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1. Introduction

    Kannan2 in 1968 proved a fixed point theorem for a map satisfying a 
contractive condition that did not require continuity at each point. Most of 
the common fixed point theorems for contraction mappings invariably 
require a compatibility condition besides assuming continuity of at least one 
of the mappings. From then onwards, the study of common fixed points of 
mappings satisfying contractive conditions has been an area of vigorous 
research activity. Sessa3 defined concept of weakly commuting. Then 
Jungck generalized this idea first to compatible mappings4,5 and then to 
weakly compatible mappings6. In 1999, Pant7 introduced concept of 
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reciprocal continuous and obtained a common fixed theorem for compatible 
mappings in which the fixed point was a point of discontinuity for all the 
mappings. The present paper employs the recent notion of weak reciprocal 
continuity to obtain new fixed point theorems for compatible as well as non 
compatible mappings.

Definition: 1. Two self maps f and g of a metric space (X, d) are called 
compatible if limn d(fgxn, gfxn) = 0 , whenever {xn}  is a sequence in X such 
that limn fxn = limn gxn = t for some t in X. Thus the mappings f and g will be 
noncompatible if there exists at least one sequence {xn} such that limn fxn = 
limn gxn = t for some t in X but limn d(fgxn, gfxn) is either nonzero or 
nonexistent.

Definition: 2. Two selfmappings  f  and  g of a metric space  (X, d)  are  
called  R-weakly commuting8 at a point x in X if d(fgx, gfx)  ≤ Rd(fx, gx) for 
some R > 0. The two self-maps f and g are called pointwise R-weakly 
commuting on X if given x in X there exists R > 0 such that d(fgx, gfx) ≤ R 
d(fx, gx).

Definition: 3. Two selfmappings f and g of a metric space (X, d) are 
called R-weakly commuting of type (Ag) if there exists some positive real 
number R such that  d(ffx, gfx) ≤ Rd(fx, gx)  for all x in X. Similarly, two 
selfmappings f and g of a metric space (X, d) are called R-weakly 
commuting of type (Af) if there exists some positive real number R such that 
d(fgx, ggx) ≤ Rd(fx, gx) for all x in X.

Definition: 4. Two selfmappings f and g of a metric space (X, d) are 
called reciprocally continuous if limn→∞ fgxn = ft and limn→∞ gfxn = gt 
whenever {xn} is a sequence such that limn fxn= limn gxn =t for some t in X.

Definition: 5. Two selfmappings f and g of a metric space (X, d) are 
called weakly reciprocally continuous if limn fgxn = ft or limn gfxn = gt 
whenever {xn} is a sequence such that limn fxn= limn gxn = t for some t in X.

2. Main Results

Theorem: 1. Let f and g be weakly reciprocally continuous self 
mappings of a complete metric space (X, d) such that 
(i) fX  gX 
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(ii) d(fx, fy) ≤ a d(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy, 
gx)]  with  0 ≤ a, b, c, e < 1 and  0 ≤ a +b+c+2e <1.

       If f and g are either compatible or R-weakly commuting of type (Ag) or 
R-weakly commuting of type (Af ) then f and g have a unique common fixed 
point.

Proof: Let xo be any point in X. Then since fX    gX,  there exists a 
sequence of points  xo, x1, x2, …xn,… such that xn+1 is in the preimage under 
g of fxn that is, 

                     fxo = gx1, fx1 = gx2, …,fxn=gxn+1,…

Also define a sequence {yn} in X by  

(1)                                        yn = fxn = gxn+1       n = 0,1,2,…                                             

We claim that {yn} is a Cauchy sequence. Using (ii) we have  

                d(yn, yn+1)  = d(fxn, fxn+1)

                            ≤ a d(gxn, gxn+1) + b d(fxn,gxn) + c d(fxn+1, gxn+1) 

                                     + e[ d(fxn, gxn+1) + d(fxn+1,gxn)]

                                  = a d(yn-1, yn) + b d(yn,yn-1) + c d(yn+1, yn) 

                                     + e[ d(yn, yn) + d(yn+1,yn-1)]

or

       d(yn, yn+1) ≤ d(yn-1, yn) = k d(yn-1, yn), where k= < 1.

Also for every integer p > 0, we get 

          d(yn, yn+p) ≤  d(yn, yn+1) + d(yn+1, yn+2) + . . . +d(yn+p-1, yn+p) 

                     ≤ (1 + k + k2 + . . . + kp-1) d(yn, yn+1)

                     ≤ kn d(yo, y1).

That is d(yn, yn+p) 0 as n . Therefore, {yn} is a Cauchy sequence. 

Since X is complete, there exists a point t in X such that yn   t as n .

Moreover, yn = fxn = gxn+1   t.

Suppose that f and g are compatible mappings. Now, weak reciprocal 
continuity of f and g implies that fgxn   ft or gfxn   gt.  Firstly let gfxn   gt. 
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Then compatibility of f and g gives limn d(fgxn, gfxn) = 0. As n we get 

fgxn   gt. Using (1) this yields fgxn+1 = ffxn   gt.  Using (ii) we get

     d(ft, ffxn) ≤ a d(gt, gfxn) + b d(ft,gt) + c d(ffxn, gfxn) 

                             + e[ d(ft, gfxn) + d(ffxn,gt)]. 

On letting n we get ft = gt, since b+e <1. Since compatibility implies 
commutativity at coincidence point, we get fft = fgt =gft =ggt.  Using (ii) 
we get 

d(ft, fft) ≤ a d(gt, gft) + b d(ft,gt) + c d(fft, gft) + e[ d(ft, gft) + d(fft,gt)] 

       = (a + 2e) d(ft, fft), 

that is, ft = fft.  Hence ft = fft =gft and ft is a common fixed point of f and g.

Next, suppose that fgxn   ft. Then fX    gX implies that ft = gu for 

some u X and fgxn gu.   Compatibility of f  and  g implies gfxn gu.   
By virtue of (1) this gives   fgxn+1 = ffxn → gu. Using (ii) we get 

d(fu, ffxn) ≤ a d(gu, gfxn) + b d(fu, gu) + c d(ffxn, gfxn) 

                  + e[ d(fu, gfxn) + d(ffxn, gu)]. 

As n we get fu = gu, since b+e < 1.  Compatibility of f and g gives fgu 
= ggu = ffu = gfu. Finally, using (ii), we get

d(fu, ffu) ≤ a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu) 

                 + e[ d(fu, gfu) + d(ffu, gu)] 

                          = (a + 2e) d(fu, ffu),

that is, fu = ffu.  Hence fu = ffu = gfu and fu is a common fixed point of f
and g.

Now suppose that f and g are R-weakly commuting of type (Ag). Weak 
reciprocal continuity of f and g implies that fgxn   ft or gfxn   gt.  Let gfxn

  gt. Then R-weak commutativity of type (Ag) of f and g gives d (ffxn, gfxn)  

≤ Rd(fxn, gxn).  As n we get   ffxn → gt. Also, using (ii) we get 

            d(ft, ffxn)  ≤  a d(gt, gfxn)  +  b d(ft,gt) +  c d(ffxn, gfxn)  
                                  + e[ d(ft, gfxn) + d(ffxn,gt)].     
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On letting n we get ft = gt, since b + e <1.   R- weak commutativity of 
type (Ag) implies       d(fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft or fft = fgt = 
gft = ggt. Using (ii) we get 

d(ft, fft)  ≤  a d(gt, gft) +  b d(ft,gt)  + c d(fft, gft) 
                  + e[ d(ft, gft) + d(fft,gt)] 
             =   (a + 2e) d(ft, fft),

that is, ft = fft.  Hence ft = fft =gft and ft is a common fixed point of f and g.

Next, suppose that fgxn   ft. Then  fX  gX implies that ft  =  gu  for 

some u X and fgxn gu. By virtue of (1) this gives ffxn → gu. R-weak 
commutativity of f and g of type (Ag) gives d(ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n 

we get     gfxn → gu. Now, using (ii) we have

d(fu, ffxn) ≤ a d(gu, gfxn) + b d(fu, gu) + c d(ffxn, gfxn) 
                    + e[ d(fu, gfxn) + d(ffxn, gu)]. 

As n we get fu = gu, since b+e < 1. Again, R-weak commutativity of 
type (Ag) implies 

d(ffu, gfu)  ≤ Rd(fu,  gu).  This gives ffu =gfu and ffu = fgu = gfu = ggu. 

Finally, using (ii) we get

             d(fu, ffu) ≤ ad(gu, gfu) +  bd(fu, gu) + c d(ffu, gfu) 
                              + e[ d(fu, gfu) + d(ffu, gu)]
                            = (a + 2e) d(fu, ffu), 

that is, fu = ffu, since a + 2e < 1. Hence fu = ffu = gfu and fu is a common 
fixed point of f and g.

Finally, suppose that f and g are R-weakly commuting of type (Af). 
Now, weak reciprocal continuity of f and g implies that fgxn   ft or gfxn   

gt.  Let gfxn   gt. Then R-weak commutativity of type (Af) gives d (fgxn,

ggxn) ≤ Rd (fxn, gxn).  As n and by (1), we get  fgxn → gt. Also, using 
(ii) we get 

d(ft, fgxn) ≤  a d(gt, ggxn) + b d(ft, gt) + c d(fgxn, ggxn) 
                      + e[ d(ft, ggxn) + d(fgxn, gt)].
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On letting n we get ft = gt, since b + e <1. By the R- weak 
commutativity of type (Af), we have d(fgt, ggt) ≤ Rd (ft, gt).  This gives fgt = 
ggt and fft = fgt = gft = ggt. Using (ii) we get 

d(ft, fft)  ≤  a d(gt, gft) +  b d(ft,gt)  + c d(fft, gft) 
                   + e[ d(ft, gft) + d(fft,gt)]  
                =   (a + 2e) d(ft, fft),

that is, (1 – a – 2e ) d(ft, fft) ≤ 0.  Hence ft = fft =gft and ft is a common 
fixed point of f and g.

Next, suppose that fgxn   ft. Then f X    gX implies that ft = gu for 

some u X and fgxn gu. R-weak commutativity of type (Af) now implies 

d (fgxn, ggxn)  ≤ Rd(fxn, gxn).   As n we get ggxn → gu. Now, using (ii) 

d(fu, fgxn) ≤ a d(gu, ggxn) + b d(fu,gu) + c d(fgxn, ggxn) 
                   + e[d(fu,ggxn) + d(fgxn,gu)].

As n we get fu = gu, since b+e < 1. Again, R-weak commutativity of 
type (Af) implies 
d(fgu,ggu) ≤ Rd(fu, gu). This gives fgu = ggu and ffu = fgu = gfu = ggu.
Finally, using(ii), we get 

d(fu, ffu) ≤ a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu) 
                    + e[ d(fu, gfu) + d(ffu, gu)] 
                 = (a + 2e) d(fu, ffu),

that is, (1 – a – 2e)d(fu, ffu) ≤ 0. Hence fu = ffu = gfu and fu is a common 
fixed point of f and g.

Uniqueness of the common fixed point theorem follows easily in each of 
the three cases. We now give examples, one for compatible mappings and 
one for noncompatible mappings, to illustrate Theorem 1.

Example: 1. Let X = [0,10] and d be the usual metric on X. Define f, g 
: X → X by 
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fx =    3    if x = 3 and x > 4                                  
1 if 3 < x ≤ 4 and x < 3,                                                     and   

      gx =    3         if x = 3
                 9         if 3 < x ≤ 4 and x < 3

     5 -     if x > 4

Then f and g satisfy all the conditions of Theorem 1 and have a unique 
common fixed point at x = 3. f and g satisfy the contraction condition (ii) for 
a = , b = , c = , e = .The mappings f and g are R-weakly commuting 

of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are 
weakly reciprocally continuous. To see this, let {xn} be a sequence in X such 
that fxn → t, gxn → t for some t. Then t = 3 and either xn = 3 for each n or xn

= 4 + . If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3.  If xn = 4 + 

then fxn = 3, gxn = 5 - → 3, fgxn =  f =1≠ f3 and gfxn = g3 = 3. 

Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. Hence f and g are weakly 
reciprocally continuous.  It is also obvious that f and g are not reciprocally 
continuous mappings. These computations also show that f and g are non 
compatible.

Example: 2. Let X = [1, 10] and d be the usual metric on X. Define f, g 
: X → X by 

fx =      5      if x ≤  5         and    gx =              if x ≤ 5

                   3      if x > 5                                   9         if x > 5.  

Then f and g are weak reciprocally continuous and compatible mappings 
which satisfy all the conditions of Theorem 1 and have a unique common 
fixed point at x = 5. f and g satisfy the contraction condition (ii) for a = , b

= , c = , e = . To see that f and g are weak reciprocally continuous, let 

{xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 5 and 
either xn = 5 for each n or xn = 5 –  where → 0 as n →∞. If xn = 5 for 

each n, fgxn = 5 = f5 and gfxn = 5 = g5. If xn =  5 –    then fxn = 5, gxn =
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→ 5, fgxn = f = 5 = f5 and gfxn = g5 = 5.Hence f and g are 

reciprocally continuous and, therefore, weak reciprocally continuous 
mappings. To see that f and g are compatible, let {xn} be a sequence in X 
such that fxn → t and gxn → t for some t. Then t = 5 and either xn = 5 for 
each n or xn = 5 –  where → 0 as n →∞.If xn = 5 for each n, fgxn = 5 = 

f5, gfxn = 5 = g5 and d(fgxn, gfxn)=0. If xn =  5 –    then fxn = 5,  gxn = 

= 5 – → 5, fgxn = f = 5 = f5, gfxn = g5 = 5 and                      

limn → ∞ d(fgxn, gfxn) = 0. Hence f and g are compatible.

Example 1 given above pertains to noncompatible mappings. For 
noncompatible mappings we can extend Theorem 1 to nonexpansive 
condition. We do this in the next theorem by letting a=1 in condition (ii) of 
Theorem 1.

Theorem: 2. Let f and g be weakly reciprocally continuous 
noncompatible selfmappings of a metric space (X, d) satisfying 

(i)         fX  gX 

(ii) d(fx, fy) ≤  d(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy, 
gx)]   with  0 ≤ b, c, e < 1, and b+c+2e <1

(iii) d(fx, f2x) < d (gx, g2x) whenever gx ≠ g2x.

       If f and g are R-weakly commuting of type (Ag) or R - weakly 
commuting of type (Af) then  f and g have a common fixed point.

Proof: Since f and g are noncompatible maps, there exists a sequence 
{xn} in X such that fxn → t and gxn → t for some t in X but either    
limnd(fgxn, gfxn) ≠ 0 or the limit does not exist.  Since    fX  gX, for each xn

there exists yn in X such that fxn = gyn. Thus fxn → t, gxn → t, gyn→t as       
n → ∞. By this and using (ii) we obtain fyn → t.  Therefore, we have 

(2)                          fxn → t,  gxn → t ,  gyn→t,   fyn → t .

Suppose that f and g are R-weakly commuting of type (Ag). Now, weak 
reciprocal continuity of f and g implies that fgxn   ft or gfxn   gt.  
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Similarly, fgyn → ft or gfyn → gt.  Let us assume that gfyn   gt.              
Then R-weak commutativity of type (Ag) of f and g gives                              
d (ffyn, gfyn) ≤ Rd(fyn, gyn).  On letting n we get  ffyn → gt. Also, using 
(ii) we get  

                d(ffyn, ft) ≤ d(gfyn, gt) + bd(ffyn, gfyn) + cd(ft, gt) 
                                   + e[d(ffyn, gt) + d(ft, gfyn)].    

On letting  n we get d( gt, ft)  ≤ c d(ft, gt)  + e d(ft, gt). This implies       
ft = gt, since c + e <1. Again, by the R- weak commutativity of type (Ag),   
d (fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft and fft = fgt = gft = ggt. If ft ≠ fft
then using (iii) we get d(ft, fft) < d(gt, ggt) = d(ft,fft), a contradiction.  
Hence ft = fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgyn   ft. Then fX  gX implies that ft = gu for some      

u X and fgyn = ffxn ft=gu. Thus fgyn → ft = gu and ffxn → gu. Hence   R-
weak commutativity of type (Ag) of f and g yields d (ffxn, gfxn) ≤ R d (fxn, 

gxn).  As n we get gfxn → gu that is ggyn → gu. Now, using (ii) 

                  d(fgyn, fu) ≤  d(ggyn, gu) + b d(fgyn, ggyn) +c d(fu, gu) 
                                      + e[ d(fgyn, gu) + d(fu, ggyn)].  

As n we get d(gu, fu) ≤ (c + e) d (gu, fu). This implies that fu = gu,
since c+e < 1. Again,   R-weak commutativity of type (Ag) of f and g 
implies, d (ffu, gfu) ≤ R d(fu, gu). This gives ffu  =  gfu and ffu = fgu = gfu = 
ggu. If  fu ≠ ffu  then using  (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu),
a contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f
and g.

Finally, suppose that f and g are R-weakly commuting of type (Af). Now, 
weak reciprocal continuity of f and g implies that fgxn   ft or gfxn   gt.  

Similarly, fgyn → ft or gfyn → gt. Let gfxn   gt. Then we have ggyn = gfxn → 
gt. Hence, R-weak commutativity of type (Af) gives d(fgyn, ggyn) ≤ Rd(fyn, 

gyn). As n   we get fgyn → gt that is, ffxn → gt. Also, using (ii) we get 

d(ffxn, ft)  ≤  d(gfxn, gt) + b d(ffxn, gfxn) +  c d(ft, gt) 
                      + e[ d(ffxn, gt) + d(ft, gfxn)].



22                              Giniswamy, C. Jeyanthi and P. G. Maheshwari 

On letting n we get d(gt, ft)  ≤  (c + e) d(ft, gt).  This implies  ft = gt,  
since  c + e <1. By the   R- weak commutativity of type (Af), d (fgt, ggt) ≤ 
Rd (ft, gt).  This gives fgt  = ggt and fft = fgt = gft = ggt. If ft ≠ fft then by 
using (iii) we get d(ft, fft)  <  d(gt, ggt) =  d(ft, fft), a contradiction. Hence ft
= fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgxn   ft. Then fX  gX implies that ft = gu for some 

u X. Hence R-weak commutativity of type (Af) implies d(fgxn, ggxn)  ≤

Rd(fxn, gxn).  As n we get ggxn → gu. Now, using (ii)

            d(fgxn, fu) ≤ d(ggxn, gu) + b d(fgxn, ggxn) + c d(fu, gu) 
                                +  e[d(fgxn, gu) + d(fu, ggxn)]. 

As n we get fu = gu, since c+e < 1. Again, R-weak commutativity of 
type (Af) of f and g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu ≠ ffu
then using (iii),  we get d(fu, ffu)  <  d(gu, ggu)  =  d(fu, ffu), a 
contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and 
g.

Example: 3. Let X = [0, 10] and d be the usual metric on X. Define f, g
: X → X by 

fx =     3      if x ≤ 3            and    gx  =       6 – x        if x ≤ 3
           5      if x > 3                                    10           if x > 3

         
Then f and g satisfy all the conditions of Theorem 2 and have a common 

fixed point at x = 3, f and g satisfy the contraction condition (ii), for any b, 
c, e such that 0 ≤ b, c, e < 1 and b+c+2e <1 together with condition (iii). 
The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) 
≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To 
see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. 

Then t = 3 and xn = 3   for each n or xn = 3 – where
1

0
n
 as n →∞. If xn

= 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3. If xn = 3 –   then fxn = 3, 

gxn = 6 – xn  → 3 as n →∞, fgxn =  f = 5 ≠ f3 and  gfxn = g3 = 3.  

Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. Hence f and g are weak 
reciprocally continuous.  It is also obvious that f and g are not reciprocally 
continuous mappings. To see that f and g are noncompatible, consider a 
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sequence {xn} in X such that xn = 3 -  . Then fxn →3, gxn →3,  fgxn  → 5 , 

gfxn → 3 as n → ∞. Therefore limn → ∞ d(fgxn, gfxn) ≠ 0, Hence f and g are   
noncompatible.

The next theorem further generalizes Theorem 1 and Theorem 2 by 
allowing a to take any non-negative value.

Theorem: 3. Let f and g be weakly reciprocally continuous 
noncompatible selfmappings of a metric space ( X, d) satisfying

  (i) fX  gX 

(ii) d(fx, fy) ≤  ad(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy,

                         gx)]   with  a ≥ 0,  0 ≤ b, c, e < 1 and b+ c+2e <1

(iii) d(fx, f2x) < d(gx, g2x) whenever gx ≠ g2x.

      
If f and g are R-weakly commuting of type (Ag) or R- weakly commuting of 

type (Af) then   f and g have a common fixed point.

Proof: Since f and g are noncompatible maps, there exists a sequence 
{xn} in X such that fxn → t and gxn → t for some t in X but either limnd(fgxn, 
gfxn) ≠ 0 or the limit does not exist.  Since  fX  gX, for each xn there exists 
yn in X such that fxn = gyn. Thus, fxn → t, gxn → t and gyn→t as n → ∞. By 
this and using (ii) we obtain fyn → t.  Therefore, we have 

(3)              fxn → t,  gxn → t ,  gyn→t,   fyn → t.

Suppose that f and g are R-weakly commuting of type (Ag). Now, weak 
reciprocal continuity of f and g implies that fgxn   ft or gfxn   gt.   

Similarly, fgyn → ft or  gfyn → gt.  Let us assume that gfyn   gt.  Then R-
weak commutativity of type (Ag) of f and g gives d(ffyn, gfyn)  ≤ Rd(fyn, gyn).
On letting   n we get ffyn → gt. Also, using (ii) we get

               d(ffyn, ft) ≤ ad(gfyn, gt) + b d(ffyn, gfyn) +  c d(ft, gt)  

                                    + e[ d(ffyn, gt) + d(ft, gfyn)].

On letting n we get d(gt, ft)  ≤ c d(ft, gt)  + e d(ft, gt). This implies ft = 
gt, since c + e <1. Again, by the R- weak commutativity of type (Ag), d(fft,
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gft)  ≤ Rd(ft, gt).  This gives fft = gft and fft = fgt = gft = ggt. If ft ≠ fft then 
using (iii) we get d(ft, fft)  <  d(gt, ggt)  =  d(ft, fft), a contradiction.  Hence 
ft = fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgyn   ft. Then fX    gX implies that ft = gu for 

some u X and fgyn  = ffxn ft. Thus fgyn → ft = gu  and  ffxn → gu.  R-
weak commutativity of type (Ag) of  f and g yields d(ffxn, gfxn)  ≤ Rd(fxn, 

gxn).  As n we get gfxn → gu that is ggyn → gu. Now, using (ii) we get

           d(fgyn, fu) ≤ ad(ggyn, gu) + b d(fgyn, ggxn) +c d(fu, gu) 
                               + e[d(fgyn, gu) + d(fu, ggyn)].

As n we get d(gu, fu) ≤ (c + e) d(gu, fu). This implies that fu = gu, 
since c+e < 1. Again,    R-weak commutativity of type (Ag) of f and g
implies d (ffu, gfu)  ≤ Rd(fu, gu).  This gives  ffu  =  gfu  and  ffu  = fgu = gfu 
= ggu. If fu ≠ ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a 
contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and 
g.

Finally, suppose that f and g are R-weakly commuting of type (Af). 
Now, weak reciprocal continuity of f and g implies that fgxn   ft or gfxn   

gt.  Similarly, fgyn → ft or gfyn → gt. Let gfxn   gt. Then we have ggyn = 
gfxn → gt. R-weak commutativity of type (Af) gives d(fgyn, ggyn) ≤ Rd (fyn, 

gyn). As n we get fgyn → gt that is ffxn → gt. Also, using (ii) we get

           d(ffxn, ft)  ≤  ad(gfxn, gt) + bd(ffxn, gfxn) +  c d(ft, gt)  
                                  + e[ d(ffxn, gt) + d(ft, gfxn)]. 

On letting n   we get d(gt, ft)  ≤  (c + e) d(ft, gt).  This implies ft = gt, 
since c + e <1. R- weak commutativity of type (Af) implies  d(fgt, ggt)  ≤  
Rd (ft, gt).  This gives fgt = ggt and fft = fgt = gft = ggt. If ft ≠ fft then by 
using (iii) we get d(ft, fft)  <  d(gt, ggt) =  d(ft,fft), a contradiction. Hence ft 
= fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgxn   ft. Then fX  gX implies that ft = gu for some 

u X. R-weak commutativity of type (Af) now implies d(fgxn, ggxn) ≤ 

Rd(fxn, gxn). As n we get ggxn → gu. Now, using (ii) we have

                 d(fgxn, fu) ≤ ad(ggxn, gu) + b d(fgxn, ggxn) + c d(fu, gu) 
                                      + e[d(fgxn, gu) + d(fu, ggxn)]. 
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As n we get fu = gu, since c+e < 1. Again, R-weak commutativity of 
type (Af) of f and g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu ≠ ffu
then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction.  
Hence fu = ffu = gfu and fu is a common fixed point of f and g.
The next example illustrates Theorem 3.

Example: 4. Let X = [0, 10] and d be the usual metric on X. Define f, g 
: X → X by 

              3      if x ≤ 3                               6 – x     if x ≤ 3
         fx =    7      if  x > 3       and    gx =      7           if  x >3.

         
Then f and g satisfy all the conditions of Theorem 3 and have two common 
fixed points at x = 3 and x = 7. f and g satisfy condition (ii) for a = 3, b = 0 , 
c = 0 , e = 1/5 together with the condition (iii). The mappings f and g are R-
weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  
And f and g are weakly reciprocally continuous. To see this, let {xn} be a 
sequence in X such that fxn → t, gxn → t for some t. Then t = 3 or t=7 and xn

= 3 for each n or xn = 3 -  or xn > 3 for each n. If xn = 3 for each n, fgxn = 3 

= f3 and gfxn = 3 = g3.  If xn = 3 -    then fxn = 3, gxn = 6 – xn → 3, fgxn= 

f = 7 ≠ f3 and gfxn = g3 = 3.Thus limn→∞ gfxn = g3 but limn→∞ fgxn

≠ f3. If xn > 3 for each n then fxn = 7, gxn = 7, fgxn = f7 = 7 and gfxn = g7 = 
7. Thus limn→∞ gfxn = g7 and limn→∞ fgxn = f7. Hence f and g are weak 
reciprocally continuous.  It is also obvious that f and g are not reciprocally 
continuous mappings. To see that f and g are noncompatible, consider a 
sequence {xn} in X such that  xn  =  3 -  . Then fxn →3, gxn →3, fgxn → 7, 

gfxn → 3 as n → ∞. Therefore limn→ ∞ d(fgxn, gfxn) ≠ 0, Hence f and g are 
noncompatible.
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1. Introduction

    Kannan2 in 1968 proved a fixed point theorem for a map satisfying a contractive condition that did not require continuity at each point. Most of the common fixed point theorems for contraction mappings invariably require a compatibility condition besides assuming continuity of at least one of the mappings. From then onwards, the study of common fixed points of mappings satisfying contractive conditions has been an area of vigorous research activity. Sessa3 defined concept of weakly commuting. Then Jungck generalized this idea first to compatible mappings4,5 and then to weakly compatible mappings6. In 1999, Pant7 introduced concept of reciprocal continuous and obtained a common fixed theorem for compatible mappings in which the fixed point was a point of discontinuity for all the mappings. The present paper employs the recent notion of weak reciprocal continuity to obtain new fixed point theorems for compatible as well as non compatible mappings.

Definition: 1. Two self maps f and g of a metric space (X, d) are called compatible if limn d(fgxn, gfxn) = 0 , whenever {xn}  is a sequence in X such that limn fxn = limn gxn = t for some t in X. Thus the mappings f and g will be noncompatible if there exists at least one sequence {xn} such that limn fxn = limn gxn = t for some t in X but limn d(fgxn, gfxn) is either nonzero or nonexistent.

Definition: 2. Two selfmappings  f  and  g of a metric space  (X, d)  are  called  R-weakly commuting8 at a point x in X if d(fgx, gfx)  ≤ Rd(fx, gx) for some R > 0. The two self-maps f and g are called pointwise R-weakly commuting on X if given x in X there exists R > 0 such that d(fgx, gfx) ≤ R d(fx, gx).

Definition: 3. Two selfmappings f and g of a metric space (X, d) are called R-weakly commuting of type (Ag) if there exists some positive real number R such that  d(ffx, gfx) ≤ Rd(fx, gx)  for all x in X. Similarly, two selfmappings f and g of a metric space (X, d) are called R-weakly commuting of type (Af) if there exists some positive real number R such that d(fgx, ggx) ≤ Rd(fx, gx) for all x in X.

Definition: 4. Two selfmappings f and g of a metric space (X, d) are called reciprocally continuous if limn→∞ fgxn = ft and limn→∞ gfxn = gt whenever {xn} is a sequence such that limn fxn= limn gxn =t for some t in X.

Definition: 5. Two selfmappings f and g of a metric space (X, d) are called weakly reciprocally continuous if limn fgxn = ft or limn gfxn = gt whenever {xn} is a sequence such that limn fxn= limn gxn = t for some t in X.

2. Main Results


Theorem: 1. Let f and g be weakly reciprocally continuous self mappings of a complete metric space (X, d) such that 


 (i) fX ( gX 


(ii) d(fx, fy) ≤ a d(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy, gx)]  with  0 ≤ a, b, c, e < 1 and  0 ≤ a +b+c+2e <1.


       If f and g are either compatible or R-weakly commuting of type (Ag) or R-weakly commuting of type (Af ) then f and g have a unique common fixed point.


Proof: 
Let xo be any point in X. Then since fX  (  gX,  there exists a sequence of points  xo, x1, x2, …xn,… such that xn+1 is in the preimage under g of fxn that is, 


                     fxo = gx1, fx1 = gx2, …,fxn=gxn+1,…


Also define a sequence {yn} in X by  


(1)                                        yn = fxn = gxn+1       n = 0,1,2,…                                             


We claim that {yn} is a Cauchy sequence. Using (ii) we have  


                d(yn, yn+1)  = d(fxn, fxn+1)



                            ≤ a d(gxn, gxn+1) + b d(fxn,gxn) + c d(fxn+1, gxn+1) 

                                     + e[  d(fxn, gxn+1) + d(fxn+1,gxn)]


                                  = a d(yn-1, yn) + b d(yn,yn-1) + c d(yn+1, yn) 

                                     + e[ d(yn, yn) + d(yn+1,yn-1)]


or


       d(yn, yn+1) ≤[image: image2.png] d(yn-1, yn) = k d(yn-1, yn), where k= [image: image4.png] < 1.


Also for every integer p > 0, we get 


          d(yn, yn+p) ≤  d(yn, yn+1) + d(yn+1, yn+2) + . . . +d(yn+p-1, yn+p) 



                     ≤ (1 + k + k2 + . . . + kp-1) d(yn, yn+1)



                     ≤ [image: image6.png] kn d(yo, y1).

That is d(yn, yn+p) [image: image7.png] 0 as n [image: image8.png] [image: image9.png]. Therefore, {yn} is a Cauchy sequence. Since X is complete, there exists a point t in X such that yn [image: image10.png]  t as n [image: image11.png] [image: image12.png]. Moreover, yn = fxn = gxn+1 [image: image13.png]  t.


Suppose that f and g are compatible mappings. Now, weak reciprocal continuity of f and g implies that fgxn [image: image14.png]  ft or gfxn [image: image15.png]  gt.  Firstly let gfxn [image: image16.png]  gt. Then compatibility of f and g gives limn d(fgxn, gfxn) = 0. As n [image: image17.png] [image: image18.png] we get fgxn [image: image19.png]  gt. Using (1) this yields fgxn+1 = ffxn [image: image20.png]  gt.  Using (ii) we get



     d(ft, ffxn) ≤ a d(gt, gfxn) + b d(ft,gt) + c d(ffxn, gfxn) 

                             + e[ d(ft, gfxn) + d(ffxn,gt)]. 


On letting n [image: image21.png] [image: image22.png] we get ft = gt, since b+e <1. Since compatibility implies commutativity at coincidence point, we get fft = fgt =gft =ggt.  Using (ii) we get 



d(ft, fft) ≤ a d(gt, gft) + b d(ft,gt) + c d(fft, gft) + e[ d(ft, gft) + d(fft,gt)] 




       = (a + 2e) d(ft, fft), 


that is, ft = fft.  Hence ft = fft =gft and ft is a common fixed point of f and g.



Next, suppose that fgxn [image: image23.png]  ft. Then fX  (  gX implies that ft = gu for some u [image: image24.png] X and fgxn [image: image25.png] gu.   Compatibility of f  and  g implies gfxn  [image: image26.png] gu.   By virtue of (1) this gives   fgxn+1 = ffxn → gu. Using (ii) we get 


d(fu, ffxn) ≤ a d(gu, gfxn) + b d(fu, gu) + c d(ffxn, gfxn) 

                  + e[ d(fu, gfxn) + d(ffxn, gu)]. 


As n [image: image27.png] [image: image28.png] we get fu = gu, since b+e < 1.  Compatibility of f and g gives fgu = ggu = ffu = gfu. Finally, using (ii), we get


d(fu, ffu) ≤ a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu) 

                 + e[ d(fu, gfu) + d(ffu, gu)] 


                          = (a + 2e) d(fu, ffu),


 that is, fu = ffu.  Hence fu = ffu = gfu and fu is a common fixed point of f and g.



Now suppose that f and g are R-weakly commuting of type (Ag). Weak reciprocal continuity of f and g implies that fgxn [image: image29.png]  ft or gfxn [image: image30.png]  gt.  Let gfxn [image: image31.png]  gt. Then R-weak commutativity of type (Ag) of f and g gives d (ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n [image: image32.png] [image: image33.png] we get   ffxn → gt. Also, using (ii) we get 

            d(ft, ffxn)  ≤  a d(gt, gfxn)  +  b d(ft,gt) +  c d(ffxn, gfxn)  

                                  + e[ d(ft, gfxn) + d(ffxn,gt)].     

On letting n [image: image34.png] [image: image35.png] we get ft = gt, since b + e <1.   R- weak commutativity of type (Ag) implies       d(fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft or fft = fgt = gft = ggt. Using (ii) we get 

d(ft, fft)  ≤  a d(gt, gft) +  b d(ft,gt)  + c d(fft, gft) 

                  + e[ d(ft, gft) + d(fft,gt)] 


 

             =   (a + 2e) d(ft, fft),

 that is, ft = fft.  Hence ft = fft =gft and ft is a common fixed point of f and g.


Next, suppose that fgxn [image: image36.png]  ft. Then  fX ( gX implies that ft  =  gu  for some u [image: image37.png] X and fgxn [image: image38.png] gu. By virtue of (1) this gives ffxn → gu. R-weak commutativity of f and g of type (Ag) gives d(ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n [image: image39.png] [image: image40.png] we get     gfxn → gu. Now, using (ii) we have

d(fu, ffxn) ≤ a d(gu, gfxn) + b d(fu, gu) + c d(ffxn, gfxn) 

                    + e[ d(fu, gfxn) + d(ffxn, gu)].  

As n [image: image41.png] [image: image42.png] we get fu = gu, since b+e < 1. Again, R-weak commutativity of type (Ag) implies 


d(ffu, gfu)  ≤ Rd(fu,  gu).  This gives ffu =gfu and ffu = fgu = gfu = ggu. 

Finally, using (ii) we get


             d(fu, ffu) ≤ ad(gu, gfu) +  bd(fu, gu) + c d(ffu, gfu) 

                              + e[ d(fu, gfu) + d(ffu, gu)]


                            = (a + 2e) d(fu, ffu), 

that is, fu = ffu, since a + 2e < 1. Hence fu = ffu = gfu and fu is a common fixed point of f and g.



Finally, suppose that f and g are R-weakly commuting of type (Af). Now, weak reciprocal continuity of f and g implies that fgxn [image: image43.png]  ft or gfxn [image: image44.png]  gt.  Let gfxn [image: image45.png]  gt. Then R-weak commutativity of type (Af) gives d (fgxn, ggxn) ≤ Rd (fxn, gxn).  As n [image: image46.png] [image: image47.png] and by (1), we get  fgxn → gt. Also, using (ii) we get 

d(ft, fgxn) ≤  a d(gt, ggxn) + b d(ft, gt) + c d(fgxn, ggxn) 

                      + e[ d(ft, ggxn) + d(fgxn, gt)].


 On letting n [image: image48.png] [image: image49.png] we get ft = gt, since b + e <1. By the R- weak commutativity of type (Af), we have d(fgt, ggt) ≤ Rd (ft, gt).  This gives fgt = ggt and fft = fgt = gft = ggt. Using (ii) we get 

d(ft, fft)  ≤  a d(gt, gft) +  b d(ft,gt)  + c d(fft, gft) 

                   + e[ d(ft, gft) + d(fft,gt)]  


                =   (a + 2e) d(ft, fft),


 that is, (1 – a – 2e ) d(ft, fft) ≤ 0.  Hence ft = fft =gft and ft is a common fixed point of f and g.



Next, suppose that fgxn [image: image50.png]  ft. Then f X  (  gX implies that ft = gu for some u [image: image51.png] X and fgxn [image: image52.png] gu. R-weak commutativity of type (Af) now implies d (fgxn, ggxn)  ≤ Rd(fxn, gxn).   As n [image: image53.png] [image: image54.png] we get ggxn → gu. Now, using (ii) 

d(fu, fgxn) ≤ a d(gu, ggxn) + b d(fu,gu) + c d(fgxn, ggxn) 

                   + e[d(fu,ggxn) + d(fgxn,gu)].


 As n [image: image55.png] [image: image56.png] we get fu = gu, since b+e < 1. Again, R-weak commutativity of type (Af) implies 


d(fgu,ggu) ≤ Rd(fu, gu). This gives fgu = ggu and ffu = fgu = gfu = ggu. Finally, using(ii), we get 

d(fu, ffu) ≤ a d(gu, gfu) + b d(fu, gu) + c d(ffu, gfu) 

                    + e[ d(fu, gfu) + d(ffu, gu)] 


                 = (a + 2e) d(fu, ffu),


 that is, (1 – a – 2e)d(fu, ffu) ≤ 0. Hence fu = ffu = gfu and fu is a common fixed point of f and g.



Uniqueness of the common fixed point theorem follows easily in each of the three cases. We now give examples, one for compatible mappings and one for noncompatible mappings, to illustrate Theorem 1.


Example: 1.  Let X = [0,10] and d be the usual metric on X. Define f, g : X → X by 





fx =    3    if x = 3 and x > 4                                   


1 if 3 < x ≤ 4 and x < 3,                                                     and
  



      gx =    3         if x = 3


                 9         if 3 < x ≤ 4 and x < 3




     5 - [image: image58.png]    if x > 4


Then f and g satisfy all the conditions of Theorem 1 and have a unique common fixed point at x = 3. f and g satisfy the contraction condition (ii) for a = [image: image60.png] , b = [image: image62.png] , c = [image: image64.png] , e = [image: image66.png] .The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 3 and either xn = 3 for each n or xn = 4 + [image: image68.png] . If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3.  If xn = 4 + [image: image70.png] then fxn = 3, gxn = 5 - [image: image72.png] → 3, fgxn =  f[image: image74.png] =1≠ f3 and gfxn = g3 = 3. Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. Hence f and g are weakly reciprocally continuous.  It is also obvious that f and g are not reciprocally continuous mappings. These computations also show that f and g are non compatible.


Example: 2. Let X = [1, 10] and d be the usual metric on X. Define f, g : X → X by 





fx =      5      if x ≤  5         and    gx =       [image: image76.png]       if x ≤ 5


                   3      if x > 5         
                          9         if x > 5.  



Then f and g are weak reciprocally continuous and compatible mappings which satisfy all the conditions of Theorem 1 and have a unique common fixed point at x = 5. f and g satisfy the contraction condition (ii) for a = [image: image78.png] , b = [image: image80.png] , c = [image: image82.png] , e = [image: image84.png] . To see that f and g are weak reciprocally continuous, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 5 and either xn = 5 for each n or xn = 5 –  [image: image86.png] where [image: image88.png] → 0 as n →∞. If xn = 5 for each n, fgxn = 5 = f5 and gfxn = 5 = g5. If xn =  5 –  [image: image90.png]  then fxn = 5, gxn = [image: image92.png] → 5, fgxn = f[image: image94.png] = 5 = f5 and gfxn = g5 = 5.Hence f and g are reciprocally continuous and, therefore, weak reciprocally continuous mappings. To see that f and g are compatible, let {xn} be a sequence in X such that fxn → t and gxn → t for some t. Then t = 5 and either xn = 5 for each n or xn = 5 –  [image: image96.png] where [image: image98.png] → 0 as n →∞.If xn = 5 for each n, fgxn = 5 = f5, gfxn = 5 = g5 and d(fgxn, gfxn)=0. If xn =  5 –  [image: image100.png]  then fxn = 5,  gxn  =  [image: image102.png]  = 5 – [image: image104.png] → 5, fgxn = f[image: image106.png] = 5 = f5, gfxn  = g5 = 5 and                      limn → ∞ d(fgxn, gfxn) = 0. Hence f and g are compatible.



Example 1 given above pertains to noncompatible mappings. For noncompatible mappings we can extend Theorem 1 to nonexpansive condition. We do this in the next theorem by letting a=1 in condition (ii) of Theorem 1.


Theorem: 2. Let f and g be weakly reciprocally continuous noncompatible selfmappings of a metric space (X, d) satisfying 

(i)         fX ( gX 

(ii) d(fx, fy) ≤  d(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy, gx)]   with  0 ≤ b, c, e < 1, and b+c+2e <1

(iii) d(fx, f2x) < d (gx, g2x) whenever gx ≠ g2x.

       If f and g are R-weakly commuting of type (Ag) or R - weakly commuting of type (Af) then  f and g have a common fixed point.


Proof: Since f and g are noncompatible maps, there exists a sequence {xn} in X such that fxn → t and gxn → t for some t in X but either     limnd(fgxn, gfxn) ≠ 0 or the limit does not exist.  Since    fX ( gX, for each xn there exists yn  in X such that fxn = gyn. Thus fxn → t, gxn → t, gyn→t as        n → ∞. By this and using (ii) we obtain fyn → t.  Therefore, we have 

(2)                           fxn → t,  gxn → t ,  gyn→t,   fyn → t .

Suppose that f and g are R-weakly commuting of type (Ag). Now, weak reciprocal continuity of f and g implies that fgxn [image: image107.png]  ft or gfxn [image: image108.png]  gt.  Similarly, fgyn → ft or gfyn → gt.  Let us assume that gfyn [image: image109.png]  gt.              Then R-weak commutativity of type (Ag) of f and g gives                              d (ffyn, gfyn) ≤ Rd(fyn, gyn).  On letting n [image: image110.png] [image: image111.png] we get  ffyn → gt. Also, using (ii) we get  

                 d(ffyn, ft) ≤ d(gfyn, gt) + bd(ffyn, gfyn) + cd(ft, gt) 

                                   + e[d(ffyn, gt) + d(ft, gfyn)].    

On letting  n [image: image112.png] [image: image113.png] we get d( gt, ft)  ≤ c d(ft, gt)  + e d(ft, gt). This implies       ft = gt, since c + e <1. Again, by the R- weak commutativity of type (Ag),   d (fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft and fft = fgt = gft = ggt. If ft ≠ fft then using (iii) we get d(ft, fft) < d(gt, ggt) = d(ft,fft), a contradiction.  Hence ft = fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgyn [image: image114.png]  ft. Then fX ( gX implies that ft = gu for some      u [image: image115.png] X and fgyn = ffxn [image: image116.png] ft=gu. Thus fgyn → ft = gu and ffxn → gu. Hence   R-weak commutativity of type (Ag) of f and g yields d (ffxn, gfxn) ≤ R d (fxn, gxn).  As n [image: image117.png] [image: image118.png] we get gfxn → gu that is ggyn → gu. Now, using (ii) 

                   d(fgyn, fu) ≤  d(ggyn, gu) + b d(fgyn, ggyn) +c d(fu, gu) 

                                       + e[ d(fgyn, gu) + d(fu, ggyn)].  

As n [image: image119.png] [image: image120.png] we get d(gu, fu) ≤ (c + e) d (gu, fu). This implies that fu = gu, since c+e < 1. Again,   R-weak commutativity of type (Ag) of f and g implies, d (ffu, gfu) ≤ R d(fu, gu). This gives  ffu  =  gfu and ffu = fgu = gfu = ggu.  If  fu ≠ ffu  then using  (iii), we get  d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f and g.


Finally, suppose that f and g are R-weakly commuting of type (Af). Now, weak reciprocal continuity of f and g implies that fgxn [image: image121.png]  ft or gfxn [image: image122.png]  gt.  Similarly, fgyn → ft or gfyn → gt. Let gfxn [image: image123.png]  gt. Then we have ggyn = gfxn → gt. Hence, R-weak commutativity of type (Af) gives  d(fgyn, ggyn) ≤ Rd(fyn, gyn). As n [image: image124.png] [image: image125.png]  we get fgyn → gt that is, ffxn → gt. Also, using (ii) we get 

d(ffxn, ft)  ≤  d(gfxn, gt) + b d(ffxn, gfxn) +  c d(ft, gt) 

                      + e[ d(ffxn, gt) + d(ft, gfxn)].


 On letting n [image: image126.png] [image: image127.png] we get d(gt, ft)  ≤  (c + e) d(ft, gt).  This implies  ft = gt,  since  c + e <1. By the   R- weak commutativity of type (Af), d (fgt, ggt) ≤ Rd (ft, gt).  This gives fgt  = ggt and  fft = fgt = gft = ggt. If ft ≠ fft then by using (iii) we get d(ft, fft)  <  d(gt, ggt) =  d(ft, fft), a contradiction. Hence ft = fft = gft and ft is a common fixed point of f and g.



Next, suppose that fgxn [image: image128.png]  ft. Then fX ( gX implies that ft = gu for some u [image: image129.png] X. Hence R-weak commutativity of type (Af) implies d(fgxn, ggxn)  ≤ Rd(fxn, gxn).  As n [image: image130.png] [image: image131.png] we get  ggxn → gu. Now, using (ii)

            d(fgxn, fu) ≤ d(ggxn, gu) + b d(fgxn, ggxn) + c d(fu, gu) 

                                 +  e[d(fgxn, gu) + d(fu, ggxn)]. 

 As n [image: image132.png] [image: image133.png] we get fu = gu, since c+e < 1. Again, R-weak commutativity of type (Af) of f and g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu ≠ ffu then using (iii),  we get  d(fu, ffu)  <  d(gu, ggu)  =  d(fu, ffu), a contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and g.

Example: 3. Let X = [0, 10] and d be the usual metric on X. Define f, g : X → X by 





fx =     3      if x ≤ 3            and    gx  =       6 – x        if x ≤ 3



           5      if x > 3                                    10            if x > 3



Then f and g satisfy all the conditions of Theorem 2 and have a common fixed point at x = 3, f and g satisfy the contraction condition (ii), for any b, c, e such that 0 ≤ b, c, e < 1 and b+c+2e <1 together with condition (iii). The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 3 and xn = 3   for each n or xn = 3 – [image: image135.png]  where

[image: image136.wmf]1


0


n


®


 as n →∞. If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3. If xn = 3 – [image: image138.png]  then fxn = 3, gxn = 6 – xn  → 3 as n →∞, fgxn =  f[image: image140.png] = 5 ≠ f3 and  gfxn = g3 = 3.  Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. Hence f and g are weak reciprocally continuous.  It is also obvious that f and g are not reciprocally continuous mappings. To see that f and g are noncompatible, consider a sequence {xn} in X such that xn = 3 -  [image: image142.png] . Then fxn →3, gxn →3,   fgxn  → 5 , gfxn → 3 as n → ∞. Therefore limn → ∞ d(fgxn, gfxn) ≠ 0, Hence f and g are   noncompatible.



The next theorem further generalizes Theorem 1 and Theorem 2 by allowing a to take any non-negative value.


Theorem: 3. Let f and g be weakly reciprocally continuous noncompatible selfmappings of a metric space ( X, d) satisfying 

  (i) fX ( gX 


 (ii) d(fx, fy) ≤  ad(gx, gy) + b d(fx, gx) + c d(fy, gy) + e[ d(fx, gy) + d(fy,

                         gx)]   with  a ≥ 0,  0 ≤ b, c, e < 1 and b+ c+2e <1


(iii) d(fx, f2x) < d(gx, g2x) whenever gx ≠ g2x.


 If f and g are R-weakly commuting of type (Ag) or R- weakly commuting of type (Af) then   f and g have a common fixed point.


Proof:
Since f and g are noncompatible maps, there exists a sequence {xn} in X such that fxn → t and gxn  → t for some t in X but either limnd(fgxn, gfxn) ≠ 0 or the limit does not exist.  Since   fX ( gX, for each xn there exists yn in X such that fxn = gyn. Thus, fxn → t, gxn → t and gyn→t as n → ∞. By this and using (ii) we obtain fyn → t.  Therefore, we have 

 (3)               fxn → t,  gxn → t ,  gyn→t,   fyn → t.

Suppose that f and g are R-weakly commuting of type (Ag). Now, weak reciprocal continuity of f and g implies that fgxn [image: image143.png]  ft or gfxn [image: image144.png]  gt.   Similarly, fgyn → ft or  gfyn → gt.  Let us assume that gfyn [image: image145.png]  gt.  Then R-weak commutativity of type (Ag) of f and g gives d(ffyn, gfyn)  ≤ Rd(fyn, gyn).


On letting   n [image: image146.png] [image: image147.png] we get ffyn → gt. Also, using (ii) we get


               d(ffyn, ft) ≤ ad(gfyn, gt) + b d(ffyn, gfyn) +  c d(ft, gt)  

                                    + e[ d(ffyn, gt) + d(ft, gfyn)].


On letting n [image: image148.png] [image: image149.png] we get d(gt, ft)  ≤ c d(ft, gt)  + e d(ft, gt). This implies ft = gt, since c + e <1. Again, by the R- weak commutativity of type (Ag), d(fft, gft)  ≤ Rd(ft, gt).  This gives fft = gft and fft = fgt = gft = ggt. If ft ≠ fft then using (iii) we get d(ft, fft)  <  d(gt, ggt)  =  d(ft, fft), a contradiction.  Hence ft = fft = gft and ft is a common fixed point of f and g.

Next, suppose that fgyn [image: image150.png]  ft. Then fX  (  gX implies that ft = gu for some u [image: image151.png] X and fgyn  = ffxn [image: image152.png] ft. Thus fgyn → ft = gu  and  ffxn → gu.  R-weak commutativity of type (Ag) of  f and g yields d(ffxn, gfxn)  ≤ Rd(fxn, gxn).  As n [image: image153.png] [image: image154.png] we get gfxn → gu that is ggyn → gu. Now, using (ii) we get

           d(fgyn, fu) ≤ ad(ggyn, gu) + b d(fgyn, ggxn) +c d(fu, gu) 

                               + e[d(fgyn, gu) + d(fu, ggyn)].

As n [image: image155.png] [image: image156.png] we get d(gu, fu) ≤ (c + e) d(gu, fu). This implies that fu = gu, since c+e < 1. Again,    R-weak commutativity of type (Ag) of f and g implies d (ffu, gfu)  ≤ Rd(fu, gu).  This gives  ffu  =  gfu  and  ffu  = fgu = gfu = ggu. If fu ≠ ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and g. 

Finally, suppose that f and g are R-weakly commuting of type (Af). Now, weak reciprocal continuity of f and g implies that fgxn [image: image157.png]  ft or gfxn [image: image158.png]  gt.  Similarly, fgyn → ft or gfyn → gt. Let gfxn [image: image159.png]  gt. Then we have ggyn = gfxn → gt. R-weak commutativity of type (Af) gives d(fgyn, ggyn) ≤ Rd (fyn, gyn). As n [image: image160.png] [image: image161.png] we get fgyn → gt that is ffxn → gt. Also, using (ii) we get

            d(ffxn, ft)  ≤  ad(gfxn, gt) + bd(ffxn, gfxn) +  c d(ft, gt)  

                                  + e[ d(ffxn, gt) + d(ft, gfxn)]. 


On letting n [image: image162.png] [image: image163.png]  we get d(gt, ft)  ≤  (c + e) d(ft, gt).  This implies ft = gt, since c + e <1. R- weak commutativity of type (Af) implies  d(fgt, ggt)  ≤  Rd (ft, gt).  This gives fgt = ggt and fft = fgt = gft = ggt. If ft ≠ fft then by using (iii) we get d(ft, fft)  <  d(gt, ggt) =  d(ft,fft), a contradiction. Hence ft = fft = gft and ft is a common fixed point of f and g. 

Next, suppose that fgxn [image: image164.png]  ft. Then fX ( gX implies that ft = gu for some u [image: image165.png] X. R-weak commutativity of type (Af) now implies d(fgxn, ggxn) ≤ Rd(fxn, gxn). As n [image: image166.png] [image: image167.png] we get ggxn → gu. Now, using (ii) we have

                 d(fgxn, fu) ≤ ad(ggxn, gu) + b d(fgxn, ggxn) + c d(fu, gu) 

                                      + e[d(fgxn, gu) + d(fu, ggxn)]. 

As n [image: image168.png] [image: image169.png] we get fu = gu, since c+e < 1. Again, R-weak commutativity of type (Af) of f and g implies, fgu = ggu and ffu = fgu = gfu = ggu. If fu ≠ ffu then using (iii), we get d(fu, ffu) < d(gu, ggu) = d(fu, ffu), a contradiction.  Hence fu = ffu = gfu and fu is a common fixed point of f and g.


The next example illustrates Theorem 3.


Example: 4. Let X = [0, 10] and d be the usual metric on X. Define f, g : X → X by 



              3      if x ≤ 3                               6 – x     if x ≤ 3


         fx =    7      if  x > 3       and    gx =      7           if  x >3.

Then f and g satisfy all the conditions of Theorem 3 and have two common fixed points at x = 3 and x = 7. f and g satisfy condition (ii) for a = 3, b = 0 , c = 0 , e = [image: image171.png] QUOTE  
 1/5 together with the condition (iii). The mappings f and g are R-weakly commuting of type (Ag) since d(ffx, gfx) ≤ d(fx, gx) for all x in X.  And f and g are weakly reciprocally continuous. To see this, let {xn} be a sequence in X such that fxn → t, gxn → t for some t. Then t = 3 or t=7 and xn = 3 for each n or xn = 3 -  [image: image173.png] or xn > 3 for each n. If xn = 3 for each n, fgxn = 3 = f3 and gfxn = 3 = g3.  If xn = 3 -  [image: image175.png]  then fxn = 3, gxn = 6 – xn  → 3, fgxn= f[image: image177.png] = 7 ≠ f3 and gfxn = g3 = 3.Thus limn→∞ gfxn = g3 but limn→∞ fgxn ≠ f3. If xn > 3 for each n then fxn = 7, gxn = 7, fgxn = f7 = 7 and gfxn = g7 = 7. Thus limn→∞ gfxn = g7 and limn→∞ fgxn = f7. Hence f and g are weak reciprocally continuous.  It is also obvious that f and g are not reciprocally continuous mappings. To see that f and g are noncompatible, consider a sequence {xn} in X such that  xn  =  3 -  [image: image179.png] . Then fxn →3, gxn →3, fgxn → 7, gfxn → 3 as n → ∞. Therefore limn→ ∞ d(fgxn, gfxn) ≠ 0, Hence f and g are noncompatible.
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