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Abstract:In this paper, we have proved coupled coincidence point results
for pair ofmappings in partially ordered G-metric spaces. We have
defined weak compatibility in this context to ensure the uniqueness of the
coupled common fixed point. There are several corollaries which extend
some existing results of coupled coincidence points and coupled fixed
points. The main theorem is illustrated with an example. An application is
established to solve some integral equation. The example demonstrates
that our main result is an actual improvement over the results which are
generalized.
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1. Introduction

The Banach contraction principle is most celebrated fixed point theorem.
Mustafa and Sims" ? introduced a improved version of the generalized
metric space structure, which they called it as G-metric spaces and establish
Banach contraction principle in this work. For more details on G-metric
spaces, one can refer to the papersl'n. Fixed Igoint theorems in partially
ordered G-metric spaces have been considered in”.

Studies on coupled fixed point problems in partially ordered metric
spaces have received considerable attention in recent years. One of the
reason of this interest is their potential applicability. Specifically, Bhaskar
and Lakshmikanthan'? established coupled fixed point for mixed monotone
operator in partially rdered metric spaces. Afterward, Lakshmikanthan and
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Ciric" extended the results'* of by furnishing coupled coincidence and
coupled fixed point theorem for two commuting mappings having mixed g-
monotone property. In a subsequent series, B. S. Choudhary and A. kundu™*
introduced the concept of compatibility and proved the result of® under
different set of condition.

Recently, Choudhary and Maity" published coupled fixed point results
in partially ordered G-metric spaces. Motivated by'*"® we introduce the
notion of weak compatibility in partially ordered G-metric spaces and utilize
this to prove a coupled fixed point result for mixed g-monotone mapping.
An illustrative example is discussed which shows that the above mentioned
improvements are actual.

2. Mathematical Preliminaries

Let (X, <) be partially ordered set and F: X — X be a mapping from
X to itself. The mapping F is said to be non-decreasing if for all x;, x,€ X,
x1<x, implies F(x;) < F(x,) and non-increasing, if for all x;, x,€ X, x;< X;
implies F(x;) = F(x»).

In 2004, Mustafa and Sims? introduced the concept of G-metric spaces
as follows:

Definition 2.1: Let X be a nonempty set and let G: X X X X X —> R" be
a function satisfying the following axioms®:

(G) G(x,y,z)=0if x=y =z,

(G2)  0<G(x,x,y), forall x,yeX with x #y,

(G3) G(x,x,y) £G(x,y,z),forall x,y,ze X with z #y,

(Gs)  G(x,y,2) =G(x,z,y) = G(y, 2, x) =...(symmetry in all three
variables),

(Gs) G(x,y,2) £G(x,a,a) + G(a, y, z) for allx, y, a, ze X (rectangle
inequality),

then the function G is called a generalized metric on X and the pair (X,G) is
called a G-metric space.
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Definition 2.2: Let (X,G) be a G-metric space and let {x } a sequence of
points in X, a point x in X is said to be the limit of the sequence {x},

lim G(x, x,, x,) = 0, and one says that sequence {x,} is G-convergent to x.

m, n—oo

Thus, that if x, > x orlimx = x in a G-metric space (X, G), then if for each

n—oo

e> 0, there exists a positive integer N such that G(x, x,, x,,) <€ for all m, n
> N?

Proposition 2.1:Let (X, G) be a G-metric space. Then the following are
equivalentz:
(1) {x}is G -convergent to x,
(2) G(x
(3) G(x

(4) G(x X x)—)Oas m, n—oo,

m> *n?

X, x) —0 as n—oo,

n’

X, x)%O as n—oo,

n’

Definition 2.3: *If (X,G) and (X;,G;) be two G-metric space and let
f :(X,G) = (X,,G) be a function, then f is said to be G-continuous at a

pointx,€ X if given ¢ > 0, there exists 6 > 0, such that forx, ye X and
G(x, x,y) <& implies G(f(x).f(x),f(y)) <€. A function f is G-
continuous at X if and only if it is G-continuous at all x,€ X or function f is
said to be G-continuous at a point x,€ X if and only if it is G-sequentially
continuous at x,, that is, whenever {x, } is G-convergent to x,, {f(x,)}is G-

convergent to f(x,).

Definition 2.4: “Let (X, G) be a G-metric space. A sequence {x }is
called G-Cauchy if, for each £>0, there exists a positive integer N such that
G(x x,) <efor all n,mI2N; ie if G(x,, x

n,m,l—oo,

X x,)—>0 as

n’ m? m?

Proposition 2.2: 2If (X,G) is a G-metric space then the following are
equivalent:

(1) The sequence {x } is G—Cauchy,
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(2) for each £>0, 3 a positive integer N such that G(x,, x
for all n,m, [ >2N.

x,) <€

m?

Proposition 2.3: ’Let (X,G) be a G-metric space. Then the function G(x,
v, z) is jointly continuous in all three of its variables.

Definition 2.5: *A G-metric space (X,Q) is called a symmetric G-metric
space if

G(x, v, y) = G(y, X, x) forall x,y € X.

Proposition 2.4: *Every G-metric space (X,G) will defines a metric
space (X,dg) by

(i) dG(x,y) = G(x, v, y) + G(y, X, x)for all x,yinX.
If (X,G) is a symmetric G-metric space, then
(ii) d,(x,y) = 2G(x, y,y) forall x,y inX.

However, if (X,G) is not symmetric, then it follows from the G-metric
properties that

(iii) 3/2G(x, ¥, y) <dg(x,y) <3G (x,y,y) forall x,y in X.

Definition 2.6: A G-metric space (X, G) is said to be G-complete if
every G-Cauchy sequence in (X,G) is G-convergent in X.

Proposition 2.5: '*A G-metric space (X,G) is G-complete if and only if
(X,dg) is a complete metric space.

Definition 2.7: *Let (X, <) be partially ordered set and F: XxX —X be
a mapping. The mapping F: XXX —X is said to have mixed monotone

property if F is monotone non-decreasing in its first argument and is
monotone non-increasing in its second argument, that is, if for all

%, %, € X, x<x, implies F(x,y)<F(x,y)for ye X and for all y,y €X,
y, <y, implies F(x, y)2F(x,y,)forxe X .
Definition 2.8: (Mixed g-monotone property13) Let (X, <) be partially

ordered set and F: XXX —X and g: X — X be two mappings. F has mixed
g-monotone property if F is monotone g-non-decreasing in its fist argument
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and is monotone g-non-increasing in its second argument, that is, if for all
X, % €X, gx<gx, implies F(x,y)<F(x,y)for yeX and for all

y. ), €X, gy, <gy, implies F(x, y)2F(x,y,)forxe X .

Definition 2.9: *An element (x, y)e XxX is called a coupled fixed
point of mapping F: XXX > X if F(x,y)=x and F(y,x) =y.

Definition 2.10: '?An element (x, y)e XxX is called a coupled
coincident point of mapping F: XXX —>X and g:X—>X if F(x,y)=gx
and F(y,x) =gy.

Definition 2.10: “Let (X, G) be a G-metric space. A mapping
F: XXX — X is said to be continuous if for any two G-convergent sequence
{x } and {y,} converging to x and y respectively, {F(x,, y,)} is G-convergent
to F(x,y).

Using the concept of continuous, mixed monotone property and coupled
fixed point, Choudhary and Maity" introduce the following theorem:

Theorem 2.1: Let (X, <) be partially ordered set and let G be a G-
metric on X such that (X, G) is a complete G-metric space. Let F : X X X —
X be a continuous mapping having mixed monotone property. Assume that
there exist k € [0, 1) such that for x, y, u, v, w, z € X, the following holds:

G(F(x, y), F(u, v), F(w, z)) S%[G(x, u,w) + G(y, v, z)]for all x zu >

wandy v <z where either u Zw orv #z.

If there exist xp and yo€ X, such that xo<F(xo, yo) and yo=F(yo, Xo), then F
has coupled coincidence in X, that is, there exist x, y € X such that
x=F(x,y)and y=F(y, x).

In a sequel, very recently Aydi et al. generalized the above theorem
using commutative mappings and g-mixed monotone property in the
following way:

Theorem 2.2: Let (X, <) be partially ordered set and G-be a G-metric
on X such that (X, G) is a complete G-metric space. Suppose that there exist
pe D, F: XxX—>Xand g:X —>X such that

G(F(x,y). F(u,v), F(w,2)) < ,,{G(gx’gu’gW)+G(gy,gv,gz)j

2
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forall x, y, u, v, w, z €X, with gw < gu < gx and gy < gv < gz. Suppose
also that F is continuous and has the mixed g-monotone property,
F(XxX)cg(X)and g is continuous and commute with F. If there exist x

and yo€ Xsuch that g(xp) < F(xo, yo) and F(yy, x0) < g(x0), thenF and g have
a coupled coincidence points, that is, there exist (x, y)€ X X X such that
g(xX)=F(x,y) and g(y)=F(y, x).

We define a notion of compatibility in the following:
Definition 2.12: The mappings F and g where F': XXX — X and
g:X — X, are said to be compatible if

limG(g(F(x,, y,)).F(gx, gy,), F(gx, gy,))=0

n—>

and

lim G(g(F(y,, x,)), F(gy,, gx,), F(gy,, gx,))= 0.

whenever{x }and {y,} are sequences in X, such that lim F(x,y,)

=lim g(x,)=xand lim F(y,,x )=lim g(y,)=y, for allx, ye X are satisfied.

Definition 2.13: *We say that mappings F: XxX —>X and g:X —>X
are commutative if g(F(x, y)) = F(gx, gy) forall x, y € X.

We denote by @ the set of function ¢: [0, +o0) — [0, +o0) satisfying

(@ ¢'({0}) ={o},
(b)  o(t)<t for all t >0,

(c) lim¢(r)<t for all t>0.

r—t*

Lemma 2.1: ([20]) Let ¢p€ . For all t >0, we have lim ¢"(t)=0.

n—»o

Definition 2.14: The mappings F and g where F': XXX — X and
g:X—X, are said to be weakly compatible if they commute at there
coincidence points, that is if

F(x,y) = gxfor some x € X, then F(gx,gy) = gF(x,y)

and
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F(y,x) = gyforsomex € X, then F(gy,gx) =gF(y,x).

3. Main Results

Theorem 3.1: Let (X, <) be partially ordered set and G be a G-metric
on X such that (X, G) is a G-metric space. Also suppose that F: XXX —>X

and g:X—X are such that F has mixed g-monotone property on X
satisfying

(3.1)  @(G(F(x,y), F(u, v), F(w, 2))< @(max(G(g x, gu, gw)
G(gy, gv, g2)—@P(max(G(gx, gu, gw),G(gy, gV, g2)))

forall x, y, u, v, w, 7 €X, with gw < gu < gx and gy < gv < gz, where either
u+ worv+#zand ¢ and ¢ are altering distance functions.Suppose
F(XxX)cg(X)and g(X) is complete subset of X. Also suppose X satisfy

the following property:

(i) if{x,} is a non—decreasing sequence such that x,—x, then x, < x
for all n,

(ii) if {yn} is a non—increasing sequence such that y,— y, theny sy
for all n.

If there exist xg, yo€ X such thatg(xg) sF(xo, yo) and g(yo) = F(yo, Xo),then
there exist x, y € X such that g(x)=F(x,y) and g(y) =F(y, x),i. e. Fand g
have a coupled coincidence points.

Proof: Let xo, yo be such that gxo<F(xo, yo) and gyo=F(yo, Xo). Since
F(XXX)cg(X), we can choose x,, y,€X such that gx= F(x, ) and

gy=F(,x,). Again we can choose x,, y,€ X such that gx,= F(x,,,)
and gy,= F(y,,x,). Continuing like this we can construct two sequences

{gx,} and {gy,} such that
(3.2) gx,=F(x,,y,,) and gy,= F(y,,, x,,) foralln>0.
We shall prove that for all n >/,

(33)  gx<gx

n+l?
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and
(3.4) 8Yn=8 Vo -
Since gxo<F(xo, yo) and gyo=F(yo, Xo) and gx=F(x, y,)and

gy=F(y,. x,), we have gxo <gx; and gyo> gy;; thatis, (3.3) and (3.4)
hold for n = 0.

We presume that (3.3) and (3.4) holds for some n > 0. As F has mixed g-
monotone property and gx, <gx, ., 8y, —8Y,. » from (3.2), we have

n+l®

(35) gxn+1: F(‘xn’ yn) j F(xn+1’ yn) and gyn+1 = F(yn’ xn) t[:(yn-%—l’ xn)'

also for the same reason, we have

(36) F('xn+l’ yn) jF‘(')Cn-%—l’ yn+l):g'xn+2 and F(yn+1’ 'xn) i_F‘(y}ﬂl")C}'H—l):gy}HZ'

From (3.3) and (3.4), we have that gx ,,<gx, .and gy,.,=8Y,.,-

Then by mathematical induction it follows that (3.3) and (3.4) holds for n >
0. Therefore

(3.7) 8X 8N ZEXH 28X, 28X S

(3.8) 8N ENTE Y T8V -8V, 8 Y -

If for some n, we have (gx,_,, gv,.,) = (gx,,gy,), thengx, = F(x,,y,) and
gy,= F(y,, x,), that is, F and g have a coincidence point. So from now we
assume (gx.., gv,,) # (gx,, gy,)for all n € N, that is we assume that
either gx,,,= F(x,,,)#8x, or g3,,= F(3,, %,)#8,-

From (3.1), we have

(3'9) ¢(G(g'x’;z+l’ gerl’ gxn)):¢(G(F(xn’ yn)’ F(xn’ yn)’ F(xnfl’ ynfl)))
<@p(max(G(gx,,8x,, 8X,),G(gY,,&Y,> &Y,4))
—P(max(G(gx,,8x,, 8X,.), G(£,.8 Y, £Y,1)))-

As ¢>0,

o(G(gx,,,, 8%, 8%,))<@(max(G(gx,.8x,, 8X._,), G(8),:8Y,> &i)))s

and, using the fact that ¢ is non-decreasing, we have
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(3.10) G(8%,. 8%,1- 8%,) Smax(G(gx,,8x,, 8%,), G(8Y,.8Y, &1))-

Repeating the same argument ones obtain

(3.11) G(81> 8Vpnrs 8Y,) SMax(G(gy,.8, &)> G(8X,.8%,, 8X.))).

By (3.10) and (3.11), we have

max(G(8Xx,,,,8%,,1-8%,):G(8Y,.1:8Y,.1-8%,))
<max(G(gy,.8y,> 8,.1) G(gx,.8x,,8x,,)),

and, thus, the sequencemax(G(gx,,.8x,,.8%,), G(8Y,.1,8),.1-8),))1s non-
negative decreasing. This implies that there exists r = 0 such that

(3.12) limmax(G(gx,,,.8%,.,.8%,), G(8Y,.,,8Y,.,-8,)) = T.

n—oo

It is easily seen that if @: [0, o) — [0. o) is non-decreasing, @(max(a, b))
= max(¢(a), ¢(b))for a, be[0,0). Taking in to account this and (3.9) -
(3.12), we get

max(P(G (8,1, 8%,» 8%,))- (G (8,1 8- 8))))
=p(max(G(gx,., 8%,.1» 8X))G(8Yp1» 8Ypt» 83))))
<@(max(G(gX,,8%,, 8%,1) G(8Y,:8Y,> 8,-1)))

—P(max(G(gx,,8%,, 8%,), G(£,,8Y,> &)

Letting n —oo in the above inequality and using (3.12), we have

@(r) < o(r)=¢(r) < o(r)
this implies that @¢(r) = 0. Sinced is an altering distance function, r = 0
and, consequently

limmax (G(g%,,,,8%,.1-8%,)> G(8),,158,1-8Y,)) = 0,

n—oo

or

(3.13) IimG(gx,,,,8%,.,.8%,) =G(8Y,,1,8Y,.1-8Y,) = 0.

n— o

Next, we show that {gx }and {gy,}are Cauchy sequences in G-metric

spaces (X, G).Assume to the contrary that at least one of above sequence is
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not a Cauchy sequence. This gives that lim G(gx,, gx,, gx,)~0or

m,n—>c

lim G(gy,, gy, &y,)-0, and consequently

m,n—>co

lim max(G(gx,, gx,,8x,), G(gy,, &,,» &,,) 0.

This means that there exist ¢ > 0 for which we can find subsequences
{50} and {x,} with n(k) > m(k)2k such that

(3.14) max(G(gxn(k)’ 8 X (k) gxm(k))’ G(gyn(k)’ V> gym(k))) 2E.

Further, we can choose n(k) corresponding to m(k)in such a way that it
is smallest integer withn(k) > m(k) and satisfying (3.14).

(3.15) max(G(gxn(k)’ 8% (k)-1> gxm(k)fl)’ G(gyn(k)’ EVm k1 gym(k)—l))<€'

By contractive condition, (3.1), we get

¢(G(gxn(k)’ 8Xn(ky» gxm(k))) :¢(G(F(xn(k)—1’ xn(k)—l)’

(3.16) (%10 T2 ) F(Sutr1s Zirr))
S(p(maX(G(gxn(k)-p 8%t 1> 8Xn(ir1)s
G(&uity1> 8mikrt gym(k)_l)))
—¢(max(G(g Xkr-t> 8 Xt 1> 8 Xt )
G(8Ykr12 8k gym(k)_l)))
and
- (p(G(gy,,<k), ity g)’m<k>)):‘/’(G(F (Yattras Fogera )

F (ym<k>—1’ xm(k)—l)’ F (ymu«)—l’ xm(k)—l)))

<@(max(G(8Y, )15 8Vmawr12 &Vmrr1)s C(8X,01> 8%yt 8 Xwirr1)))
_¢(max(G(gyn(k)—l’ 8miir1> 8Vmiir1)s G&8X 115 8%yt 8% 1))

By (3.17) and (3.18), we get
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(3.18) ¢(max(G(gxn(k)’ 8 Xy g'xm(k))’G(gyn(k)’ EV k> gym(k))))

S@(Max(G(8Y, )15 &mir-1> 8Vmiir1°G (8% kr1> 8%mikr1s 8Xniiya)))
_¢(max(G(gyn(k)_p EVm(k)-1° gym(k)—l)’G(gxn(k)—l’ 8% (k)1 gxm(k)—l)))

On the other hand, the rectangle inequality and (3.15) give us

G(g'xn(k)’ 8 Xn(ky» g'xm(k))SG(g'xn(k)’ 8 X (k)1 gxm(k)—l)

(3.19)
+ G(gxm(k)—l’ gxm(k)’ gxm(k))
< G(g‘xm(k)—l’ g‘xm(k)’ g'xm(k)) +€
Gl&uikr> &Vmikr» &) )G\ &Vkr> &Vt > &k
(3.20) ( (k) (k) (k)) ( (k) (k)-1 (k) 1)

+ G(gym(k)—l’ 8V y» gym(k))
< G(gym(k)—l’ gym(k)’ gym(k)) +&

From (3.14), (315), (3.19) and (3.20), we get
€Smax(G(gxn(k), 8% (k)» gxm(k)), G(gyn(k), 8V k> gym(k)))
< max(G(gxm(k)—l’ 8Xn(k)» gxm(k))’ G(gym(k)fl’ V(s gym(k))) +£&

Letting k — oo in the inequality and using (3.13), we have

(3.21) lim max(G(gxn(k)’ 8% k) g'xm(k))’ G(gyn(k)’ 8y gym(k))) =¢&.

k—> o0

Again, using rectangular inequality and (3.15), we obtain

G(gxn(k) -1° gxm(k) -1° g‘x';n(k)— 1) S G(gxn(k)— 1° g‘x';n(k)’ gxm(k))

(3.22)
+ G(gxm(k)’gXWL(k)— 1> 8%y —1)
< G(gxm(k)’gxm(k)—l’ gxm(k)—l) + &
and
Gl &Yty =12 8ty - 1> 8Vmetr-1) < G &Vt~ 1> &Vmty> &
(3.23) ( k) -1 k) -1 (k) 1) ( (k) -1 (k) (k))

+ G(gym(k)’gym(k) 15 8Vmk) - 1)

< G(gym(k)’ gym(k) -1° gym(k) - 1) + £
By (3.22) and (3.23), we get
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(3.24) max(G(gxn(k)_l, 8%, 01 8Xm<k>_1)’ G(gyn(k)—l’ 8Ymr)-15 gym(k)—l))
Smax(G(gxm(k),gxm(k)_l, gxm(k)_l), G(gym(k), 8Vmty-1s 8)’m<k>—1))+8.
Using the rectangular inequality we have
G(gxn(k)’ 8Xn (k> gxm(k))SG(gxn(k), 8%k - 1> 8%ach) - 1)
+ G(g'xn(k) — 10 8%k - 15 Xk - 1)
+ G(gxm(k) ~ 1> 8Xn(xy» gxm(k))
and
G(gyn(k)’ 8V (x> gym(k)) SG(gyn(k)’ EVntiy =12 8Vnik) - 1)
+ G(gyn(k) 10 8Vmky - 1> 8Vmiky - l)
+ G(gym(k) 10 8ty gym(k))
and by last two inequalities and
(3.25) 3 Smax(G(gxn(k)’ 8% (k> g‘xm(k))’ G(gyn(k)’ 8Vmky» gym<k)))
Smax(G(an(k) ’ g-xn(k) —1° gxn(k) - 1)9 G(gyn(k)’ gyn(k) -1 gyn(k) - l))

+max(G(gxn(k)fl’gxm(k)fl’ gxm(k)—l)’G(gyn(k)—l’ 8V ky-1> gym(k)fl))

+max(G(gxm(k) — 1> 8%y gxm(k))’ G(gym(k) 1> 8Ymky» gym(k)))
By (3.24) and (3.25) we have
£ _max(G(gxn(k)’ 8%y - 1> 8%y - 1)’ G(gyn(k)’ Entiy ~ 1> 8k - 1))
- max(G(gxm(k)—l’ 8% (k> gxm(k))’ G(gym(k) —1> 8V k> gym(k)))
Smax( 8Xoky—1> 8% (k)-1> gxm(k)fl)’ G(gyn(k)—l’ EVmky-1> gym(k)fl))

G(
Smax(G(gxm(k), 8Xn (k)1 gxm(k)fl)’ G(gym(k)’ EVm k)1 gym(k)fl))

Letting k —coin the last inequality and using (3.13), we obtain

(3.26) limmax(G(gxn(k)—l’ X (k)1 gxm(k)—l)’G(gyn(k)—l’ EVn(k)-1° gym(k)—l)):g'

n—eo
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Finally, letting k — oo in (3.18) and using (3.21), (3.26) and the continuity
of wand ¢, we get

P(&) < p(e) —P(€) < P(€)

and, consequently, @(€) = 0. Since ¢is altering distance function, ¢ = 0,
and this is a contradiction.Therefore, both {gx }and{gy,}are Cauchy

sequences in g(X). From the completeness of g(X),there exist x, y € X such
that

(3.27) limF(x,y,) =limgx,, = gxand imF(y,, x,) =limgy,.,= gy,

n—oo n—oo n—o0 n—

By (3.7), (3.8) and (3.12), we have

gx,<gxandgy, = gy.

Forall n >0, we get

G(F(x, y),F(x, y),F(x_,y,))<¢(max(G(gx, gx, gx,,),
G(gy, 8Y: &,1)))
—P(max(G(gx, gx, gx,_), G(gy, &> &,41)))

Letting the limit as n —oo in the above inequality, using (3.27), we have
G(F(x,y), F(x,y), gx) = O;thatis gx = F(x, y).

Again, we have

G(F(y,x), F(y, %), F(3,.x,)) < @(max(G(gy, gy &y,,)
G(gx, gx, 8x,,)))
~¢(max(G(gy. gy gy,.)- G(gx, gx, gx,,)))

Letting the limit as n —oo in the above inequality, using (3.27), we have

G(F(y, x), F(y,x), gy) = O;thatis gy = F(y, x).

Hence the element (x, y)e XXX , is coupled coincidence point of mapping
F: XxX—X and g: X—>X.
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By setting ¢@(¢)=Identity mapping in theorem 3.1, we have following
corollary.

Corollary 3.2: Let (X, <) be partially ordered set and G-be a G-metric
on X such that (X, G) is a G-metric space. Also suppose that F: XxX —X
and g: X —X are such that F has mixed g-monotone property on X such
that

G(F(x,y), F(u,v), F(w, 7)< max(G(gx, gu, gw),
G(gy, gv, g2)
—¢(max(G(gx, gu, gw), G(gy, gv, gz)))

(3.28)

forall x, y, u, v, w, z €X, with gwgus<gx and gy=<gv=gz, where either u +
w and v # z and ¢ are altering distance functions. Suppose
(X xX)c g(X)and g(X) is complete subset of X. Also suppose X satisfy

the following property:

(i) if {x,} is a non-decreasing sequence such that x, — x, then x, < x for all
n,

(ii) if {y,} is a non-increasing sequence such that y, — vy, then y, =y for all
n.

If there exist xg, yo€ X such that g(xo) SF(xo, yo) and g(yo) = F(yo, Xo), then
there exist x, y € X such that g(x) = F(x, y) and g(y) = F(y, x), that is F and
g have a coupled coincidence points.

Again by setting ¢(t) = I -kt, in theorem 3.1, we have following
corollary.

Corollary 3.3: Let (X, <) be partially ordered set and G-be a G-metric
on X such that (X, G) is a G-metric space. Also suppose that F: XxX —>X
and g: X —X are such that F has mixed g-monotone property on X such

that

G(F(x, y), F(u, v), F(w, z)) < k(max(G(gx, gu, gw),
(3.29)
G(gy. gv. 82)))

forall x, y, u, v, w, 7 €X, with gw < gu < gx and gy <gv gz, where either
u+wandv # z.Suppose (X X X)) g(X) and g(X) is complete subset of X.
Also suppose X satisfy the following property:
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(i) if {x,} is a non-decreasing sequence such that x,, — x, then x, < x for
all n,

(ii) if {y.} is a non-increasing sequence such that y, — y, then y, = y for
all n.

If there exist xg, yo€ X such that g(xp) SF(xo, yo) and g(yvo) = F(yo, Xo), then

there exist x, y € X such that g(x) = F(x, y) and g(y) = F(y, x), that is F and

g have a coupled coincidence points.

Remark 3.4: Notice that theorem 3.1 of Choudhary and Maity” which
is stated here as theorem 2.lis a consequence of corollary 3.3. In fact, the
contractive condition appearing in theorem 2.1

G(F(x,y), F(u, v), F(w, z)) S%[G(x, u, w) + G(y, v, z) |

for all x = u > w and y < v < z where either u # w or v # z, with k €[0, 1)
implies

G(F(x, y), F(u, v), F(w, z)) S%[G(gx, gu, gw) + G(gy, gv, gz)]
S%xZ(max(G(gx, gu, gw), G(gy, gv, gz)))

= k(max(G(gx, gu, gW), G(gY» 8V, gZ)))

and, therefore, setting g = Identity function and applying the corollary 3.3
we can get the desired result.

Theorem 3.5:Let (X, <) be partially ordered set and G-be a G-metric
on X such that (X, G) is a G-metric space. Also suppose that F: X xX = X
and g: X — X are such that F has mixed g-monotone property on X
satisfying

G(F(x, y), F(u, v), F(w, z) S¢(max(G(gx, gu, gw),

(3.30)
G(gy. gv. 82)))

forallx,y, u, v, w, z €X, with gw S gu gx and gy g v< gz, where either
u+wand v # z and @is altering distance functions. Suppose F(X x X) €
g(X) and g(X) is complete subset of X. Also suppose X satisfy the following

property:
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(i) if {x,} is a non-decreasing sequence such that x,, — x, then x, < x for
all n,

(ii) if {y.} is a non-increasing sequence such that y, — y, then y, = y for
all n.

If there exist xg, yo€ X such that g(xp) <F(xo, yo) and g(yvo) = F(yo, Xo), then
there exist x, y € X such that g(x) = F(x, y) and g(y) = F(y, x), that is F and
g have a coupled coincidence points.

Proof: Repeating the similar procedure as in the proof of theorem 3.1,

the result is obvious.

Remark 3.6 Notice that theorem 3.1 of Aydi et al. [28] which is stated
here as theorem 2.2 is a consequence of theorem 3.5. In fact, the contractive
condition appearing in theorem 2.2

G(F(x,y), F(u, v), F(w, z)) < ,D(G(gx’g”’gw)JfG(gy,gv,gz)j

2

forall X, y, u, v, w, z € X, with gw<gu<gx and gy<gv<gz, implies

G(F(x,y), F(u, v), F(w, z)) < ,D(G(gx’g”’gw)JfG(gy,gv,gz)j

2
<gp(max(G(gx, gu, gw), G(gy, gv 82)))

and, therefore, applying the theorem 3.5 we can get the desired result.

Next our aim is to prove the uniqueness of coupled fixed pointin the
above theorem. For this, note that if (X, <) is partially ordered set, then we
endow the product space X X X with following partial order:

for(x, y), (u, v)e XxX, (u, v)=(x,y)x=u, y=<v.

Theorem 3.7: In addition to the hypotheses of Theorem 3.1, suppose
that for every (x,y), (x',y)eX X X there exist a (u,v)e X X X such that
(F(u, v),F(v, u))is comparable to(F(x,y), F(y, x))and (F(x',y"),(y", X))
and, also F and g are weakly compatible. Then F and g have a unique
coupled common fixed point; that is, there exist a unique (x,y)eX XX

such that x = gx=F(x,y)and y = gy=F(y, x).
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Proof.From theorem 3.1, the set of coupled coincidence point is non-
empty. Suppose (x, y)and (x', y)are coupled coincidence points of F and

g; that is, gx = F(x,y), gy=F(y,x) andgx =F(x',y),gy=F(y,x).
Now we show

(3.31) gx=gx and gy =gy.

By the assumption, there exist (u, v)€é X X X such that (F(u, v), F(v, u)) is
comparable to (F(x, y), F(y, x))and (F(x", y), (¥, x)).

Put u,=u,v,=v, and choose u,veX, so that gu=F(y,V,)and

gv=F0p, ).
Then, repeating the same argument as in the proof of Theorem 3.1, we can
inductively define sequences {gu,} and {gv,} where

) andgv,= F(v,,,u,,), forallneN.

n—1

gun = F(unfl’ v,

n—1

Hence (F(x,y), F(y,x)=(gx,gy)and (F(u,v), F(v,u))=(gu, gv,)are
comparable.

Suppose that (gx, gy) = (gu,, gv,) (the proof is similar in other case).

We claim that (gx, gy) =(gu,, gv,), foreachn €N.

In fact, we will use mathematical induction.

Since, we have(gx, gy)>(gu,, gv,). Our claim is true for n =1. We
presume that(gx, gy) =(gu,, gv,)holds for n >1. Then, we have
gx=<gu, andgy>=gv, . Using the mixed g-monotone property of F, we
get

git, = Fu, v, )= F(x,v,) = F(x, y) = gx
and

&%= F (v, u,) X F(y, u,) X F(y, x) = gy
and this proves our claim.

Since gx X gu,and gy~ gv, , using the contractive condition (3.1), we have

9G(gx, gx, gu,) = @G(F(x, y), F(x, ), F(u, v, ,))
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< p(max(G(gx, gx, gu, ), G(gy, gy, &V,1)))
—@(max(G(gx, gx, gu, ), G(gy, gy, gv,.,)))
As ¢=>0,

9G(F(x,y). F(x.¥). F(t,.,. v,,)) < ¢(max(G(gx, gx. gu,.,),
G(gy. 8. 8v,)))

and, using the fact that ¢ is non-decreasing, we have

G(F(x, y), F(x, y), F(un_l, vn_l)) < max(G(gx, 8x, gu, ),

(3.32)
G(gy, &, &v,))

Repeating the same reasoning we obtain

G(F(y, x), F(y, x), F(vn_l, un_l)) < max(G(gy, 8y, 8V, 1)s

3.33
( ) G(g-x’ gx’ gun—l))

Using (3.32) and (3.33), we have

max(G(gx, g-x’ gun ),G(gy, gy’ gVn ))Smax(G(gx, g-x’ gun—l)’

(3.34)
G(gy, &, gv,))

and thus, the sequencemax(G(gx,gx,gu,), G(gy,gy.gv,))is nonnegative
decreasing. This implies that there exists 7 = 0 such that
(3.35) lim max(G(gx, gx, gu,), G(gy, &y, gv,)) = r.

It is easily seen that if ¢@: [0, ) — [0, ) is non-decreasing,
(o(max(a, b)) = max((o(a), (p(b)) for a, be[0,%). Taking into account this
and (3.32) - (3.35), we get

max(@G(gx, gx, gu,).9G(gy. gv. gv,)) = ¢(max(G(gx, gx, gu,).
G(gy. 8. gv,)))

Sq)(max(G(gx, gx, gun_l)#’G(gy’ 8Y, gVn—l)))

—¢(max(G(gx, gx, gu,,).9G(gy, &y, 8Vn-1)))
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Letting n —coin the above inequality and using (3.35), we have
o(r) < o(r) —4(r) < o)

this implies that ¢(r) = 0. Since ¢ is an altering distance function, r = 0
and, consequently

lim max (G(gx.gx.gu,), G(8y.8y.8,)) = 0.

Or
(3.36) lim G(gx,gx,gu,) =lim G(gy,gy,gv,) = 0.
Repeating the similar argument, we show that
(3.37) lim G(gx',gx", gu,) =limG(gy’, gy, gv,) = 0.
Using, G,, (G(x, x, y)<2G(x, v, y)), (3.21) and (3.22), we have

G(gx, gx', gx')<G(gx, gu,, gu,) + G(gu,, gx°, gx°)

<[2G(gx, gx, gu,)+G(gu,, gx', gx')]1—0 as n—co.

and

G(gy. &Y' gy )<G(gy. gv,. gv,) + G(gv,. gy". &)
S[ZG(gy, gy, gv”)+G(gvn, gy, gy)]—=0asn—oo,

Hence gx = gx'and gy = gy'.Thus we proved (3.31).

Since gx = F(x, y)and gy = F(y, x), by weak compatibility of F and g we
have

(3.38) ggx = gF(x,y) = F(gx, gy) and ggy = gF(y, x) = gF(gy, gx).

Denote gx = zand gy = w. Then from (3.38),

(3.39) gz = F(z, w) and gw = F(w, z).

Then (z, w) is a coupled coincidence point. Then from (3.38) with x = z and

y = witfollows gz = gxand gw = gy, that is,

(3.40) gz=zand gw=w.
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From (3.39) and (3. 40),
z=gz=F(z,wandw = gw = F(w, z).

Therefore (z, w)is a coupled common fixed point of F and g. To prove
uniqueness, assume that (r, s)is another coupled common fixed point. Then
by (3.38) we have

r=gr=gz=zands = gs =gw =w.
Corollary 3.8:In addition to the hypotheses of corollary 3.2, suppose
that for every (x,y), (X', y)e X X X there exist a (u, v)e X x X such that
(F(u, v),F(v, u)) is comparable to (F(x, ¥).F (. x)) and (F(xX', y),(y", x))

and, also F and g are weakly compatible. Then F and g have a unique
coupled common fixed point; that is, there exist a unique (x,y)eX X X

such that x = gx = F(x,y) andy = gy = F(y, x).

Corollary 3.9: In addition to the hypotheses of corollary 3.3, suppose
that for every(x,y), (x',y)eX XX there exist a(u,v)eX X X such that
(F(u, v),F (v, u))is comparable to(F(x,y),F(y,x))and (F(x',y),(y", x))

and, also F and g are weakly compatible. Then F and g have a unique
coupled common fixed point; that is, there exist a unique (x,y)eX XX

such that x = gx = F(x,y)and y = gy = F(y, x).

Example 3.10: Let X =[0, 2] be endowed with Euclidean metric
G(x,y,2) = (Ix —yl+ ly — zl+ Iz — xI), forall x, ye X .

Then, (X,<)is a partial ordered set with natural ordering of real numbers.
Let F: XXX —X and g: X —>X defined as g(x) = x/2 forallxe X and

2
ATy .
F(x,y)=( > j if xyel0ll x2y

0, if  x<y

, respectively.

Clearly, F(XxX)c g(X), also F obeys mixed g-monotone property.

Let {x} and {y} be two sequences in X definedrespectively by

x,=2+1/nand y=1-1/n.
then we have by letting n —co
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g(F(x,.y,) =gF(2+1n,1- 1/n)=g{(1+2/njz}

2
=g(l/ 4) = U8=1/16 = F(gx,, gv,).
Also,
gF(1,0) = g(1/4) = 1/8+#1/16 = F(gl, g0),
which shows that the mappings F and g are neither compatible and nor
commutative. But it is obvious that the mappings are weakly compatible.

So we can not use the theorem 2.16 for mappings F and g.Also is oblivious
that, (0, 0) is the coupled fixed point of F and g.

Remark 3.11: It is obvious that if the mapping F and G neither
compatible and nor commutative, then this example will not be applicable,
which proves the generality of our result.

4.Applications
Theorem 4.1: Let Q = [0, 1] be bounded open set in R, L'(Q), the set

of function on Qwhose square in integrable on Q. Consider the integral
equation

(4.1) p(t, (x(1), y(1))) =Iq(t, s, (x(s), y(s)))ds, integration is taken
overQ,

where P: Q XRXR—R and g: Q x Q XRXR—R be two mappings. Define
G:X XX XX >R by

sup

G()C, Ys Z) T o

sup

eQ

sup

teQ

x=yl+ Dly—zl+ olz—x].

Then X is a complete G-metric space. Suppose that there exist a function
G: Q XRxR— R satisfying,

(i) pCs, (u(t),V(t))ZIq(t, 5,(w(s), 2(5)))ds2G (s, (u(t),v(1))) foreach s, 1€ Q..
(ii) p(s, (t),v(0)) =G(s,u(t),vO))<e(|p(s, w@),v() )=(u@®).v(@))]).

Then the integral equation (4.1) has solution in L ().
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Proof: Define F((x(2), y(1)),t)=p(t.(x(t), y(1))) and
gx(t):.[q(t, s, (x(s), y(s))) ds, then it is obvious that condition of

corollary 3.2 are satisfied. Now we can apply corollary 3.2 to obtain the
solution of integral equation 4.1
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