp
Z [x]/ <x -1>  

 

Lemma 3.1:  Let C be an ideal of the ring [ ]/ 1m

n

p
Z x x< − >  where 

kpn =  . If the minimal degree polynomial ( )g x in C is monic, then C is 

generated as an ideal by ( )g x . 

 

Proof: Let ( )g x be the minimal degree polynomial in C such that the 

leading coefficient of g(x) is a unit. Let ( )c x be a polynomial in C. Then, by 

division algorithm there exists ( )q x  and ( )r x over mp
Z  such that  
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( ) ( ) ( ) ( )c x g x q x r x= +  where ( ) 0r x = or deg ( ) deg ( )r x g x< . Now 

( ) ( ) ( ) ( )r x c x g x q x C= − ∈ , as C is an ideal. If ( ) 0r x ≠ , 

then deg ( ) deg ( )r x g x< , which is a contradiction to the choice of degree 

of ( )g x . Therefore ( ) 0r x = , that is , every polynomial ( )c x  in C is a multiple 

of ( )g x . Hence C is generated by ( )g x . 

 

Lemma 3.2: Let C be an ideal of the ring [ ]/ 1
m

n

p
Z x x< − >  where 

k
n p= . Let ( )g x  be a minimal degree polynomial in C. If the leading 

coefficient of g(x) is hp s where 1 s m≤ ≤   and  ( , ) 1p h = , then the content 

of ( )g x is sp , that is, ( ) ( )s

s
g x p q x= , where >−<∈ − 1/][)( n

ps xxZxq sm . 

 

Proof:  Let ( )g x be a minimal degree polynomial in C of degree 't' with 

leading coefficient hp s  where 1 s m≤ ≤  and ( , ) 1p h = . Let 
2

0 1 2
( ) ... t

t
g x a a x a x a x= + + + +   be such that hpa s

t = . We claim that 

)(mod0 s

i pa ≡  for every i.  Suppose this is not so.  Then there exist 

some j t<  such that )(mod0 s

i pa ≠ . Then ( )m s
p g x

−  is a nonzero 

polynomial of degree less than the degree of ( )g x  and belongs to C, which 

contradicts the minimality of degree of g(x) in C. Hence )(mod0 s

i pa ≡  for 

every i and content of ( )g x  is sp .Therefore ( ) ( )s

s
g x p q x= , 

where ( ) [ ]/ 1
m s

n

s p
q x Z x x

−
∈ < − > . 

 

    Lemma 3.3: Let C be an ideal of the ring >−< 1/][ n

p
xxZ m  where 

kpn = . Let ( )g x be a minimal degree polynomial in C with leading 

coefficient hp s where 1 s m≤ ≤  and ( , ) 1p h = . Let all the polynomials in C 

have leading coefficients of the type hp u  such that u s≥ and h is a unit.  

Then ><=>=< )()( xqpxgC s
s   where >−<∈ 1/][)( n

ps xxZxq m . 

 

Proof: As ( )g x  is a minimal degree polynomial in C of degree‘t’ with 

leading coefficient hp s

 where 1 s m≤ ≤   and  ( , ) 1p h = , by Lemma 3.2, the 

content of ( )g x is sp and )()( xqpxg s

s
= , where 

>−<∈ − 1/][)( n

ps xxZxq sm .  We claim that all the polynomials in C are  
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multiples of )()( xqpxg s

s
= .  If possible, slet there exist polynomials in C 

which are not divisible by g(x).   Out of such polynomials, let ( )c x be a  

minimal degree polynomial. Let deg ( )c x v= . As c(x) is not divisible by 

( )g x , there exists ( ) 0r x ≠ such that  ( ) ( ) ( )v t
c x g x dx r x

−
= +  where 

deg ( ) deg ( )r x c x< and d is an integer. Because C is an ideal, we have 

Cdxxgxcxr tv
∈−=

−)()()( . As deg ( ) deg ( )r x c x< and ( )r x C∈ we must 

have ( ) ( )g x r x . This implies ( ) ( )g x c x , which is a contradiction. Therefore 

all polynomials in C are multiples of )()( xqpxg s

s
= . Hence 

( ) ( )s

s
C g x p q x=< > = < >  

 

Lemma 3.4: Let C be an ideal of the ring >−< 1/][ n

p
xxZ m  

where kpn = . Let )(xqp l

sl be a minimal degree polynomial in C, where 

)(xql  is monic. Then >=< −
− )(),(),...,(),( 121

121 xqpxqpxqpxqpC l

s

l

sss ll

 
where ll ssss ≤≤≤≤≤

−121 ...0  and )(xqp i

si  is a minimal degree 

polynomial in C among all polynomials in C with leading coefficient of the 

type ap u , where 1,1),(
+

<= isupa  , and )(xqi  is monic for1 1i≤ ≤ . 
 

Proof:   Let ( )c x  be any polynomial in C with leading coefficient of the 

type hp u  (h unit).  If lsu ≥ , then kill the highest power of ( )c x as follows: 
 

(3.1)       
deg( ( )) deg( ( ))

( ) ( ). . ( )
sl

l ls c x p q x

l
c x p q x d x r x

−
= +     

 

where either ( ) 0r x = or deg ( ) deg ( )r x c x< . As C is an ideal, ( )r x C∈ . If  

( )r x C∉ and leading coefficient of ( )r x ) is of the type hp u  (h unit) such 

that 
l

u s≥ , then further go on killing the highest degree term of the 

remainder till it is zero or it has leading coefficient of the type hp u  (h unit) 

such that lsu < . If remainder become zero at some stage, then c(x) is 

divisible by )(xqp l

sl . Moreover, if during the process degree of remainder 

becomes less than the degree of ( )ls

l
p q x , we must have the remainder equal 

to zero at that stage as ( )ls

l
p q x  is a minimal degree polynomial in C. 

Therefore without loss of generality, we suppose that either c(x) is divisible 

by )(xqp l

sl

 
or  

 

(3.2)        )()()()( 1 xrxqxqpxc l

sl += ,     
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where deg ))(deg())(deg( 1 xqpxr l

sl> and leading coefficient of )(1 xr  is of 

the type hp u  (h unit) such that lsu < . Let )(1 xg  be minimal degree 

polynomial in C among all polynomials in C with leading coefficient of the  
 

type hp u  (h unit) such that lsu < . Then all polynomials in C with degree 

less than degree of )(1 xg  should have leading coefficient of the type hp u  

(h unit) such that lsu < . Let leading coefficient of )(1 xg  be 11(1 hhp ls −  unit). 

Now, we claim that content of )(1 xg  is 1−ls
p . Leading coefficient of 

)()( 1
1) xgpp lss

−−  is 11(hhp ls
 unit). Therefore  

 

(3.3)      
) 1 1deg( ( )) deg( ( ))

1
( ) ( ) ( ). . '( )

sl
l l l

s s s g x p q x

l
p p g x p q x d x r x− −

− = +   

  

where ' ( ) 0r x = { }) 1'

1 1
deg ( ) deg ( ) ( ) deg ( )l

s s
r x p p g x g x−< − = . As C is an 

ideal,     r'(x) ∈ C. If r'(x) ≠ 0, then leading coefficient of r'(x) must be of the 

type hp u  (h unit) such that lsu ≥ . Therefore  
 

(3.4)     
deg( '( )) deg( ( ))

2
'( ) ( ). . ''( )

sl
l ls r x p q x

l
r x p q x d x r x

−
= +   

   

where either '' ( ) 0r x = or 
1

deg( ''( )) deg( '( )) deg( ( ))r x r x g x< < . As C is an 

ideal, '' ( )r x C∈ . Again, if '' ( ) 0r x ≠ , then leading coefficient of r''(x) must 

be of the type hp u  (h unit) such that
l

u s≥ . Continuing in this way, we can 

go on killing the highest degree term of the remainder till degree of the 

remainder becomes less than degree of )(xqp l

sl . The situation that the 

degree of remainder is less than degree of )(xqp l

sl  cannot arise because 

)(xqp l

sl  is a minimal degree polynomial in C and the remainder belongs to 

C. It follows that at some stage the remainder is zero. This implies that 

content of ) 1

1
( ) ( )l

s s
p p g x−−  is ls

p  and therefore the content of )(1 xg  is 1−ls
p  

and )()( 11
1 xqpxg l

sl

−
−= (say), where )(1 xql−

 is a monic polynomial.  

Now, if C does not contain any polynomial with leading coefficient of the 

type hp u  (h unit) such that 1−
< lsu , then leading coefficient of 

)(1 xr (referring back to equation (3.2)) is of the type hp u  (h unit) such that 

1l l
s u s

−
> ≥ . Now, kill the highest degree term of )(1 xr  as follows: 

 

1
1 1deg( ( )) deg( ( ))

1 1 3 2
(3.5) ( ) ( ). ( )

sl
l ls r x p q x

l
r x p q x d x r x

−
− −−

−
= +  
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where either 
2
( ) 0r x =  or 

2 1
deg( ( )) deg( ( ))r x r x< . As Cxr ∈)(2  and all 

polynomials in C have leading coefficient of the type hp u  (h unit) such that 

1−
≥ lsu , leading coefficient of )(2 xr  is also of the type hp u  (h unit) such  

that 1−
≥ lsu . Let leading coefficient of )(2 xr  be equal to 

)unit ( 11
1 ttp

u where 11 −
≥ lsu . If 11 −

≥ lsu , then kill the highest degree term 

of )(2 xr by using )(xqp l

sl  and if 1−
≥> ll sus , then kill the highest degree 

term of )(2 xr  by using )(1
1 xqp l

sl

−
− . The successive remainder is either zero 

or is of the same type. Continuing in the same way, kill the highest power of 

the remainder by using )(xqp l

sl  or )(1
1 xqp l

sl

−
−  to obtain the various 

successive remainders as multiples of )(xqp l

sl

 
or )(1

1 xqp l

sl

−
− . Moreover, at 

some stage degree of remainder becomes less than degree of )(xqp l

sl , 

which implies that remainder is zero. This further implies 

that >∈< −
− )(),()( 1

1 xqpxqpxc l

s

l

s ll . 

If code C contains polynomials with leading coefficient of the type hp u  (h 

unit) such that 1−
< lsu , then choose minimal degree polynomial in C among 

all those polynomials in C with leading coefficient of the type hp u  (h unit) 

such that 1−
< lsu . Let it be )(2 xg  with leading coefficient unit) ( 22

2 hhp ls − . 

Then all polynomials in C of degree less than degree of )(2 xg  have leading 

coefficient of the type hp u  (h unit) such that 1−
≥ lsu ,. We claim that content 

of )(2 xg  is 2−ls
p . Now, )(2

21 xgp ll ss −− −
 has leading 

coefficient unit) ( 22
1 hhp ls − . Therefore 

   

1
1 2 1 2 1deg( ( ) deg( ( )))

2 1 4 3
(3.6) ( ) ( ). . ( )

sl
l l l ls s s g x p q x

l
p g x p q x d x r x

−
− − − −− −

−
= +  

  

where either 
3
( ) 0r x =  or deg ))(deg())(deg())(deg( 223

21 xgxgpxr ll ss
=< −− − . 

As C is an ideal, Cxr ∈)(3 . If 0)(3 ≠xr , then leading coefficient of )(3 xr  

must be of the type hp u  (h unit) such that 1−
≥ lsu . Let leading coefficient of 

)(3 xr  be equal to unit) ( 22
2 ttp

u . If lsu ≥2  then kill the highest degree term 

of )(3 xr  by using )(xqp l

sl  and if 12 −
≥> ll sus  then kill the highest degree 

term of )(3 xr  by using )(1
1 xqp l

sl

−
− . The successive remainder is either zero 

or is of the same type. Continuing in the same way, kill the highest power of 

the remainder by using )(xqp l

sl  or )(1
1 xqp l

sl

−
−  to obtain the various  
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successive remainders as multiples of )(xqp l

sl or )(1
1 xqp l

sl

−
− . Moreover, at 

some stage degree of remainder becomes less than degree of )(xqp l

sl , 

which implies that remainder is zero. This further implies that the content of  

)(2
21 xgp ll ss −− −

 is 1−ls
p . Therefore the content of )(2 xg  is 2−ls

p  and 

2

2 2
( ) ( )ls

l
g x p q x−

−
=  (say), where  )(2 xql−

 is a monic polynomial. 

Now, if C does not contain any polynomial with leading coefficient of the 

type hp u  (h unit) such that 2−
< lsu . Then leading coefficient of )(1 xr  

(referring back to equation (3.2)) is of the type hp u  (h unit) such 

that 2−
≥ lsu . 

Let leading coefficient of )(1 xr  be equal to 

unit) ( 33
3 ttp

u where 23 −
≥ lsu . If lsu ≥3 , then kill the highest degree term of 

)(1 xr  by using )(xqp l

sl . If 13 −
≥> ll sus , then kill the highest degree term of 

)(1 xr  by using )(1
1 xqp l

sl

−
− . If 231 −−

≥> ll sus , then kill the highest degree 

term of )(1 xr  by using )(2
2 xqp l

sl

−
− . The successive remainder is either zero 

or is of the same type. Continuing in the same way, kill the highest power of 

the remainder by using )(xqp l

sl  or )(1
1 xqp l

sl

−
−  or )(2

2 xqp l

sl

−
−  to obtain the 

various successive remainders as multiples of )(xqp l

sl  or 

)(1
1 xqp l

sl

−
− or )(2

2 xqp l

sl

−
− . Moreover, at some stage degree of remainder 

becomes less than degree of )(xqp l

sl , which implies that remainder is zero. 

This further implies that >∈< −−
−− )().(),()( 21

21 xqpxqpxqpxc l

s

l

s

l

s lll . 

If code C contains polynomials with leading coefficient of the type hp u  (h 

unit) such that 2−
< lsu , then again choose minimal degree polynomial in C 

among all those polynomials in C with leading coefficient of the type hp u  

(h unit) such that 2−
< lsu . Continuing in this way, we shall get a sequence 

of generators ),...(),( 43
43 xqpxqp l

s

l

s ll

−−
−− for C. This process must come to an 

end in finite no of steps, because the sequence is  is a decreasing sequence 

of non negative numbers. Thus, in a finite number of steps, we obtain that  

>=< −
− )(),(),...,(),( 121

121 xqpxqpxqpxqpC l

s

l

sss ll   

where ll ssss ≤≤≤≤≤
−121 ...0  and )(xqp i

si  is a minimal degree 

polynomial in C among all polynomials in C with leading coefficient of the 

type ap u , where 1 ,1),(
+

<= isupa  , and )(xqi  is monic for 1 1i≤ ≤ . 
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We summarize the results of the Lemmas 3.1 to 3.4 in Theorem 3.5. The 

Theorem follows from these Lemmas because 
 

 

1) All cyclic codes of length kp over mp
Z  are covered by one of these 

Lemmas and 

2) The number of generators in all the cases is less than or equal to m. 

 

Theorem 3.5: m Cyclic codes of length kpn =  over mp
Z are generated 

as ideals of >−<= 1/][ n

p
xxZR m  by at most elements. 
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