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Abstract: A change of Finsler metric L(a, 8)— E(&, E)
=e? [L(a, /5’)+,B] is called conformal Randers change where o is a

function of position of x' only and known as a conformal factor, « is
a Riemannian metric and £ is differential 1-form. The present article

is devoted to study the necessary and sufficient condition for a
conformal randers change of douglas space of second kind of a Finsler
space to be a douglas space of second kind. Further we are discussed
the conformal randers change of Finsler space with special

(a, B)—metrics of douglas space of second kind.
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1. Introduction
The notation of Douglas space was introduced by S. Bacso and M.

Matsumoto® as a generalization of Berwlad space from the view point of
geodesic equations. It is remarkable that a Finsler space is a Douglas space



290 M. Ramesha and S. K. Narasimhamurthy

if and only if the Douglas tensor vanishes identically. The condition for
Finsler space with (a, 8)—metric to be of Douglas type studied by M.

Matsumoto® I. Y. Lee®, defined a Douglas space of second kind and he
proved that the Finsler space with the Matsumoto metric to be a Douglas
space of second kind. S. K. Narasimhamurthy and G. N. Latha kumari*,
worked on Douglas space of second kind of Finsler space with
(a, B)—metric.

Conformal transformation of Douglas space with special (a, 8)—metric

have been studied by S. K. Narasimhamurthy®. And also S. K.
Narasimhamurthy, Ajith and C. S. Bagewadi®, studied on the necessary and

sufficient condition for Douglas space with (a, 8)—metric under
conformal g -change. S. K. Narasimhamurthy, Ajith and C. S. Bagewadi’

worked on conformal change of Douglas space of second kind with
(a, B)—metrics. H. S. Sukhla, O. P. Pandey and H. D. Joshi®, finds the

condition that conformal Randers change of Finsler space with
(a, B)—metric of Douglas type yields a Finsler space of Douglas type.

The present article is organized as follows: ‘In the first part, we are
devoted to study the necessary and sufficient condition for conformal
randers change of Douglas space of second kind to be Douglas space of

second kind, i.e., K!™ are homogeneous polynomial in (ym) of degree

two. In the next part, we are discussing about conformal randers change of
Finsler space with special («, #)-metrics of Douglas space of second

kind.

2. Preliminaries

Let F" =(M n L) be an n-dimensional Finsler space, where M " be a
n—dimensional differential manifold and L(x, y) is the fundamental
function defined on the manifold T™M, of non zero tangent vectors. We
assume that L(x, y) is positive and the metric tensors gi,.(x)%aiajﬁ is

positive definite, where 9, =%.

A Finsler space F"=(M", L) is said to have an (a, §)—metric, if
L(e, B) is positively homogeneous function of degree one in two variables
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a’=a;(x)y'y! and g=b,(x)y', where « is Riemannian metricand 2 is
differential 1-form. From the differential 1-form B(x, y)=b;(x)y', we
define:

i ih i

ilis

i ih i
=byj=byi, sj=asy;, s;=b;sj,

b'=a"b,, b>=b'b,.

The geodesic of an n-dimensional Finsler space F" =(M " L) are given
by the system of differential equations®:

ddztfy"—ddzt)ij y'+2(G'y’-Gly')=0, y‘=dd—xti,
in a parameter t. The function G'(x, y) is given by
2Gi(x, y):gij(yréjﬁrF—ajF)zyzkyjyk,
where g, =£, F =|‘72 and g'(x, y) be the inverse of the Finsler metric

tensor g;;(x, y).

According to', a Finsler space F" is of Douglas type if and only if the
Douglas tensor

D/, =G\ —ﬁ(eijkyh +G;;00 +G 87" +Gyo7] ),

vanishes identically, where G, =6kGi“j is the hv— curvature tensor of the

Berwald connection BF:(G}k, G, O), G;; =G/, and G;;, =0,G;; "

ijr

A Finsler space F" is said to be a Douglas space’, if

(2.1) Di;=G'(x y)y' -G’ (x y)y',
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is homogeneous polynomial in (y‘) of degree three. Thus, a Finsler space
with an (e, 8)—metric is a Douglas space if and only if B =B'y/ -BJy'
are homogeneous polynomial in (yi) of degree three.

Further differentiating (2.1) by y™ and contracting with m and j in the
obtained equation, we have

(2.2) D" =(n+1)G'-Gpy".

A Finsler space F" is said to be Douglas space of second kind if it satisfies
the condition that D" =(n+1)G' -Gy be a homogeneous polynomials

in (y‘) of degree two. And also a Finsler space with an («, B)—metric is
said to be a Douglas space of the second kind if and only if

(2.3) Ba' =(n+1)B' -By',

are homogeneous polynomials in y' of degree two, where B is given
by*'. Again differentiating the above with respect to y", y! and y*, we get

Bri1Tkm = Bri1jk =0.
3. Douglas Space of Second Kind with («, g)—Metric

In this section, we study the condition for a Finsler space F" with an
(a, B)—metric to be a Douglas space of second kind. Now let us consider

the function G'(x,y) of F" with an (a, g)-metric. According to*,
G'(x, y)can be written as,

2G' =yi, +2A",

: L . L, . L . .
BI: a_'B S(|)+C* ﬁ ﬂy|_a aa iy'_gbl ,
L, al L, \«a B

(3.1)
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where,

) ap(Fooly —2aoL 5 )
(B, variL,,)

(3.2 c* , 72=b%a?-p2.

Since 40 =7}, (x)y'y* are homogeneous polynomial in (y‘) of degree
two, equation (3.1) yields

. al o C . a’L o oo

ij_ B (i i aa i i
(3.3 BJ_L—(soyJ—sgy )+ﬁT(b yl—bly )

a a

By means of (2.1) and (3.3), we use the following lemma proved by M.
Matsumoto?,

Lemma 3.1: A Finsler space F" with an («, #)—metric is a Douglas
space if and only if B'' =B'y) —Bly' are hp(3).

Further differentiating (3.3) by y™ and contracting with m and j in the
obtained equation, we have

(n+1)aL, , a{(n+1)a’L,b'+pr°Ay'}

(3.4) B/M= - Sg+ 02 Foo
a’{(n+1)a’QL,L, b +By'}  odL,y’
- L, 02 e
where,

Q=(B’L, +ar’L,,),

a-aoa

(3.5) A=al,L,,,+3L,L,, -3a(L,,)

B zaﬁ}/zLaLﬂLaaa +ﬂ{(37/2 _ﬂz)La _4a72Laa}
xLyL,, +QLL,,
Further, we use the following theorem proved by I. Y. Lee®:
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Theorem 3.1: The necessary and sufficient condition for a Finsler
space F" with an («, B)—metric to be a Douglas space of the second kind

is that, B,™are homogeneous polynomial in (ym) of degree two, where

B!™ is given by (3.4) and (3.5), provided that Q=0.
4. Conformal Randers Change of Douglas Space of Second Kind

Let F"=(M",L)and F"=(M", L) be two Finsler spaces on the same
underlying manifold M " such that L(&, B)=e”[L(a, B)+ 8], then F" is
called Conformaly Randers to F", and the change L—L of metric is
called conformal Randers change of («, 8)—metric. A conformal Randers
change of (a, 8)—metric is expressed as (a, 8)—(a, ), where @=e“a,

B =e°p. Therefore, we have

(4.1) b, =e°b;, b'=e“b',
5% =675 =y', 5, =™y,

Proposition 4.1: A Finsler space with (a, 8)—metric the length b of
b, with respect to the Riemannian metric « is invariant under any
conformal change of («, B)—metric.
According to*, Conformal Randers Change of Christoffel symbols », are

same as conformal change. From (4.1), it follows that conformal Randers
change of Christoffel symbols is given by?;

4.2) 77J-ik=7}k+5}ak+5:<0j—0'iajk,

where o, =00 and o'=a'loc;. From (4.1) and (4.2), we have the
following under conformal Randers change:

Ei“- =e“(bi|j + P8, —O'ibj),
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_ ol 1
r..=e rij+paij—§(biaj+bjai) )

(4.3) S.=e? s--+%(biaj—bjai)}

where p=o,b".

From (4.2) and (4.3), we can easily obtain the following:
Voo =Yoo +200y' —a’c’,

Too :e"[roo + pa’ —O'O,B],

4.4 { b oo ﬂo'i)},

Sy =Sg+ 2(b0'0 pﬂ).

Next, to find the conformal Randers change of B given in (3.3), we first
find the conformal Randers change of C* given in (3.2). Since
L(a B)=e°[L(a, B)+B], we have

(4.5) L

By using (3.2), (4.4) and (4.5), we obtain,
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€' =e”(c*+D"),

where D= aﬁ[(paz ~ooB)L., ~2as, —a(b’o, - pP)(L, +1)J .
(AL, +ar’L,,)

Hence under the conformal Randers change of B'! can be written in the
form:

Bii=B"4+CH,
where
- o o L,+1 o o
(4.6) C"=L%(Séy‘—S&y')—%(cf'y‘—o’y')
a(Lﬂ+1)ao asLaa(paz—aoﬂ) 2a's,L,,

2La i (IBZLa +a72|—aa) La (ﬂZLOI +a?/2Laa)

a‘L,, (L, +1)(b%cy - pB)

byl —bly').
From the equation (3.5), it is clear that
4.7) Q=e?* A=e A, B=e?B.

Now apply conformal transformation to B!™, we obtain
(4.8) By =B+ K",

where,
(n+Da +(n+1)a(Lﬁ.+1)
L, ° 2L

a a

4.9 KM= (Gobi —ﬁai)
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a{(n+1)a’L, b+ gy’ Ay’

+ 02 (paz—aoﬂ)
(37/2_ﬁ2)|‘a
Byl + B .
a?|(n+1)a’QL, b’ + —day?L,, y'
L, +QBL,,
T L, Q2 5o
I B+afr’L,L ., |
o’ (n+1)a’Q(L, +1)L,,b' + (37°-B%)L, y'
+ﬁ Laa
~4ay’L,,
+
2L, Q%
Qazﬂl—aayi 2 asLaayi 2

Thus we state the following:

Theorem 4.1: The necessary and sufficient condition for a conformal
Randers change of Douglas space of the second kind of Finsler space to be

Douglas space of the second kind, is that K."(x) are homogeneous
polynomial in (y”‘) of degree two.

5. Conformal Randers Change of Douglas Space of Second
Kind with special («, g)-metrics

In this section, we extend the study on conformal Randers change of
Douglas space of second kind and obtain the conditions for Douglas space

of second kind with the («, #)-metrics as mentioned below to be a
Douglas space of second kind under conformal Randers change.
Applying Conformal Randers change for the following («, 8)— metrics:
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aZ

(51) Lza, L=7+ﬂ.

5.1 Conformal Randers Change of Douglas Space of Second Kind with
Riemannian metric: First we consider the metric, L=« called as
Riemannian metric. Then we have

(5.2) L,=1,L,,=0,L,,,=0,L,=0.

Since from (3.5), we have

(5.3) Q=p4%, A=0, B=0.
Under the conformal Randers change for Riemannain metric, BI™ can be
written in the form:

(5.4) By =B+ K",

where K '™ from (4.9) is reduced to,

(n +1)a(c70bi —,BO'i) |

5.5 Kim —
(5.5) m >

Now to show the Riemannian metric is Douglas space of second kind under
conformal Randers change, just we have to show that K," isa hp(2).

Since « is irrational function in (y‘) from (5.5), it follows that K!™ is a
hp(2) if and only if

(5.6) (O'Obi —ﬂai):O.

Now the terms of (5.5) reduced to K™ =0.
So K;"=0, ifand only if ob' —b,c' =0. i.e. bjo;—b;o; =0 which gives

o, =bﬁzbi . Conversely, if o, =bﬁ2bi , then o, =bﬁ2,8 and (5.5) implies that
Ki"=0.
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Thus we state that,

Theorem 5.1: Let F"(n>2) be a Finsler space which is transformed

by a conformal Randers change of a Finsler space F" with Riemannian
metric is of Douglas space of second kind to be also Douglas space of

second kind if and only if o; =£b; .
b

5.2 Conformal Randers Change of Douglas Space of Second Kind with

2
the metric L =%+ﬁ:

2
For an (a, B)—metric, L= %+ﬁ . Then we have

2 2
_H =2 =0, =0

5.7 L
( ) a ﬁ aa ﬂ aoa

Since from (3.5), we have

2 3 2.5
2b‘a A=0, B:8b§z
B B
2

Under the conformal Randers change for a metric L =%+ﬁ, B!™ can be

(5.8) Q-

written in the form:
(5.9) BM=B!" 4 K!™
where K '™ from (4.9) is reduced to,

(n+1)g , (n+1)(28°-a)

(5.10) Kim = 2 s+ v (oob' - o)
At )Pt Ly )

2% -
(n+1)( g a)bi+ 1 y
4b?p 2b?

i (bzo'o_/)ﬁ)-



300 M. Ramesha and S. K. Narasimhamurthy

From the equation (5.10), the terms (n +21)ﬂ s+ (n +21)’8

(n+1)ﬂ30bi{(n+1)ﬁ

(n+1)b'

O'Obi+ o5

ot o) 2

are homogeneous polynomial in (yi) of degree 2. So these terms may be
neglected in our discussion and we consider only the terms

b +2;2}(b200_pﬂ)+2biz(bzao_pﬂ)

2
(n+1)a o'+

4p

(n+1)a?

(5.11) Kim—— v

agb' =0.

Since K" =0, from (4.8), we have BI" =B ™.
Thus we state that,

Theorem 5.2: Let F"(n>2) be a Finsler space which is transformed

by a conformal Randers change of a Finsler space F" with the metric
2

L :%Jrﬁ is of Douglas space of second kind to be also Douglas space of

second kind if and only if K™ =0.
6. Conclusion

Let (M“,L) be a Finsler space where M is n-dimensional

differentiable manifold equipped with a fundamental function L. The
conformal transformation between L and L is defined by L =e’L where
o =o(x) is a scalar function on M . we call such two metrics L and L are

conformally related. In 1941, Randers has introduced the Finsler change
L(x,y)=L(x, y)+pB is called as Randers change, where L is the
fundamental Finsleriean function.

Let F"=(M", L)and F"=(M", L) be two Finsler spaces on the same

underlying manifold M " such that L(a, B)=e’[L(a, B)+/], then F" is

called conformaly Randers to F", and the change L—L of metric is called
conformal Randers change of («, 8)— metric.

The conformal Randers change can be considered as generalization of
conformal as well as Randers change. Because if =0, it reduces to
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conformal change and if o(x)=0, it reduces to Randers change. It is

composition of Randers change and conformal change. By using the above
results, we are trying to generalize conformal Randers change which is of

the form L(a, B)=e’[L(a, B)+ ] is of Douglas space of second kind.
The present investigation deals with the necessary and sufficient
condition for a Finsler space with an («, 8)—metric to be a Douglas space
of second kind under conformal Randers change. Further we are discussed
the special («, #)-metrics for conformal Randers change of a Douglas

space of second kind. In this regard we obtain the following results as

follows:

1. The necessary and sufficient condition for a conformal Randers change
of Douglas space of the second kind of Finsler space to be Douglas

space of the second kind, is that K,"(x) are homogeneous polynomial
in (y™) of degree two.
2. Let F"(n>2) be a Finsler space which is transformed by a conformal

Randers change of a Finsler space F" with Riemannian metric is of
Douglas space of second kind to be also Douglas space of second kind if

and only if o, =b£2bi .

3. Let F"(n>2) be a Finsler space which is transformed by a conformal

2
Randers change of a Finsler space F" with the metric L =%+ﬂ is of

Douglas space of second kind to be also Douglas space of second kind if
and only if KI™=0.
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