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Abstract: In this paper, a non-linear delay mathematical model for spread
of carrier dependent infectious diseases has been proposed and analyzed.
In the modeling process it is assumed that disease spreads due to the
direct contact between susceptible and infective as well as through
carriers. It is also assumed that the infective individuals transmit disease
to susceptible individuals after some time lag ‘7 ’. It is further assumed
that carriers follow logistic growth, whose growth rate depends on the
human related activities. The equilibriums of the model have been
obtained and their stability discussed. The critical value of time delay 7
for Hopf-bifurcation has been obtained analytically.
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bifurcation.

1. Introduction

The study of spread of infectious diseases has been initiated by well
known Kermack and McKendrick model. Since then various generalizations
of this model has occurred in literature’®. Most of the countries are being
affected by various infectious diseases. Keeping the mode of transmission of
infectious diseases in mind, several researchers of different countries have
proposed and analyzed epidemic mathematical models. The main
assumption in most of the available epidemic models is that the disease
spreads in human population by direct contact between susceptibles and
infectives. With this assumption various studies have been conducted. The
conditions under which the disease may be eradicated from the population
have been derived.
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In real situation it is observed that some of the diseases like dysentery,
gastroenteritis, diarrhoea, etc. are being transmitted to the human population
by direct contact as well as through vectors 714 These diseases are known
as vector borne diseases. It is observed that the third world countries are
most affected by such diseases due to lack of cleanliness, wide occurrence
of carriers such as flies, ticks, mites, etc. which are generally present in the
environment. The carriers present in the environment transfer the bacteria of
various diseases to the susceptible population. In 1976, Hethcote' studied
the spread of infectious diseases by incorporating the density of carrier
population in the model. In this model it is assumed that the density of
carrier population is constant. Since then some mathematical models have
been analyzed by considering the density of bacteria and carrier populations’
910, 11,12, 13, 14,16 ') particular Ghosh, et. al.'*!? studied the spread of carrier
dependent infectious diseases by assuming carrier population as a dynamic
variable. They have also considered the effect of role of environment on the
carrier population in the modeling process. In these models the effect of
human related activities on the density of carrier population has not been
considered, Singh, et.al.® studied spread of carrier dependent epidemic
models by considering that the growth rate of carrier population increases
due to the human related activities. Das, et. al. presented an epidemic model
for cholera disease by assuming that the intrinsic growth rate of carrier
population is a linear function of total human population. There are some
other mathematical models for the controls of epidemic using vaccination
are also available in literature” ™.

In all the above studied, it is assumed that the infective individuals
transmit the disease to the susceptible population instantaneously. But in the
real situation, individual who got infection some time before may transmit
the disease to the susceptible. Thus time delay plays a very important role in
the studies of infectious diseases. Recently, some mathematical models have
been studied involving time delay in the spread of infectious diseases®* . In
these delay mathematical models the role of carriers in the spread of
epidemics has not been considered.

In the present study, we develop and analyze a delay nonlinear
mathematical model for diseases that are transmitted in both ways, i.e. the
disease spreads by direct contact between susceptibles and infectives as well
as through carriers. In the modeling process, we assume that the carriers
follow logistic growth in its environment. It is also assumed that with the
increase in human population density, the effects of human population
related activities, like discharge of household wastes, open sewage drainage,
industrial effluents in residential areas, open water storage tanks and ponds



A Delay Mathematical Model for Spread of Carrier 71

etc. makes the environment conducive for the growth of carrier population
density. The intrinsic growth rate of carrier population is assumed to be a
linear function of human population. It is further assumed that the
susceptibles are infected by carriers in direct proportion to the density of
carrier population and infective population (bilinear interaction). In the
modeling process we also assume that the infected individuals will be able
to transmit the disease to the susceptible individuals after some time lag.
The model is analyzed qualitatively to determine the stability of its
associated equilibriums.

2. Mathematical Model

Let N(t) be the total human population at any time t. The total human
population is being divided into two classes, (i) susceptible class X(t) and
(i1) infective class Y(t). Let C(t) be the density of carrier population at time
t. In the modeling process it is assumed that individuals of susceptible class
become infected when they are directly coming to the contact of infective
class (direct contact). Here it is also assumed that the infected individuals
who got infection before time 7 will be able to transmit the disease to the
susceptible individuals. In other words at time t, the individuals who got
infection at time 7—7 are capable of transmitting the disease among
susceptible individuals. The other way of transmission of the disease is
through carrier (i.e, flies, ticks, mosquito etc.) population (indirect contact).
Here it is assumed that when the carriers are coming in contact with the
susceptible class, the susceptible individuals will get infected and move to
the infective class. In the modelling process it is assumed that there is
immigration of susceptibles with a constant rate ‘A’.

Keeping in view the above considerations, the system is governed by the
following differential equations.

‘Dfl t(t ) = A= BX ()Y (1 = ) = AX (DC() — dX (1) + VY (1),
2.1) WO _ X ()Y (t-1)+ AXOCE) - v +a+d)Y (),
dC(t)

= (r, + ,N(@)C(t)—1,,C*(t)— 5,C(t),

X0)=X,>0,Y(0)=Y,20 for e [-7, 0], NO)=X(0)+Y(0)=N,>0
and C(0)=C, =0,

where B and A are transmission coefficients due to infectives and carrier
population respectively. The parameters v and d represent the therapeutic
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treatment coverage (of infected individuals) and natural death respectively,
o is the disease induced death constant. The constant s; is the death rate
coefficient of carriers due to natural factors as well as by control measures.
Here, (r, +r,N(t)) denotes per capita the growth rate of the carrier

population density such that (r, + r,N(¢) —s,) is its intrinsic growth rate and
r,,C* (¢) represents the death rate of carrier population due to crowding.

By using the fact that X (r)+Y(r)=N(r), the above model system (2.1)
may be reduced in the following form:

dflf) = BN = Y)Y (1 —7) + AN (D)~ Y (D) C(t) — (v + a+ DY (1),
NG _ A _aN() - ax (o).
dt
2.2) CW _ (1 + N )W)~ 1o C2 (1) = 5,C(1).

N@O)=N,>0,Y(@)=Y, =20 for 8e[-7, 0], C(0)=C, =0.

Now we analyze the model system (2.2) in detail rather than model system
(2.1). In the following we show that solutions of model (2) are bounded.
Following9’l3, the region of attraction for all solutions initiating in the
positive octant is given by

A 1 A
uhQ:={(Y,N,C):0<Y<N<—,0<C<—(r,+1r,—)}
d ™ d
and attracts all solutions initiating in the positive octant.

3. Equilibrium Analysis

The model (2.1) exhibits three non-negative equilibrium, which are as
follows:
(D) Disease free equilibrium E, (0, A/d, 0) always exists.
2) Carrier free equilibrium
E (,BA—d(v+a+d) PA+a(v+a+d)
2

Bla+d) ’ Bla+d)

>1 where R, is known as basic

, OJ exists,

PA
dv+a+d)
reproduction number.

3) Endemic equilibrium E, (Y",N",C") exists, provided condition

provided, R, =

r,+rN —s >0 is satisfied.
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Proof: The existence of disease free equilibrium E, (0, A/d,0) and
PA—d(v+a+d) PA+a(vV+a+d) ol is
Ba+d) ~ Ba+d)

trivial. In the endemic equilibrium E,(Y',N',C"), the values of

carrier free equilibrium Ez(

Y',N" and C° may be obtained by solving the following algebraic

equations:

(3.1) PBIN-V)Y+AN-Y)C-V+a+d)Y =0,
(3.2) A—dN-aY =0,

(3.3) (ry+nrnN)—nr,C—-s5,=0.

Denoting 7, — s, by r, eliminating ¥ and C in equation (3.1) by using
equations (3.2) and (3.3), we have the following quadratic equation in N:

F(N):ﬁ((“+d;N‘AJ(A—deM((Md)N—AJ(H;;Nj

a a o

—(v+a+d)(A_de=O

. . . A
From the above equation, we can easily note that, (i) F [ dj <0,
o+

1) F (Zj > (. Thus their exists a positive root of above equation in the

,éj Since F(N)=0 is a quadratic equation N, thus
o+d d

this positive root will be unique. By using this value of N in equations (3.2)
and (3.3), we get positive values of ¥ and C respectively if the following
condition is satisfied:

open interval (

(H)). rL+rN —s >0,

Thus there exists a unique endemic equilibrium E,(Y",N", C"), provided
condition ( H,) holds.
4. Stability Analysis

Linearizing the model system (2.2) about E,(Y',N",C") by using the

following transformationsY = Y + y,N= N +n,C=C +c, where y, n
and c are small perturbations.
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The linearized system is given by:

du
“4.1) E—Au(t)+Bu(t—T),

whereu(t):[y,n,c]T, Az(al.j)3X3 and B:(bij)3><3' The values of a,; and
b,; are as follows:

a,=—(BY +AC"+v+a+d), a,=BY" +AC", a,;=A(N"-Y"),
ay ==, ap=—d, ay=0, a;,=0, ay,= _’]C* s U3 = _er* )
b, =,6’(N*—Y*) and all other b, =0.

The characteristic equation for the linearized system (4.1) is given by the
following equation

(4.2) P(y)-0Q(y)e” =0,
where P(y) =y’ +py’ +p,w+p, and Q(¥)=q¥’ +q,¥ +q,.
In the above expressions of P(¥)andQ(y) , p/s andg, s are given as

follows:
p =BV +AC +v+a+d+d+r,C,
P, =(BY +AC" +v+a+d)(d+nr,C")+dn,C" +a(BY +AC"),
py=(BY +AC" +v+a+d)dn,C" +arC A(N -Y")
+an,CA(BY" +AC")
@ =B(N"=Y").q,=B(N"=Y")(d+5,C").q= B(N"=Y")dr,C’
e AT
Let g:(,BY +/1C)+T>O, then for 7=0,the above

characteristic equation reduces to the following form:

(4.3) WAV + AW+ A =0,

where , A =p,—q,=g+d+r5,C,

A=p,—q,= g(d+r10C*)+drmC* +ar,C’ (,BY* +/1C*)

Ay =p;-q; =gdr C'+an C"A(N -Y")+ Aax, C' (Y '+ AC")

Here we note that A, >0, A, >0 . Thus using Routh-Hurwitz criterion,
we can say that the roots of above polynomial will be either negative or
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having negative real part iff the condition A,A, — A3 > 0is satisfied. Thus
we have the following theorem.

Theorem 4.1. The equilibrium E,(Y',N",C") is locally asymptotically
stable for T =0 iff the following condition is satisfied:
(H,) AA—-A >0
where Al, A2 and A3 are defined as above.

Remark 1: Here it may be noted that if r, =0 the local stability
condition (H,) is automatically satisfied. This implies that the process of

interaction of human population with carriers is destabilizing in nature. This
result is similar as obtained by Singh et.al..

Now substituting ¥ =i@(@®>0) into equation (4.2) and separating real and
imaginary parts, we get the following transcendental equations:
4.4) ps— D@ = (q3 —-q@" ) Coswt + q,0Sin@r.
(4.5) p,0- @' = q,wCoswt (g, — q,0" ) Sinewr.
Now squaring and adding equations (4.4) and (4.5) and using @’ =7,
we get the following cubic equation:
(4.6) h(n)=n’+Dn*+D,n+D, =0,
where D, =p/ ¢/ -2p,, Di=p;-¢;-2p,p;+2qq, and D, =p;—g;.
In terms of coefficients of h(77)define A = D} —-3D,, here it may be
noted that p3 — g3 > 0, thus D, is always positive. It is easy to note from the
characters of the cubic algebraic equation that #(7) is a strictly
monotonically increasing function of 77 if A<0. If A>0 and

n = JZ;D' >0, buth(f]*) >0, then h(77) has always no positive root.

Therefore under these conditions, equation (4.6) has no purely imaginary
roots for anyz>0 and this also implies that the endemic equilibrium

E,(Y',N",C")of system (2.2) is absolutely stable if condition ( H,) holds.
Thus we can obtain easily the following result on the stability of the positive
equilibrium E,(Y " N",C") of system (2.2).

Theorem 4.2: Assume that(H,) and (H,) holds and A<0or A>0
and 1 :@<00r A>0, 1 >0and h(f]*) >0. Then the positive
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equilibrium E,(Y ,N',C") of system (2.2) is absolutely stable, namely
E,(Y',N,C") is asymptotically stable for any delay 7 >0.
In what follows, we assume that the coefficients in h(n) satisfy the

condition (H,) A= D] -3D,,n = b 50, h(ﬂk) <0

3

Then according to Lemma®* 2.2 we know that (4.6) has at least a positive
root @,, that is the characteristic equation (4.2) has a pair of purely

imaginary roots tiq,.
From equation (4.4) and (4.5), we can get corresponding t, >0 such that

equation (4.2) has a pair of purely imaginary roots i@, are given by

(4.7) 7, =iarccos (q3 _qla)oz)(p3 —plaz)é)+q2a)§2(p2 _a)oz) N 2k7[’
, (q3 —qla)oz) +(q2a)0) @,
where k=0,1,2,.....

Let y/(r):v(r)+ia)(z') be the roots of the equation (4.2) such

that when T =1, satisfying v(7,)=0 and @(7,)=@,. We claim that

(4.8) sgn{@} :sgn{h'(a)o2 )}

Proof: Differentiating equation (4.1), with respect to7, after simple
manipulation, we get

“ (d_l”j_l - (20 +4.)=(39” +2py + pa)” _z
dT W(qll//2+qzw+(]3) ﬂ,

-1
Re (—dl//j }
dt A
y=ia,

- R{(Z%W a0,)-(3v" +2pw+ pg)e'”’J
y=ia

{d (Rew)}
sgn| ——— =sgn
dr .

v(qy’ +av+q;)
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0@, — 29,0, ((‘]z _‘]1(002))
2
a, [(% - %wg)z + (%wo) }

(p,— 3(05)[‘12(00 cos W7~ (g — ¢,@; ) sin a)oz-]
2
@, |:(q3 - qlwg)z + (qzwo) J

Using equation (4.4) and (4.5), the above equation reduces to the following
form

9

sgn{d(Reyj)

1
- } =ngn[a)3+(2pf—q12—2pz)w§

+(p2-a2-2mp,+244:) |,

sgn {M} ] = izsgn{h' ((002 )},

dt

2 2
where, A:(q3—q1a)§) +(¢,m,)
It follows from the hypothesis (H,) that/ (@,>)#0 and therefore the

transversality condition holds. According to the Hopf-bifurcation theorem
for functional differential equations, we have the following result.

Theorem 4.3. Suppose that the conditions(H,),(H,) and (H,)are
satisfied:
(i) If 7e€l0,7,), then the positive equilibrium E,(Y',N",C") of system
(2.2) is asymptotically stable and unstable when 7T > T,,.
(ii) System (2.2) can undergo a Hopf -bifurcation at the positive
equilibrium EZ(Y*,N*, C"), when 7,=7, (k=0,1,2,--), where 7, is
defined by (4.7).

5. Conclusion

In this paper, we have proposed and analyzed a nonlinear delay
mathematical model for the spread of carrier dependent infectious diseases.
It is assumed that the infectious individuals transmit the disease to the
susceptible with a time lag7z. It is assumed that the carrier population
follows logistic growth and its intrinsic growth rate also depends on the
human related activities. The existence of endemic equilibrium has been
shown and its local stability condition has been derived. The local stability
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condition shows that due to the human related activities disease becomes
more endemic. Further, it is shown that the endemic equilibrium, if exists,
remains stable for all 7>0 under certain conditions, which are given in
theorem 4.2. The critical value of delay parameter has been obtained. It has
been shown that the endemic equilibrium, which is locally asymptotically
stable without delay, remains locally asymptotically stable under certain
conditions when the time delay parameter is less than the critical value,
otherwise this stable equilibrium may become unstable. The condition for
the Hopf-bifurcation has been derived analytically.

6. Acknowledgements

Authors are grateful to Dr. A. K. Misra, BHU, for his fruitful
suggestions. The authors are thankful to the reviewer for his/her critical
review and useful suggestions, which helped us in improving the quality of
paper. The first author is also thankful to DST-Centre for Interdisciplinary
Mathematical Sciences, BHU Varanasi to organize National Workshop on
Dynamical Systems: Analysis and Applications—2009 due to which this
research has been carried out.

References

1. R. M. Anderson and R. M. May, Infectious Diseases of Humans, Oxford
University Press, Oxford, 1991.

2. N. T.J. Bailey, Spatial models in the epidemiology of infectious diseases. Lecture
Notes in Biomathematics, Springer, 38 (1980) 233-261.

3. L. Q. Gao and H. W. Hethcote, Disease transmission models with density
dependent demographics, J. Math. Biol., 30 (1992) 717.

4. D. Greenhalgh, Some threshold and stability results for epidemic models with a
density dependent death rate, Theor. Pop. Biol., 42 (1990) 130-151.

5. S. Hsu and A. Zee, Global spread of infectious diseases, J. Biol. Sys., 12 (2004)
289-300.

6. I Taylor and J. Knowelden, Principles of Epidemiology, Little Brown and Co.
Boston, MA, 1964.

7. S. Cairncross and R. G. Feachem, Environmental Health Engineering with
Tropics, John Wiley, N. Y. 1983.

8. K. L. Cooke, Stability Analysis for a vector disease model., Rocky Mountain J.
Math.,9 (1979) 31-42.

9. P. Das, D. Mukherjee and A. K. Sarkar, Study of carrier dependent infectious
disease- cholera., J. Biol. Sys., 13(3) (2005) 233-244.

10. M. Ghosh, P. Chandra, P. Sinha and J. B. Shukla, Modeling the spread of carrier-

dependent infectious diseases with environmental effect., Appl. Math. Comp., 152
(2004) 385-402.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

A Delay Mathematical Model for Spread of Carrier 79

M. Ghosh, P. Chandra, P. Sinha and J. B. Shukla, Modeling the spread of bacterial
disease: effect of service providers from an environmentally degraded region.,
Appl. Math. Comp., 160 (2005) 615-647.

M. Ghosh, J. B. Shukla, P. Chandra and P. Sinha, An Epidemiological model for
carrier dependent infectious diseases with environmental effect, Int. J. Appl. Sc.
Comp., 7 (2000)188-204.

S. Singh, P. Chandra and J. B. Shukla, Modeling and analysis of the spread of
carrier dependent infectious diseases with environmental effects, J. Biol. Sys.,
11(3) (2003) 325-335.

S. Singh, J. B. Shukla and P. Chandra, Modeling and analysis of the spread of
Malaria: environmental and ecological effects, J. Biol. Sys., 13(1) (2005) 1-11.

H. W. Hethcote, Qualitative analysis of communicable disease models, Math.
Biosc., 28 (1976) 335-356.

L. Esteva and M. Matias, A model for vector transmitted diseases with saturation
incidence., J. Biol. Sys., 9(4) (2001) 235-245.

D. Greenhalgh, Some results for an SEIR epidemic model with density
dependence in the death rate, I. M. A. J. Math. Appl. Med Biol., 9 (1992) 67-106.
C. M. Kribs-Zaleta and J. X. Velasco-Hernandez, A simple vaccination model
with multiple endemic states, Math. Biosc., 164 (2000) 183-201.

C. J. Struchiner, M. E. Halloran and A. Spielman, Modeling malaria Vaccines I &
II: New uses for old ideas, Math. Biosc., 94 (1989) 87-113.

A. D. Liddo, A S-I-R vector disease model with delay, Mathematical Modelling, 7
(1986) 793 — 802.

N. Yoshida and T. Hara, Global stability of a delayed SIR epidemic model with
density dependent birth and death rates, Journal of Computational and Applied
Mathematics, 201 (2007) 339 — 347.

T. Zhang, J. Liu and Z. Teng, Bifurcation analysis of a delayed SIS epidemic
model with stage structure, Chaos, Solitons and Fractals, 40(2) (2009) 563-576.

T. Zhang and Z. Teng, Global behavior and permanence of SIRS epidemic model
with time delay, Nonlinear Analysis: Real World Applications, 9(4) (2008) 1409-
1424.

Y. Song, M. Han and J. Wei, Stability and hopf bifurcation analysis on a
simplified BAM neural network with delays, Physica D, 200 (2005) 185-204.



