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Abstract: The purpose of this paper is to prove common fixed point
theorems using the concept of weak reciprocal continuity for compatible
and non-compatible maps in metric space. These results generalize the
common fixed point theorems by Pant, Bisht and Arora' and thereby
generalize several fixed point theorems.
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1. Introduction

Kannan® in 1968 proved a fixed point theorem for a map satisfying a
contractive condition that did not require continuity at each point. Most of
the common fixed point theorems for contraction mappings invariably
require a compatibility condition besides assuming continuity of at least one
of the mappings. From then onwards, the study of common fixed points of
mappings satisfying contractive conditions has been an area of vigorous
research activity. Sessa® defined concept of weakly commuting. Then
Jungck generalized this idea first to compatible mappings* and then to
weakly compatible mappings®. In 1999, Pant’ introduced concept of
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reciprocal continuous and obtained a common fixed theorem for compatible
mappings in which the fixed point was a point of discontinuity for all the
mappings. The present paper employs the recent notion of weak reciprocal
continuity to obtain new fixed point theorems for compatible as well as non
compatible mappings.

Definition: 1. Two self maps f and g of a metric space (X, d) are called
compatible if lim, d(fex,, gfx,) = 0, whenever {x,} is a sequence in X such
that lim, fx, = lim, gx, = t for some ¢ in X. Thus the mappings f'and g will be
noncompatible if there exists at least one sequence {x,} such that lim, fx, =
lim, gx, = t for some ¢ in X but lim, d(fgx, gfx,) is either nonzero or
nonexistent.

Definition: 2. Two selfmappings f and g of a metric space (X, d) are
called R-weakly commuting8 at a point x in X if d(fgx, gfx) <Rd(fx, gx) for
some R > (. The two self-maps f and g are called pointwise R-weakly
commuting on X if given x in X there exists R > 0 such that d(fgx, gfx) <R

d(fx, gx).

Definition: 3. Two selfmappings f and g of a metric space (X, d) are
called R-weakly commuting of type (A,) if there exists some positive real
number R such that d(ffx, gfx) < Rd(fx, gx) for all x in X. Similarly, two
selfmappings f and g of a metric space (X, d) are called R-weakly
commuting of type (Ay) if there exists some positive real number R such that
d(fgx, ggx) < Rd(fx, gx) for all x in X.

Definition: 4. Two selfmappings f and g of a metric space (X, d) are
called reciprocally continuous if lim, .. fgx, = ft and lim,_.» gfx, = gt
whenever {x,} is a sequence such that /im, fx,= lim, gx, =t for some ¢ in X.

Definition: 5. Two selfmappings f and g of a metric space (X, d) are
called weakly reciprocally continuous if /im, fgx, = ft or lim, gfx, = gt
whenever {x,} is a sequence such that /im, fx,= lim, gx, = t for some ¢ in X.

2. Main Results

Theorem: 1. Let f and g be weakly reciprocally continuous self
mappings of a complete metric space (X, d) such that

) X cgX
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(i) d(fx, fy) <a d(gx, gy) + bd(fx, gx) + cd(fy, gv) + e[ d(fx, gy) + d(fy,
gx)] with 0<a, b, c,e<1and 0<a +b+c+2e<lI.
If fand g are either compatible or R-weakly commuting of type (4,) or
R-weakly commuting of type (Ar) then f and g have a unique common fixed
point.

Proof: Let x, be any point in X. Then since fX < gX, there exists a
sequence of points x,, X, X2, ...Xy, ... such that x,.; is in the preimage under
g of fx, that is,

SxXo = gx1, f1 = gX2, e fXn=gXnt1, ..
Also define a sequence {y,} in X by
(1 V= fXn = @Xn+1 n=2012,..
We claim that {y,} is a Cauchy sequence. Using (ii) we have
AW Yu+1) = d(fxn fXn+1)
<a d(gxn, gXn+1) T b d(fXngxy) + ¢ d(fXnri, gxn+1)
+ef d(fxn gxn+1) T d(fXn+1.8%0)]
=ad(yp1, yo) + b d(ynyni) + ¢ d(Vnrs, )
el d(yn yn) + d(Vur1.Yn-1)]

or

d(yn yn+1)<(c - b]d(ynl ) =k d(u-1, yn), where k= [E - b]<1

v 1— | et ' -
Also for every integer p > 0, we get

d(ym yn+p) S d(ym yn+1) + d(ynJrI; yn+2) +... +d(yn+p—1: yn+p)
<(I+k+E+. . + ) dym yass)

< (=) g .

That is d(yn, yu+p) — 0 as n — = Therefore, {y,} is a Cauchy sequence.
Since X is complete, there exists a point ¢ in X such that y, = ¢ as n — .

Moreover, v, = fxX, = @Xy+; — L.

Suppose that f and g are compatible mappings. Now, weak reciprocal
continuity of fand g implies that fgx, — ff or gfx, —+ gt. Firstly let gfx, — gt.
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Then compatibility of fand g gives lim, d(fgx, gfx,) = 0. As n — = we get
fex, — gt. Using (1) this yields fgx,:+; = ffx, — gt. Using (ii) we get

d(ft, ffx,) <ad(gt, gfx,) + b d(ft.gt) + c d(ffxn gfxn)
+ e[ dm, gfxn) + dOj(xn:gt)]'

On letting n — o we get ft = gt, since b+e <I. Since compatibility implies
commutativity at coincidence point, we get fft = fgt =gft =ggt. Using (ii)
we get

d(ft, ff) < a d(gt, gft) + b d(ft.gr) + c d(fft, gft) + e[ d(ft, gft) + d(fft.g1)]
= (a + 2¢) d(ft, ff1),
that is, f# = fft. Hence ft = fft =gft and ft is a common fixed point of fand g.

Next, suppose that fgx, — ft. Then fX < gX implies that fi = gu for
some u € X and fgx, — gu. Compatibility of /' and g implies gfx, —+ gu.
By virtue of (1) this gives fgx,+; = ffx, — gu. Using (i1) we get

d(fu, fix,) < a d(gu, gfx,) + b d(fu, gu) + ¢ d(ffxn, gfxn)
+ e[ d(fu, gfx,) + d(ffx. gu)].
As n — @ we get fu = gu, since b+e < 1. Compatibility of fand g gives fou
= ggu = ffu = gfu. Finally, using (ii), we get
d(fu, ffu) <a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu)
+ef d(fu, gfu) + d(ffu, gu)]
= (a + 2e) d(fu, ffu),

that is, fu = ffu. Hence fu = ffu = gfu and fu is a common fixed point of /'
and g.

Now suppose that f'and g are R-weakly commuting of type (Ag). Weak
reciprocal continuity of f'and g implies that fgx, — ft or gfx, — gt. Let gfx,
— gt. Then R-weak commutativity of type (A,) of f'and g gives d (ffx,, gfx,)
<Rd(fx, gx,). Asn —wmwe get ffx, — gt. Also, using (ii) we get

dft, fix,) < ad(gt, gfx,) + bd(ft.gt) + cd(ffxn gfxn)
+ef d(ft, gfx,) + d(ffxngt)].
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On letting n — o= we get ft = gt, since b + e <I. R- weak commutativity of

type (Ap) implies d(fft gft) <Rd(ft gt). This gives [ft = gft or [ft = fat =
gft = ggt. Using (ii) we get

dift, ff) < ad(gt, gft) + bd(ft.g) + cd(fft, gft)
+el d(ft, gft) + d(fft.g1)]
= (a+2¢)d(ft fft),

that is, ff = fft. Hence ft = fft =gft and ft is a common fixed point of fand g.

Next, suppose that fgx, — ff. Then fX < gX implies that fi = gu for
some u € X and fgx, — gu. By virtue of (1) this gives ffx, — gu. R-weak

commutativity of f'and g of type (Ay) gives d(ffx,, gfx,) <Rd(fx, gx,). Asn
—wxweget gfx, — gu. Now, using (ii) we have

d(fu, ffx,) < a d(gu, gfx,) + b d(fu, gu) + c d(ffxn gfxn)
+ef d(fu, gfx,) + d(ffx. gu)].

As n —+m we get fu = gu, since b+e < I. Again, R-weak commutativity of
type (Ap) implies

d(ffu gfu) <Rd(fu gu). This gives ffu =gfu and ffu = fgu = gfu = ggu.
Finally, using (ii) we get
d(fu, ffu) <ad(gu, gfu) + bd(fu, gu) + c d(ffu, gfu)

+ef d(fu, gfu) + d(ffu, gu)]
= (a + 2e) d(fu, ffu),

that is, fu = ffu, since a + 2e < 1. Hence fu = ffu = gfu and fu is a common
fixed point of fand g.

Finally, suppose that f and g are R-weakly commuting of type (Ay).
Now, weak reciprocal continuity of f and g implies that fgx, — ft or gfx, —+

gt. Let gfx, — gt. Then R-weak commutativity of type (Ag) gives d (fgx,
ggx,) < Rd (fx,, gx,). As n = = and by (1), we get fgx, — gt. Also, using
(i1) we get

d(fi, fgx,) < a d(gt, ggx,) + b d(ft, gt) + c d(fgx,, ggx,)
+ e[ d(ft, ggx,) + d(fgx. gt)].
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On letting n — == we get ft = gt, since b + e <I[. By the R- weak
commutativity of type (Ay), we have d(fgt ggt) <Rd (ft gt). This gives fgt =
ggt and fft = fgt = gft = ggt. Using (ii) we get

dift, ff) < ad(gt gft) + bd(ft.g) + cd(fft, gft)
+el d(ft, gft) + d(fft.gt)]
= (a+2¢)d(fs fft),

that is, (1 —a — 2e ) d(ft, fft) < 0. Hence ft = fft =gft and ft is a common
fixed point of fand g.

Next, suppose that fgx, —= ft. Then f X < gX implies that fi = gu for
some u € X and fgx, —+ gu. R-weak commutativity of type (Af) now implies
d (fgx, ggx,) <Rd(fx, gx,). Asn —=we get ggx, — gu. Now, using (ii)

d(fu, fgx,) <a d(gu, ggx,) + b d(fu,gu) + c d(fgx,, ggx,)
+ e[d(fu,ggx,) + d(fgx.gu)].

As n —+ o we get fu = gu, since b+e < [. Again, R-weak commutativity of
type (Af) implies

d(fguggu) < Rd(fu gu). This gives fgu = ggu and ffu = fgu = gfu = ggu.
Finally, using(ii), we get

d(fu, ffu) <a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu)
+e[ d(fu, gfu) + d(ffu, gu)]
= (a + 2e) d(fu, ffu),

that is, (1 — a — 2e)d(fu, ffu) < 0. Hence fu = ffu = gfu and fu is a common
fixed point of f'and g.

Uniqueness of the common fixed point theorem follows easily in each of
the three cases. We now give examples, one for compatible mappings and
one for noncompatible mappings, to illustrate Theorem 1.

Example: 1. Let X =[0,10] and d be the usual metric on X. Define f, g
: X — Xby
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fx={3 ifx=3andx >4

1 if3<x<4andx<3, and
gx=13 ifx=3

9 if3<x<4andx<3

5-2 ifx>4

Then f and g satisfy all the conditions of Theorem 1 and have a unique
common fixed point at x = 3. fand g satisfy the contraction condition (ii) for
1 1 1 1 . .
a=-, b= $,C=7.e=3 .The mappings f and g are R-weakly commuting
of type (A,) since d(ffx, gfx) < d(fx, gx) for all x in X. And f and g are
weakly reciprocally continuous. To see this, let {x,} be a sequence in X such
that fx, — t, gx, — ¢ for some ¢. Then ¢ = 3 and either x,, = 3 for each n or x,
=4+= 1Ifx, =3 for each n, fgx, =3 =3 and gfc, = 3 = g3. Ifx, =4+~
then fi, = 3, gx, = 5 -2 3, fax, = f|3 — — | =I#f3 and gf, = g3 = 3.

o o

Thus lim,—» gfx, = g3 but lim,. fgx, # f3. Hence f and g are weakly
reciprocally continuous. It is also obvious that f and g are not reciprocally
continuous mappings. These computations also show that f and g are non
compatible.

Example: 2. Let X =[1, 10] and d be the usual metric on X. Define f, g
: X — X by

T

fx=) 5 ifx<5S and gx= ifx<5

3 ifx>5 9 if x> 5.

Then f'and g are weak reciprocally continuous and compatible mappings
which satisfy all the conditions of Theorem 1 and have a unique common
fixed point at x = 5. f'and g satisfy the contraction condition (ii) for a = % , b

1 1

=C,c=7,e= % . To see that fand g are weak reciprocally continuous, let

{x,} be a sequence in X such that fx, — ¢, gx, — t for some ¢. Then ¢ = 5 and
) 1 1
either x,, = 5 for each n or x, =5 — — where = — 0 as n —oo. If x, = 5 for

each n, fgx, = 5 = f5 and gfc, = 5 = g5. If x, = 5— — then fi, = 5, gx, =
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o

— — 5, fax, =j[5 — %] =5 = f5 and gfx, = g5 = 5.Hence fand g are
reciprocally continuous and, therefore, weak reciprocally continuous
mappings. To see that f and g are compatible, let {x,} be a sequence in X

such that fx, — t and gx, — ¢ for some . Then ¢ = 5 and either x, = 5 for
1 1
eachn or x, = 5 — — where - — 0 as n —oo.If x, = 5 for each n, fgx, =5 =

f5, gfia="5 = g5 and d(fgx,, gfc)=0.1fx,= 5— = then fi, =5, gr, = 5

=5 - — > 5 fgu, = f[5-2)=5=/5 gk =g5=>5 and

In

lim,, _,  d(fgx,, gfx,) = 0. Hence fand g are compatible.

Example 1 given above pertains to noncompatible mappings. For
noncompatible mappings we can extend Theorem 1 to nonexpansive
condition. We do this in the next theorem by letting a=1 in condition (ii) of
Theorem 1.

Theorem: 2. Let f and g be weakly reciprocally continuous
noncompatible selfmappings of a metric space (X, d) satisfying

©H  XcgX

(i) d(fx. fy) < d(gx, gy) + b d(fx, gx) + c d(fy. gy) + e[ d(fx, gy) + d(fy,
gx)] with 0<b, c, e <1, and b+c+2e <l

(iii)  d(fx, fx) < d (gx, g°x) whenever gx # g’x.

If f and g are R-weakly commuting of type (4g) or R - weakly
commuting of type (4y then fand g have a common fixed point.

Proof: Since f and g are noncompatible maps, there exists a sequence
{x,} in X such that fx, — ¢ and gx, — ¢ for some ¢ in X but either
lim,d(fgx,, gfx,) # 0 or the limit does not exist. Since fX < gX, for each x,
there exists y, in X such that fx, = gy,. Thus fx, — ¢, gx, — t, gv,—t as
n — oo, By this and using (ii) we obtain fy,, — t. Therefore, we have

(2) fin—t gx,—t, gyt fyn—t.

Suppose that f and g are R-weakly commuting of type (A,). Now, weak
reciprocal continuity of f and g implies that fgx, — ft or gfx, — gt.
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Similarly, fgy, — ft or gfy, — gt. Let us assume that gfy, — gt.
Then R-weak commutativity of type (Ag) of f and g gives
d (ffvu, gfve) < Rd(fy,, gvs). On letting n — a0 we get ffy, — gt. Also, using
(i1) we get

d(ffyn, 1) <d(gfyn gt) + bd([fyn gfyn) + cd(ft, gt)
+e[d(ffyn gt) + d(ft, gfvi)].

On letting n —+ o we get d( gt ft) <c d(ft, gt) + e d(ft, gt). This implies

Jt = gt, since ¢ + e <. Again, by the R- weak commutativity of type (A,),

d (fft. gft) <Rd(ft gt). This gives fft = gft and fft = fgt = gft = ggt. If ft # [ft
then using (iii) we get d(ft, fft) < d(gt, ggt) = d(ftfft), a contradiction.
Hence ft = fft = gft and ft is a common fixed point of fand g.

Next, suppose that fgy, — ft. Then fX < gX implies that f¢ = gu for some
u € X and fgy, - ffx, — ft=gu. Thus fgy, — ft = gu and ffx, — gu. Hence R-

weak commutativity of type (Ay) of fand g yields d (ffx,, gfx,) <R d (fxa,
gx,). Asn —a we get gfx, — gu that is ggy, — gu. Now, using (ii)

d(fgyn fu) < d(ggyn gu) + b d(fgy. ggy,) +c d(fu, gu)
+ el d(fgy. gu) + d(fu, ggv,)].

As n —w we get d(gu fu) < (c + e) d (gu, fu). This implies that fu = gu,
since cte < /. Again, R-weak commutativity of type (A,) of f and g
implies, d (ffu gfu) <R d(fu gu). This gives ffu = gfu and ffu = fgu = gfu =
ggu. If fu# ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu),
a contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f
and g.

Finally, suppose that f and g are R-weakly commuting of type (Af). Now,
weak reciprocal continuity of f and g implies that fgx, — ft or gfx, — gt.

Similarly, fgy, — ft or gfy, — gt. Let gfx, — gt. Then we have ggy, = gfx, —

gt. Hence, R-weak commutativity of type (Ag) gives d(fgv, ggv,) < Rd(fyn.
avu). As n =« we get fgy, — gt that is, ffx, — gt. Also, using (i1) we get

d(/jﬁcn,ft) < d(gﬁcn, gf) +b d(]yxn: gfxn) +c d(ﬁ’ gt)
+ e[ d(ffxa, gt) + d(ft, gfx,)].
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On letting n — w0 we get d(gt, fi) < (c + e) d(ft, gt). This implies fi = gt,
since ¢ + e <[. By the R- weak commutativity of type (A¢), d (fgt ggt) <
Rd (ft gt). This gives fgt = ggt and [ft = fgt = gft = ggt. If ft # fft then by
using (ii1) we get d(ft, fft) < d(gt, ggt) = d(ft, fft), a contradiction. Hence f¢
= fft = gft and f# is a common fixed point of f'and g.

Next, suppose that fgx, —+ ff. Then fX < gX implies that ft = gu for some
u € X. Hence R-weak commutativity of type (Af) implies d(fgx, ggx,) <
Rd(fx,, gx,). As n — = we get ggx, — gu. Now, using (ii)

d(fgx, fu) < d(ggx, gu) + b d(fgx, ggx,) + c d(fu, gu)
+ efd(fgx, gu) + d(fu, ggx,)].

As n = w0 we get fu = gu, since cte < [. Again, R-weak commutativity of

type (Ag) of fand g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu # ffu
then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a
contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f'and
g.

Example: 3. Let X = /0, 10] and d be the usual metric on X. Define f, g
cX—=Xby

fx={3 ifx<3 and gx={ 6—x ifx<3
5 ifx>3 10 ifx>3

Then f'and g satisfy all the conditions of Theorem 2 and have a common
fixed point at x = 3, fand g satisfy the contraction condition (ii), for any b,
¢, e such that 0 < b, ¢, e < I and b+c+2e <[ together with condition (iii).
The mappings f'and g are R-weakly commuting of type (A,) since d(ffx, gfx)
<d(fx, gx) for all x in X. And fand g are weakly reciprocally continuous. To
see this, let {x,} be a sequence in X such that fx, — ¢, gx, — ¢ for some ¢.

Then¢t= 3 and x,, =3 foreachn orx, =3—% wherei—>0 as n —oo. If x,
n n

= 3 for each n, fgx, = 3 = f3 and gfx, = 3 = g3. Ifxn=3—_1:_ then fx, = 3,

gxn = 06— Xy, —>3asn—>W,fgxn=f[3— 1—_:]=5;£ﬁ’and gfx, = g3 = 3.

Thus lim,_» gfx, = g3 but lim,_.. fgx, # f3. Hence f and g are weak
reciprocally continuous. It is also obvious that f'and g are not reciprocally
continuous mappings. To see that / and g are noncompatible, consider a
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sequence {x,! in X such that x, = 3 - % . Then fx, —3, gx, —3, fex, — 5,

gfx, — 3 as n — oo. Therefore lim, _,  d(fgx,, gfx,) # 0, Hence f and g are
noncompatible.

The next theorem further generalizes Theorem 1 and Theorem 2 by
allowing a to take any non-negative value.

Theorem: 3. Let f and g be weakly reciprocally continuous
noncompatible selfmappings of a metric space ( X, d) satisfying

()X cgX
(ii) d(fx, fy) < ad(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy,
gx)] with a>0, 0<b,c,e<1andb+ ct2e<I
(iii) d(fx, fx) < d(gx, g’x) whenever gx # g’x.

If fand g are R-weakly commuting of type (Ag) or R- weakly commuting of
type (4y then fand g have a common fixed point.

Proof: Since f and g are noncompatible maps, there exists a sequence
{x,} in X such that fx, — ¢ and gx, — ¢ for some ¢ in X but either lim,d(fgx,,
gfx,) # 0 or the limit does not exist. Since fX < gX, for each x, there exists
v, in X such that fx, = gy,. Thus, fx, — ¢, gx, — ¢ and gy,—t as n — o. By
this and using (ii) we obtain fy, — t. Therefore, we have

(3) fxn_)t’ gxn_>t; gyn_)ty ﬁjnﬁt

Suppose that f and g are R-weakly commuting of type (A,). Now, weak
reciprocal continuity of f and g implies that fex, — ft or gfx, — gt.
Similarly, fgy, — ft or gfy, — gt. Let us assume that gfy, — gt. Then R-
weak commutativity of type (A,) of fand g gives d(ffy, gfvn) <RdA(fyn, gVn).
On letting n —+ o0 we get ffy, — gt. Also, using (ii) we get
d(ffyn, ft) < ad(gfyn, gt) + b d(ffy,, gfya) + ¢ d(ft, gt)
+ e[ d(ffyn, gt) + d(ft, gfyn)].

On letting n — «c we get d(gt ft) <cd(ft, gt) + e d(ft, gt). This implies ft =
gt, since ¢ + e </. Again, by the R- weak commutativity of type (A,), d(fft
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gft) <Rd(ft gt). This gives fft = gft and fft = fot = gft = ggt. If ft # [fft then
using (ii1) we get d(ft, fft) < d(gt, ggt) = d(ft, fft), a contradiction. Hence
ft = fft = gft and f is a common fixed point of f'and g.

Next, suppose that fgy, — ft. Then fX < gX implies that ft = gu for
some u € X and fgy, = ffx, — ft. Thus fgy, — ft = gu and ffx, — gu. R-

weak commutativity of type (Ay) of fand g yields d(ffx, gfx,) < Rd(fx,
gx,). Asn — o we get gfx, — gu that is ggy, — gu. Now, using (ii) we get

d(fgys, fu) < ad(ggy. gu) + b d(fgy. ggx,) +c d(fu, gu)
+ eld(fgyn gu) + d(fu, ggy.)].

As n — o we get d(gu fu) < (c + e) d(gu, fu). This implies that fu = gu,
since cte < [. Again, = R-weak commutativity of type (Ag) of fand g
implies d (ffu gfu) <Rd(fu gu). This gives ffu = gfu and ffu = fgu = gfu

= ggu. If fu # ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a
contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f and

g.

Finally, suppose that /' and g are R-weakly commuting of type (Ay).
Now, weak reciprocal continuity of f'and g implies that fgx, — ft or gfx, —
gt. Similarly, fgy, — ft or gfy, — gt. Let gfx, — gt. Then we have ggy, =

gfx, — gt. R-weak commutativity of type (Ay) gives d(fgy, ggyv,) < Rd (fyn,
av,). As n = = we get fgy, — gt that is ffx, — gt. Also, using (ii) we get

d(ffxn, ft) < ad(gfx, gt) + bd(ffx,, gfx,) + cd(ft, gy
+ el d(ffxa, gt) + d(ft, gfx,)].

On letting n — «« we get d(gt, ft) < (c + e) d(ft, gt). This implies ft = gt,

since ¢ + e <I. R- weak commutativity of type (Ay) implies d(fgt ggt) <
Rd (ft gt). This gives fgt = ggt and fft = fgt = gft = ggt. If ft # [ft then by
using (iii) we get d(ft, fft) < d(gt, ggt) = d(ftfft), a contradiction. Hence ft
= fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgx, = fi. Then fX < gX implies that ft = gu for some
u € X. R-weak commutativity of type (Af) now implies d(fgx, ggx, <
Rd(fx,, gx,). As n — = we get ggx, — gu. Now, using (ii) we have

d(fgx,, fu) < ad(ggxs, gu) + b d(fgxs, ggxa) + ¢ d(fu, gu)
+ e[d(fgxn, gu) + d(fu, ggxa)]-
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As n — = we get fu = gu, since ct+e < I. Again, R-weak commutativity of
type (Ay) of fand g implies, feu = ggu and ffu = fgu = gfu = ggu. If fu # ffu
then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction.
Hence fu = ffu = gfu and fu is a common fixed point of fand g.

The next example illustrates Theorem 3.

Example: 4. Let X = /0, 10] and d be the usual metric on X. Define f, g
X — Xby

3 ifx<3 6-x 1fx<3
fx={7 if x>3 and gx=7 7 if x >3.

Then f'and g satisfy all the conditions of Theorem 3 and have two common
fixed points at x = 3 and x = 7. fand g satisfy condition (i1) fora=3, =0,
c=0,e= 1/5 together with the condition (iii). The mappings f'and g are R-
weakly commuting of type (A,) since d(ffx, gfx) < d(fx, gx) for all x in X.
And f and g are weakly reciprocally continuous. To see this, let {x,} be a
sequence in X such that fx, — ¢, gx, — ¢ for some ¢. Then ¢ = 3 or =7 and x,

=3 foreachnorx,=3 - %orxn>3 for each n. If x, = 3 for each n, fgx, =3
=f3and gfx, =3 =g3. Ifx, =3 - % then fx, = 3, gx, = 6 —x, — 3, fgx,=

j[ﬁ - %\] =7 # /3 and gfx, = g3 = 3.Thus lim,_. gfx, = g3 but lim,_., fgx,

# f3. If x, > 3 for each n then fx, = 7, gx, = 7, fgx, =f7 = 7 and gfx,, = g7 =
7. Thus lim,—. gfx, = g7 and lim,—. fgx, = f7. Hence f and g are weak
reciprocally continuous. It is also obvious that f'and g are not reciprocally
continuous mappings. To see that f and g are noncompatible, consider a

sequence {x,} in X such that x, = 3 - % . Then fx, —3, gx, —3, fgx, — 7,

gfx, — 3 as n — oo. Therefore lim,, . d(fgx,, gfx,) # 0, Hence f and g are
noncompatible.
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1. Introduction

    Kannan2 in 1968 proved a fixed point theorem for a map satisfying a contractive condition that did not require continuity at each point. Most of the common fixed point theorems for contraction mappings invariably require a compatibility condition besides assuming continuity of at least one of the mappings. From then onwards, the study of common fixed points of mappings satisfying contractive conditions has been an area of vigorous research activity. Sessa3 defined concept of weakly commuting. Then Jungck generalized this idea first to compatible mappings4,5 and then to weakly compatible mappings6. In 1999, Pant7 introduced concept of reciprocal continuous and obtained a common fixed theorem for compatible mappings in which the fixed point was a point of discontinuity for all the mappings. The present paper employs the recent notion of weak reciprocal continuity to obtain new fixed point theorems for compatible as well as non compatible mappings.

Definition: 1. Two self maps f and g of a metric space (X, d) are called compatible if limn d(fgxn, gfxn) = 0 , whenever {xn}  is a sequence in X such that limn fxn = limn gxn = t for some t in X. Thus the mappings f and g will be noncompatible if there exists at least one sequence {xn} such that limn fxn = limn gxn = t for some t in X but limn d(fgxn, gfxn) is either nonzero or nonexistent.

Definition: 2. Two selfmappings  f  and  g of a metric space  (X, d)  are  called  R-weakly commuting8 at a point x in X if d(fgx, gfx)  ≤ Rd(fx, gx) for some R > 0. The two self-maps f and g are called pointwise R-weakly commuting on X if given x in X there exists R > 0 such that d(fgx, gfx) ≤ R d(fx, gx).

Definition: 3. Two selfmappings f and g of a metric space (X, d) are called R-weakly commuting of type (Ag) if there exists some positive real number R such that  d(ffx, gfx) ≤ Rd(fx, gx)  for all x in X. Similarly, two selfmappings f and g of a metric space (X, d) are called R-weakly commuting of type (Af) if there exists some positive real number R such that d(fgx, ggx) ≤ Rd(fx, gx) for all x in X.

Definition: 4. Two selfmappings f and g of a metric space (X, d) are called reciprocally continuous if limn→∞ fgxn = ft and limn→∞ gfxn = gt whenever {xn} is a sequence such that limn fxn= limn gx​n =t for some t in X.

Definition: 5. Two selfmappings f and g of a metric space (X, d) are called weakly reciprocally continuous if limn fgxn = ft or limn gfxn = gt whenever {xn} is a sequence such that limn fxn= limn gx​n = t for some t in X.

2. Main Results


Theorem: 1. Let f and g be weakly reciprocally continuous self mappings of a complete metric space (X, d) such that 


 (i) fX ( gX 


(ii) d(fx, fy) ≤ a d(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy, gx)]  with  0 ≤ a, b, c, e < 1 and  0 ≤ a +b+c+2e <1.


       If f and g are either compatible or R-weakly commuting of type (Ag) or R-weakly commuting of type (Af ) then f and g have a unique common fixed point.


Proof: 
Let xo be any point in X. Then since fX  (  gX,  there exists a sequence of points  xo, x1, x2, …xn,… such that xn+1 is in the preimage under g of fxn that is, 


                     fxo = gx1, fx1 = gx2, …,fxn=gxn+1,…


Also define a sequence {yn} in X by  


(1)                                        yn = fxn = gxn+1       n = 0,1,2,…                                             


We claim that {yn} is a Cauchy sequence. Using (ii) we have  


                d(yn, yn+1)  = d(fxn, fxn+1​)



                            ≤ a d(gxn, gxn+1) + b d(fxn,gxn) + c d(fxn+1, gxn+1) 

                                     + e[  d(fxn, gxn+1) + d(fxn+1,gxn)]


                                  = a d(yn-1, yn) + b d(yn,yn-1) + c d(yn+1, yn) 

                                     + e[ d(yn, yn) + d(yn+1,yn-1)]


or


       d(yn, yn+1) ≤[image: image2.png])





 d(yn-1, yn) = k d(yn-1, yn), where k= [image: image4.png]



 < 1.


Also for every integer p > 0, we get 


          d(yn, yn+p) ≤  d(yn, yn+1) + d(yn+1, yn+2) + . . . +d(yn+p-1, yn+p) 



                     ≤ (1 + k + k2 + . . . + kp-1) d(yn, yn+1)



                     ≤ [image: image6.png]



 kn d(yo, y1).

That is d(yn, yn+p) [image: image7.png]



 0 as n [image: image8.png]



 [image: image9.png]



. Therefore, {yn} is a Cauchy sequence. Since X is complete, there exists a point t in X such that yn [image: image10.png]



  t as n [image: image11.png]



 [image: image12.png]



. Moreover, yn = fxn = gxn+1 [image: image13.png]



  t.


Suppose that f and g are compatible mappings. Now, weak reciprocal continuity of f and g implies that fgxn [image: image14.png]



  ft or gfxn [image: image15.png]



  gt.  Firstly let gfxn [image: image16.png]



  gt. Then compatibility of f and g gives limn d(fgxn, gfxn) = 0. As n [image: image17.png]



 [image: image18.png]



 we get fgxn [image: image19.png]



  gt. Using (1) this yields fgxn+1 = ffxn [image: image20.png]



  gt.  Using (ii) we get



     d(ft, ffxn) ≤ a d(gt, gfxn) + b d(ft,gt) + c d(ffxn, gfxn) 

                             + e[ d(ft, gfxn) + d(ffxn,gt)]. 


On letting n [image: image21.png]



 [image: image22.png]



 we get ft = gt, since b+e <1. Since compatibility implies commutativity at coincidence point, we get fft = fgt =gft =ggt.  Using (ii) we get 



d(ft, fft) ≤ a d(gt, gft) + b d(ft,gt) + c d(fft, gft) + e[ d(ft, gft) + d(fft,gt)] 




       = (a + 2e) d(ft, fft), 


that is, ft = fft.  Hence ft = fft =gft and ft is a common fixed point of f and g.



Next, suppose that fgxn [image: image23.png]



  ft. Then fX  (  gX implies that ft = gu for some u [image: image24.png]



 X and fgxn [image: image25.png]



 gu.   Compatibility of f  and  g implies gfxn  [image: image26.png]



 gu.   By virtue of (1) this gives   fgxn+1 = ffxn → gu. Using (ii) we get 


d(fu, ffxn) ≤ a d(gu, gfxn) + b d(fu, gu) + c d(ffxn, gfxn) 

                  + e[ d(fu, gfxn) + d(ffxn, gu)]. 


As n [image: image27.png]



 [image: image28.png]



 we get fu = gu, since b+e < 1.  Compatibility of f and g gives fgu = ggu = ffu = gfu. Finally, using (ii), we get


d(fu, ffu) ≤ a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu) 

                 + e[ d(fu, gfu) + d(ffu, gu)] 


                          = (a + 2e) d(fu, ffu),


 that is, fu = ffu.  Hence fu = ffu = gfu and fu is a common fixed point of f and g.



Now suppose that f and g are R-weakly commuting of type (Ag). Weak reciprocal continuity of f and g implies that fgxn [image: image29.png]



  ft or gfxn [image: image30.png]



  gt.  Let gfxn [image: image31.png]



  gt. Then R-weak commutativity of type (Ag) of f and g gives d (ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n [image: image32.png]



 [image: image33.png]



 we get   ffxn → gt. Also, using (ii) we get 

            d(ft, ffxn)  ≤  a d(gt, gfxn)  +  b d(ft,gt) +  c d(ffxn, gfxn)  

                                  + e[ d(ft, gfxn) + d(ffxn,gt)].     

On letting n [image: image34.png]



 [image: image35.png]



 we get ft = gt, since b + e <1.   R- weak commutativity of type (Ag) implies       d(fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft or fft = fgt = gft = ggt. Using (ii) we get 

d(ft, fft)  ≤  a d(gt, gft) +  b d(ft,gt)  + c d(fft, gft) 

                  + e[ d(ft, gft) + d(fft,gt)] 


 

             =   (a + 2e) d(ft, fft),

 that is, ft = fft.  Hence ft = fft =gft and ft is a common fixed point of f and g.


Next, suppose that fgxn [image: image36.png]



  ft. Then  fX ( gX implies that ft  =  gu  for some u [image: image37.png]



 X and fgxn [image: image38.png]



 gu. By virtue of (1) this gives ffxn → gu. R-weak commutativity of f and g of type (Ag) gives d(ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n [image: image39.png]



 [image: image40.png]



 we get     gfxn → gu. Now, using (ii) we have

d(fu, ffxn) ≤ a d(gu, gfxn) + b d(fu, gu) + c d(ffxn, gfxn) 

                    + e[ d(fu, gfxn) + d(ffxn, gu)].  

As n [image: image41.png]



 [image: image42.png]



 we get fu = gu, since b+e < 1. Again, R-weak commutativity of type (Ag) implies 


d(ffu, gfu)  ≤ Rd(fu,  gu).  This gives ffu =gfu and ffu = fgu = gfu = ggu. 

Finally, using (ii) we get


             d(fu, ffu) ≤ ad(gu, gfu) +  bd(fu, gu) + c d(ffu, gfu) 

                              + e[ d(fu, gfu) + d(ffu, gu)]


                            = (a + 2e) d(fu, ffu), 

that is, fu = ffu, since a + 2e < 1. Hence fu = ffu = gfu and fu is a common fixed point of f and g.



Finally, suppose that f and g are R-weakly commuting of type (Af). Now, weak reciprocal continuity of f and g implies that fgxn [image: image43.png]



  ft or gfxn [image: image44.png]



  gt.  Let gfxn [image: image45.png]



  gt. Then R-weak commutativity of type (Af) gives d (fgxn, ggxn) ≤ Rd (fxn, gxn).  As n [image: image46.png]



 [image: image47.png]



 and by (1), we get  fgxn → gt. Also, using (ii) we get 

d(ft, fgxn) ≤  a d(gt, ggxn) + b d(ft, gt) + c d(fgxn, ggxn) 

                      + e[ d(ft, ggxn) + d(fgxn, gt)].


 On letting n [image: image48.png]



 [image: image49.png]



 we get ft = gt, since b + e <1. By the R- weak commutativity of type (Af), we have d(fgt, ggt) ≤ Rd (ft, gt).  This gives fgt = ggt and fft = fgt = gft = ggt. Using (ii) we get 

d(ft, fft)  ≤  a d(gt, gft) +  b d(ft,gt)  + c d(fft, gft) 

                   + e[ d(ft, gft) + d(fft,gt)]  


                =   (a + 2e) d(ft, fft),


 that is, (1 – a – 2e ) d(ft, fft) ≤ 0.  Hence ft = fft =gft and ft is a common fixed point of f and g.



Next, suppose that fgxn [image: image50.png]



  ft. Then f X  (  gX implies that ft = gu for some u [image: image51.png]



 X and fgxn [image: image52.png]



 gu. R-weak commutativity of type (Af) now implies d (fgxn, ggxn)  ≤ Rd(fxn, gxn).   As n [image: image53.png]



 [image: image54.png]



 we get ggxn → gu. Now, using (ii) 

d(fu, fgxn) ≤ a d(gu, ggxn) + b d(fu,gu) + c d(fgxn, ggxn) 

                   + e[d(fu,ggxn) + d(fgxn,gu)].


 As n [image: image55.png]



 [image: image56.png]



 we get fu = gu, since b+e < 1. Again, R-weak commutativity of type (Af) implies 


d(fgu,ggu) ≤ Rd(fu, gu). This gives fgu = ggu and ffu = fgu = gfu = ggu. Finally, using(ii), we get 

d(fu, ffu) ≤ a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu) 

                    + e[ d(fu, gfu) + d(ffu, gu)] 


                 = (a + 2e) d(fu, ffu),


 that is, (1 – a – 2e)d(fu, ffu) ≤ 0. Hence fu = ffu = gfu and fu is a common fixed point of f and g.



Uniqueness of the common fixed point theorem follows easily in each of the three cases. We now give examples, one for compatible mappings and one for noncompatible mappings, to illustrate Theorem 1.


Example: 1.  Let X = [0,10] and d be the usual metric on X. Define f, g : X → X by 





fx =    3    if x = 3 and x > 4                                   


1 if 3 < x ≤ 4 and x < 3,                                                     and
  



      gx =    3         if x = 3


                 9         if 3 < x ≤ 4 and x < 3




     5 - [image: image58.png]



    if x > 4


Then f and g satisfy all the conditions of Theorem 1 and have a unique common fixed point at x = 3. f and g satisfy the contraction condition (ii) for a = [image: image60.png]



 , b = [image: image62.png]



 , c = [image: image64.png]



 , e = [image: image66.png]



 .The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 3 and either xn = 3 for each n or xn = 4 + [image: image68.png]



 . If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3.  If xn = 4 + [image: image70.png]



 then fxn = 3, gxn = 5 - [image: image72.png]



 → 3, fgxn =  f[image: image74.png]



 =1≠ f3 and gfxn = g3 = 3. Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. Hence f and g are weakly reciprocally continuous.  It is also obvious that f and g are not reciprocally continuous mappings. These computations also show that f and g are non compatible.


Example: 2. Let X = [1, 10] and d be the usual metric on X. Define f, g : X → X by 





fx =      5      if x ≤  5         and    gx =       [image: image76.png]©*S




       if x ≤ 5


                   3      if x > 5         
                          9         if x > 5.  



Then f and g are weak reciprocally continuous and compatible mappings which satisfy all the conditions of Theorem 1 and have a unique common fixed point at x = 5. f and g satisfy the contraction condition (ii) for a = [image: image78.png]



 , b = [image: image80.png]



 , c = [image: image82.png]



 , e = [image: image84.png]



 . To see that f and g are weak reciprocally continuous, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 5 and either xn = 5 for each n or xn = 5 –  [image: image86.png]



 where [image: image88.png]



 → 0 as n →∞. If xn = 5 for each n, fgxn = 5 = f5 and gfxn = 5 = g5. If xn =  5 –  [image: image90.png]



  then fxn = 5, gxn = [image: image92.png]xpt S




 → 5, fgxn = f[image: image94.png]



 = 5 = f5 and gfxn = g5 = 5.Hence f and g are reciprocally continuous and, therefore, weak reciprocally continuous mappings. To see that f and g are compatible, let {xn} be a sequence in X such that fxn → t and gxn → t for some t. Then t = 5 and either xn = 5 for each n or xn = 5 –  [image: image96.png]



 where [image: image98.png]



 → 0 as n →∞.If xn = 5 for each n, fgxn = 5 = f5, gfxn = 5 = g5 and d(fgxn, gfxn)=0. If xn =  5 –  [image: image100.png]



  then fxn = 5,  gxn  =  [image: image102.png]xpt S




  = 5 – [image: image104.png]



 → 5, fgxn = f[image: image106.png]



 = 5 = f5, gfxn  = g5 = 5 and                      limn → ∞ d(fgxn, gfxn) = 0. Hence f and g are compatible.



Example 1 given above pertains to noncompatible mappings. For noncompatible mappings we can extend Theorem 1 to nonexpansive condition. We do this in the next theorem by letting a=1 in condition (ii) of Theorem 1.


Theorem: 2. Let f and g be weakly reciprocally continuous noncompatible selfmappings of a metric space (X, d) satisfying 

(i)         fX ( gX 

(ii) d(fx, fy) ≤  d(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy, gx)]   with  0 ≤ b, c, e < 1, and b+c+2e <1

(iii) d(fx, f2x) < d (gx, g2x) whenever gx ≠ g2x.

       If f and g are R-weakly commuting of type (Ag) or R - weakly commuting of type (Af) then  f and g have a common fixed point.


Proof: Since f and g are noncompatible maps, there exists a sequence {xn} in X such that fxn → t and gxn → t for some t in X but either     limnd(fgxn, gfxn) ≠ 0 or the limit does not exist.  Since    fX ( gX, for each xn there exists yn  in X such that fxn = gyn. Thus fxn → t, gxn → t, gyn→t as        n → ∞. By this and using (ii) we obtain fyn → t.  Therefore, we have 

(2)                           fxn → t,  gxn → t ,  gyn→t,   fyn → t .

Suppose that f and g are R-weakly commuting of type (Ag). Now, weak reciprocal continuity of f and g implies that fgxn [image: image107.png]



  ft or gfxn [image: image108.png]



  gt.  Similarly, fgyn → ft or gfyn → gt.  Let us assume that gfyn [image: image109.png]



  gt.              Then R-weak commutativity of type (Ag) of f and g gives                              d (ffyn, gfyn) ≤ Rd(fyn, gyn).  On letting n [image: image110.png]



 [image: image111.png]



 we get  ffyn → gt. Also, using (ii) we get  

                 d(ffyn, ft) ≤ d(gfyn, gt) + bd(ffyn, gfyn) + cd(ft, gt) 

                                   + e[d(ffy​n, gt) + d(ft, gfyn)].    

On letting  n [image: image112.png]



 [image: image113.png]



 we get d( gt, ft)  ≤ c d(ft, gt)  + e d(ft, gt). This implies       ft = gt, since c + e <1. Again, by the R- weak commutativity of type (Ag),   d (fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft and fft = fgt = gft = ggt. If ft ≠ fft then using (iii) we get d(ft, fft) < d(gt, ggt) = d(ft,fft), a contradiction.  Hence ft = fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgyn [image: image114.png]



  ft. Then fX ( gX implies that ft = gu for some      u [image: image115.png]



 X and fgyn = ffxn [image: image116.png]



 ft=gu. Thus fgyn → ft = gu and ffxn → gu. Hence   R-weak commutativity of type (Ag) of f and g yields d (ffxn, gfxn) ≤ R d (fxn, gxn).  As n [image: image117.png]



 [image: image118.png]



 we get gfxn → gu that is ggyn → gu. Now, using (ii) 

                   d(fgyn, fu) ≤  d(ggyn, gu) + b d(fgyn, ggyn) +c d(fu, gu) 

                                       + e[ d(fgyn, gu) + d(fu, ggyn)].  

As n [image: image119.png]



 [image: image120.png]



 we get d(gu, fu) ≤ (c + e) d (gu, fu). This implies that fu = gu, since c+e < 1. Again,   R-weak commutativity of type (Ag) of f and g implies, d (ffu, gfu) ≤ R d(fu, gu). This gives  ffu  =  gfu and ffu = fgu = gfu = ggu.  If  fu ≠ ffu  then using  (iii), we get  d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f and g.


Finally, suppose that f and g are R-weakly commuting of type (Af). Now, weak reciprocal continuity of f and g implies that fgxn [image: image121.png]



  ft or gfxn [image: image122.png]



  gt.  Similarly, fgyn → ft or gfyn → gt. Let gfxn [image: image123.png]



  gt. Then we have ggyn = gfxn → gt. Hence, R-weak commutativity of type (Af) gives  d(fgyn, ggyn) ≤ Rd(fyn, gyn). As n [image: image124.png]
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  we get fgyn → gt that is, ffxn → gt. Also, using (ii) we get 

d(ffxn, ft)  ≤  d(gfxn, gt) + b d(ffxn, gfxn) +  c d(ft, gt) 

                      + e[ d(ffxn, gt) + d(ft, gfxn)].


 On letting n [image: image126.png]
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 we get d(gt, ft)  ≤  (c + e) d(ft, gt).  This implies  ft = gt,  since  c + e <1. By the   R- weak commutativity of type (Af), d (fgt, ggt) ≤ Rd (ft, gt).  This gives fgt  = ggt and  fft = fgt = gft = ggt. If ft ≠ fft then by using (iii) we get d(ft, fft)  <  d(gt, ggt) =  d(ft, fft), a contradiction. Hence ft = fft = gft and ft is a common fixed point of f and g.



Next, suppose that fgxn [image: image128.png]



  ft. Then fX ( gX implies that ft = gu for some u [image: image129.png]



 X. Hence R-weak commutativity of type (Af) implies d(fgxn, ggxn)  ≤ Rd(fxn, gxn).  As n [image: image130.png]
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 we get  ggxn → gu. Now, using (ii)

            d(fgxn, fu) ≤ d(ggxn, gu) + b d(fgxn, ggxn) + c d(fu, gu) 

                                 +  e[d(fgxn, gu) + d(fu, ggxn)]. 

 As n [image: image132.png]
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 we get fu = gu, since c+e < 1. Again, R-weak commutativity of type (Af) of f and g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu ≠ ffu then using (iii),  we get  d(fu, ffu)  <  d(gu, ggu)  =  d(fu, ffu), a contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and g.

Example: 3. Let X = [0, 10] and d be the usual metric on X. Define f, g : X → X by 





fx =     3      if x ≤ 3            and    gx  =       6 – x        if x ≤ 3



           5      if x > 3                                    10            if x > 3



Then f and g satisfy all the conditions of Theorem 2 and have a common fixed point at x = 3, f and g satisfy the contraction condition (ii), for any b, c, e such that 0 ≤ b, c, e < 1 and b+c+2e <1 together with condition (iii). The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 3 and xn = 3   for each n or xn = 3 – [image: image135.png]



  where
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 as n →∞. If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3. If xn = 3 – [image: image138.png]



  then fxn = 3, gxn = 6 – xn  → 3 as n →∞, fgxn =  f[image: image140.png]



 = 5 ≠ f3 and  gfxn = g3 = 3.  Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. Hence f and g are weak reciprocally continuous.  It is also obvious that f and g are not reciprocally continuous mappings. To see that f and g are noncompatible, consider a sequence {xn} in X such that xn = 3 -  [image: image142.png]



 . Then fxn →3, gxn →3,   fgxn  → 5 , gfxn → 3 as n → ∞. Therefore limn → ∞ d(fgxn, gfxn) ≠ 0, Hence f and g are   noncompatible.



The next theorem further generalizes Theorem 1 and Theorem 2 by allowing a to take any non-negative value.


Theorem: 3. Let f and g be weakly reciprocally continuous noncompatible selfmappings of a metric space ( X, d) satisfying 

  (i) fX ( gX 


 (ii) d(fx, fy) ≤  ad(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy,

                         gx)]   with  a ≥ 0,  0 ≤ b, c, e < 1 and b+ c+2e <1


(iii) d(fx, f2x) < d(gx, g2x) whenever gx ≠ g2x.


 If f and g are R-weakly commuting of type (Ag) or R- weakly commuting of type (Af) then   f and g have a common fixed point.


Proof:
Since f and g are noncompatible maps, there exists a sequence {xn} in X such that fxn → t and gxn  → t for some t in X but either limnd(fgxn, gfxn) ≠ 0 or the limit does not exist.  Since   fX ( gX, for each xn there exists yn in X such that fxn = gyn. Thus, fxn → t, gxn → t and gyn→t as n → ∞. By this and using (ii) we obtain fyn → t.  Therefore, we have 

 (3)               fxn → t,  gxn → t ,  gyn→t,   fyn → t.

Suppose that f and g are R-weakly commuting of type (Ag). Now, weak reciprocal continuity of f and g implies that fgxn [image: image143.png]



  ft or gfxn [image: image144.png]



  gt.   Similarly, fgyn → ft or  gfyn → gt.  Let us assume that gfyn [image: image145.png]



  gt.  Then R-weak commutativity of type (Ag) of f and g gives d(ffyn, gfyn)  ≤ Rd(fyn, gyn).


On letting   n [image: image146.png]



 [image: image147.png]



 we get ffyn → gt. Also, using (ii) we get


               d(ffyn, ft) ≤ ad(gfyn, gt) + b d(ffyn, gfyn) +  c d(ft, gt)  

                                    + e[ d(ffy​n, gt) + d(ft, gfyn)].


On letting n [image: image148.png]
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 we get d(gt, ft)  ≤ c d(ft, gt)  + e d(ft, gt). This implies ft = gt, since c + e <1. Again, by the R- weak commutativity of type (Ag), d(fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft and fft = fgt = gft = ggt. If ft ≠ fft then using (iii) we get d(ft, fft)  <  d(gt, ggt)  =  d(ft, fft), a contradiction.  Hence ft = fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgyn [image: image150.png]



  ft. Then fX  (  gX implies that ft = gu for some u [image: image151.png]



 X and fgyn  = ffxn [image: image152.png]



 ft. Thus fgyn → ft = gu  and  ffxn → gu.  R-weak commutativity of type (Ag) of  f and g yields d(ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n [image: image153.png]
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 we get gfxn → gu that is ggyn → gu. Now, using (ii) we get

           d(fgyn, fu) ≤ ad(ggyn, gu) + b d(fgyn, ggxn) +c d(fu, gu) 

                               + e[d(fgyn, gu) + d(fu, ggyn)].

As n [image: image155.png]
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 we get d(gu, fu) ≤ (c + e) d(gu, fu). This implies that fu = gu, since c+e < 1. Again,    R-weak commutativity of type (Ag) of f and g implies d (ffu, gfu)  ≤ Rd(fu, gu).  This gives  ffu  =  gfu  and  ffu  = fgu = gfu = ggu. If fu ≠ ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and g. 

Finally, suppose that f and g are R-weakly commuting of type (Af). Now, weak reciprocal continuity of f and g implies that fgxn [image: image157.png]



  ft or gfxn [image: image158.png]



  gt.  Similarly, fgyn → ft or gfyn → gt. Let gfxn [image: image159.png]



  gt. Then we have ggyn = gfxn → gt. R-weak commutativity of type (Af) gives d(fgyn, ggyn) ≤ Rd (fyn, gyn). As n [image: image160.png]
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 we get fgyn → gt that is ffxn → gt. Also, using (ii) we get

            d(ffxn, ft)  ≤  ad(gfxn, gt) + bd(ffxn, gfxn) +  c d(ft, gt)  

                                  + e[ d(ffxn, gt) + d(ft, gfxn)]. 


On letting n [image: image162.png]
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  we get d(gt, ft)  ≤  (c + e) d(ft, gt).  This implies ft = gt, since c + e <1. R- weak commutativity of type (Af) implies  d(fgt, ggt)  ≤  Rd (ft, gt).  This gives fgt = ggt and fft = fgt = gft = ggt. If ft ≠ fft then by using (iii) we get d(ft, fft)  <  d(gt, ggt) =  d(ft,fft), a contradiction. Hence ft = fft = gft and ft is a common fixed point of f and g. 

Next, suppose that fgxn [image: image164.png]



  ft. Then fX ( gX implies that ft = gu for some u [image: image165.png]



 X. R-weak commutativity of type (Af) now implies d(fgxn, ggxn) ≤ Rd(fxn, gxn). As n [image: image166.png]
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 we get ggxn → gu. Now, using (ii) we have

                 d(fgxn, fu) ≤ ad(ggxn, gu) + b d(fgxn, ggxn) + c d(fu, gu) 

                                      + e[d(fgxn, gu) + d(fu, ggxn)]. 

As n [image: image168.png]
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 we get fu = gu, since c+e < 1. Again, R-weak commutativity of type (Af) of f and g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu ≠ ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and g.


The next example illustrates Theorem 3.


Example: 4. Let X = [0, 10] and d be the usual metric on X. Define f, g : X → X by 



              3      if x ≤ 3                               6 – x     if x ≤ 3


         fx =    7      if  x > 3       and    gx =      7           if  x >3.

Then f and g satisfy all the conditions of Theorem 3 and have two common fixed points at x = 3 and x = 7. f and g satisfy condition (ii) for a = 3, b = 0 , c = 0 , e = [image: image171.png]



 QUOTE  
 1/5 together with the condition (iii). The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 3 or t=7 and xn = 3 for each n or xn = 3 -  [image: image173.png]



 or xn > 3 for each n. If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3.  If xn = 3 -  [image: image175.png]



  then fxn = 3, gxn = 6 – xn  → 3, fgxn= f[image: image177.png]



 = 7 ≠ f3 and gfxn = g3 = 3.Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. If xn > 3 for each n then fxn = 7, gxn = 7, fgxn = f7 = 7 and gfxn = g7 = 7. Thus limn→∞ gfxn = g7 and limn→∞ fgxn = f7. Hence f and g are weak reciprocally continuous.  It is also obvious that f and g are not reciprocally continuous mappings. To see that f and g are noncompatible, consider a sequence {xn} in X such that  xn  =  3 -  [image: image179.png]



 . Then fxn →3, gxn →3, fgxn → 7, gfxn → 3 as n → ∞. Therefore limn→ ∞ d(fgxn, gfxn) ≠ 0, Hence f and g are noncompatible.
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