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1. Introduction

The concept of R—complex Finsler spaces is new in Finsler geometry.
Munteanu and Purcuru* have extended the notion of complex Finsler
spaces to R —complex Finsler spaces by reducing the scalarsto A R. The
outcome was a new class of Finsler spaces called R-complex Finsler
spaces. Nicolta Aldea and Gheorghe Munteanu® studied the
(a, B)—complex Finsler metric and also determined the fundamental
metric tensor and some properties of Hermitian of the complex Randers
metrics. Some important results on R —complex Finsler spaces have been
obtained by Purcuru, Shankar and Baby**. In the present paper, following
the ideas from real Finsler spaces with class of (a, 8)-metrics, we

introduce the notion of R —complex Finsler space with («, #)—metric.
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2. Preliminaries

Let M be a complex Finsler manifold,dim. M =n. The complexified
of the real tangent bundle T_M splits into the sum of holomorphic tangent
bundle TM and its conjugate T'M .

The bundle T'M is in its turn a complex manifold, the local coordinate in a
chart will be denoted by (z*, ) and these are changed by the rules,

’ ’ ’ azlk j
(2.1) 7 =7"(z), UkZEU'-

The complexified tangent bundle of TM™M is decomposed as
T.(TM)=T'(TM)®T™M. A natural local frame for T'(TM) is

{a%’ aik} which is changes by the rules obtained with Jacobi matrix of
n

the above transformations. Note that the change rule of aik contains
Z

thesecond order partial derivatives. Non-linear connection briefly (c.n.c) is

a supplementary distribution is spanned by an adapted frame in

on*

0 0 ;0 . -

H(TM) is —=—-N)——, where N/ are coefficients of the c.n.c and
o0z oz on’

an adapted frame in the coefficient of the c.n.c and they have a certain rule

of changes at the equation (2.1), so that % transform like vectors onthe

base manifold M. Next, we use the abbreviations o, =Gik, S, =%,
A z
0, zéik and d,, 0,, &, for their conjugates. The dual adapted basis of &, ,
n

0, are {dz*, on* =dn* +NJdz'} and, {dz*, 57 *} their conjugates.

We recall that the homogeneity of the metric function of a complex
Finsler space®® is with respect to complex scalars and the metric tensor of
the space is a Hermitian one. The slightly changed the definition of
complex Finsler spaces as
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Definition® 2.1: An R—complex Finsler metric on M is continuous
function F:T™M — R satisifying

(a) L=F?isasmooth on TM \{0};
(b) F(z, n)=0, the equality holds if and only if 7=0;
(€) F(z,An, 7, A7) =|A|F(z,n,Z,77)for all 2eR.

It follows that L is (2,0)-homogeneous with respect to the real scalar 2
and is proved that the following identities are fulfilled;

oL ., oL _, - _. oL
22 —_— I+—. I:Zl_; P I+ = IZ—.,
(2.2) o o 9,7 + 9577 o)
(2.3) —ag"‘.n’ﬁr—ag”:ﬁjzo; agi?ﬁj+—agi?ﬁj=0,
on’ on’ on’ on’
where
2L:gij77l77j+g7jﬁlﬁj ,
9 _62L_ g _62L_g 3 oL
ij 77|77] 4 [ 77|77j 4 [ aﬁlaﬁj :

Definition 2.2: An R —complex Finsler space (M, F)is called («, 8)-
metric if the fundamental function F(z, 7, Z,7) is R—homogeneous by
means of functions «(z,n,z,7)and B(z,n z,7) depends on z', 7', 7'
and 7' (i=12,...n) by means of a(z,7,z,7) and B(z,7 7, 7).

(2.5) F(z.n.z,77)=F(a(z.7.27.7), B(z. 1. 7. 7)),

where,

T - -
a*(z.m.2,0)=5 ('’ +agn'n’ + 207" ),

=Re{a,n'n’ +a,m'7 '},

(2.6) ﬂ(Z,U, z, ﬁ):%(bini+biﬁi)=Re(bi;7i)’
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with

We denote,
@7 Welznz.q), f(z.0.7.7))=F*(a(z.7.2.7), B(z.1.7.77)).

Definition 2.3: An R-complex Finsler space (M, F) is called
Hermitian space, if the tensorg;; =0 and the Hermitian metricg,; is
invertible. An R —complex Finsler space (M, F) is called non-Hermitian
space if the metric tensor g,;=0 and the Hermitian matricg,; is
invertible. Here, g,; andg,; are the metric tensors of the space and are
0 O 0 0

— L and giT:a_niW

given by g”:a_n‘an‘

3. R—Complex Space with Special («, 8)-metrics

Consider g;; and g,; are the metric tensors on R—complex Finsler
space. The Hermitian geometry g;; invertible. We discussed Hermitian

R—complex Finsler spaces, if det(gﬁ)zo and non-Hermitian

R —complex Finsler spaces, if det(gij):o. In this section, we determine
the fundamental metric tensor of complex space with Finsler metric that is

2 2
L=(a+ﬁ+ﬁ—j and obtained condition for property of non-Hermitian
(24

R —complex Finsler spaces.
Consider R —Complex Finsler space with special («, ) -metric,

(3.1) L(a, ,B)z(a+ﬁ+%2) .

2
Then, it follows that F =a+ﬁ+’8—.
o
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Now, we find the following quantities on R —complex Finsler spaces with
the metric (3.1).
From the equations (2.2) and (2.3) with metric (3.1), we have

(3.2) al,+pL,=2L and al, +pL,=L,,

al,+pLly=L,, a’L,, +2apL ,+p°L,, =2L,

where
(3.3) L= oot Lot oL
. « " 5q" Y 8,8’ aﬂ_aaaﬁ’ aa_aaz’ ﬁﬂ_aﬂz
2 2
(3.4 L, = 2[a+ﬂ+ﬂ—](l—’8—j,
a a
2
(3.5) L, =2[a+ﬂ+'8—](1+£j,
a a

(3.6) L, =2 (a+ﬁ+ﬂ—2 (Zﬂzjj{l—ﬂ—z](l—ﬂ—zﬂ,

(3.7) Ly =2_(a+ﬂ+%2](§]+(1+%j(1+%ﬂ,
(3.8) Laﬂ:Z_(aJr,BJr%z](_i"iz}r[lJrg—z (1—%2]]
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fern B 2022

=2[a+ﬂ—ﬂ—2—ﬁ—:}= L, .
a

o

Now, to determine the metric tensors of an R—complex Finsler space
using the following equations as:

0°L(z, n, 7, A7) (27,7, A7)
onon’ 9T anlon

giT:

Each of these being of interest in the following:

We consider,
6_0{': (a'ljnj_’_aiT?]J)_L a_ﬂ'zlbl
on' 2 ! 2al,  on' 2
0% (agn vagn')= L=,
on' 2a‘"’ ! on' 2
where,
Iiz(aijnj+aiTﬁj), IT=a7T+aiT77‘.
We find immediately,
Iif]i+|T77j =2a°.
We denote:
2
L S
on' on' on' a
(3.9) 17 = poli + p1b;

Where



On R-Complex Finsler Space with Special (o, S)- Metric 253

1

(3.10) po=5a'L,
And

1
(311) pl:EL'B.

Differentiating p, and p, with respect to »’ and 7’ respectively, which
yields:

9Py

a_nj:p—ZIJT +pb;
and

P,

8ﬁj _p—ZIT +p—lbj
Similarly

opy | op, | b

o) =14+ Mo, 6_77J T
where,

alL —L L L

3.12 = _Z. =2 =1L
( ) P2 40 P 4o Ho 4

By direct computation, using equation (3.10),(3.11) and equation (3.12), we
obtain the following result.

Theorem 3.1: The invariants of R-complex Finsler space with

2
(a, B)-metric F=a+ﬂ+%, the quantities p,, p,, p,, p, and u, are

given by;

a4—ﬂ4+aﬂ(a2—ﬂ2)
Po = 2 y
o
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2
o) :a+3ﬁ+ﬂ—(3+%j \
o (04
a'+ Bt =20 (a +2B+2p8%)
Po= 7 J
4o
_a’-2p°-ap*(3-2p)
Pa= 2a*
and
3(a® +2p% +2ap)
/'10: 2 ’
2a

subscripts -2,-1,0,1 gives the degree of homogeneity of these invariants.

3.1 Fundamental tensor of R-Complex Finsler space with metric:
Consider the R —complex Finsler space with special (e, £)-metric,

(3.13) L(a, ,B)=a+ﬂ+ﬂ—2.
a

The fundamental metric tensors of R —complex Finsler space with general
(o, f)-metric are given by:

(3.14) 0ij = Pody; + Pl + ugbib; + o, (bl +bil).

Using invariants in theorem 3.1 in equation (3.12) then we have,

- gi,{“ ~p* +ap(a’-p )Ja”

0(2

Il
4o’ b

(a“ + B4 ~2a* B + 2a*p*(a* +2,8+2ﬁ2)J
+

2a? 2a*

+[3(az +2p? +2aﬂ)Jbibj +(a3 _2p° _aﬂ2(3—2ﬁ)J
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x(bjl; +bil;),

(3.16) gijz[az_ﬁ4+aﬂ(a2_ﬂz)Ja”

a'+ Bt =20 B +2a7 B (o +2B+2p%)
+ 1 il

3(a2+2ﬂ2+2aﬁ)Jbb +[a3_2ﬁ3_aﬂ2(3_2ﬁ)j

2a° 2a*

+

x(jl +byl;).

]

The metric tensor g;; and g;; are reduced to

(3.17) g;; =| Aa;; +BII; +Cbb; + Dnyy, |,
(3.18) di; =| Aa; +BIl; +Cbyb; + Dy, |,
where,

_a4—ﬂ4+aﬂ(cx2—ﬂ2)
- . ,

(3.19) A

L at+pt-2a?pt 420 B (@ +2B+257)

7 1

(3.20) B

20

3(a® +2p% +2ap)

2 )

(3.21) c=

2a

_a’-2p-ap*(3-2p)

20*

(3.22) D

We use the following proposition™ for further calculations.
Proposition 3.2: Suppose:
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(€)) (Qi,-)a non-singular n < n complex matrix with inverse (Q )
(b) C,and C; =C,, i=1 2,...,n are complex numbers;

(c) C'=Q’'C, and its conjugates; C*=C'C,=C'C;; H,; =Q,;+CC;.
Then,

i, det(H,;)=(1+C?)det(Q;),

ii. Whenever (1+C?)=0, the matrix H,; is invertible and in this case its

inverse is
. N 1 o
HU=Q''+——cC'C’.
Q 1+C?

We will find the inverse of fundamental metric tensor through the below
theorem:
Theorem 3.3: For a non-Hermitian R —Complex Finsler space with

2

(a, B)-metric F = a+ﬁ+ﬂ—, then they have the following:
(24

I) The contravariant tensor g,; of the fundamental tensor g, is:

2 2
(3.23) g =|Aa’+ °_Bte 2 77i77]+9b‘bj
1+By «a(1+By) ®
o P’ +PQ(n'b! +7°b")Q%b'b’
+£(bln1+bjn|) nn Q(’7 n )Q '
9(1+By) (1+{Py+Qe})vD
where,
2 2
P_l14 B B°Ce . BCe _and Q:qu+ BCey 1
1+By a(1+By) o(1+By) 9  ¢(1+By)

ii) det(Aa,; +BIl, +Cbyb, +Dpy ) =[1+(Py+Qe)VD |

2

Be
{1+ o+~ BJ(M By)det(aij),

where,
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B a’-2p° —aﬂ2(3—2ﬁ)
B 2a”

Proof: We claim of this theorem proved by following three steps:
We write g,; from equation (3.14) in the form.

D

(3.24) g;; =[ Aa;; +BIl; +Cbyb; + Dpyy; .

Step 1: We take Q;; =a;; and C, —/Bl.. By applying the proposition 3.2
we obtain

Q'l=a'l, C?*=C,C'=+/Bl,xa’ x\/BI, =Bxl,a'l, =By,
and
1+C*=(1+By).

So, the matrix H,; =a;; —BII,, is invertible with

i inj

SRV )
1+ By

det(a;; +BIl;)=(1+By)=det(a).
Step 2: Now, we consider

Q; =Aa;; +BIll; and C,=Cb,.
By applying the Proposition (3.2) we have

.. - i
Qii—ali 4 217"
1+ By

o o Bpipl o~
szCiC'zQ“ij=\/Eb{a“+877—77\/6b’} ,
1+ By
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2
c’=C a)+Be .
1+B

2
11C?=1+C|l o+ BE |0,
1+ By

where, e=b,n’, w=bb’.
Its result that the inverse of H;; = Aa;; + Bl +Cb;b; exists and it is

(3.25)

(3.26)

where

and

(3.27)

and

N N 1 o
Hi=Qll+——c'C’,
Q 1+c?

H“=Aa“+BT777 +

) i ) i
b BEN |l Ben’
1+ By

1+By}

1+ By Q@

B2Ce?

H'=Aal + B + 5 n'n!
1+By  ¢(1+By)

BCe ;i i i C.ii
+——(b'n! +b'p')+—=b'b’,
(p(1+57)( 7'+t P

B e?
1+By |

(p=1+C[a)+

det[ Aay; + Bl +Cbibj]:[1+c(a)+

C, =\/577i-

Be
1+B

2

v

ﬂ(u by)det(a;; ),
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Clearly, observe that and obtain

2 2
Qi —Aal | By BEE
1+By T(1+Bj/)
BCe ,; « ., C .
b'n!+b'n')+——>b'b’,
+(1+By)( ( 77)~'—1+B;/
and
Ci:Pni+Qbi1
where
2 2
(3.30) p=|1+| > _ BCe 4, BCe
1+By «a(1+By) o(1+By)
C BCey
(3.31) Q="+—""21,
) (/)(1+By/)
and

ok =(P;/+Qe)«/5,
1+C?=1+(Py+Qe)JVD=0,

clearly, the matrix H,; is invertible

clpi o BEn' (pi, Ben’
Cl_agl 4 Bi]inj+ 1+ By 1+ By

i

|

1+ By 0}

and

. i . j
 clpiaBE i BEn”
Bn'n! 1+ By 1+ By

Ci=pal+{21

1+ By 1)

i

259
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where
C;=Pnn;+PQ(nb;+n;b,)+Qbb;.

Again by applying proposition 3.2 we obtain the inverse of H,; as:

2 2
(3.32) Hil—pali 4| 2y B 10, Chips
1+By  ¢(1+By) @
o Px'ni+P ‘b +7'0")Q%b'b’
B Q(7'b?+70")Q |
p(1+By) (1+{Py+Qe})VD
(3.33) det(Aa,; +BIl +Cbb, + Dy ) =[1+(Py +Qe)D |
2
{1+a)+1li;/}(1+By)det(aij)
But g,; = pH,;, with H;, from last step. Thus
(3.34) gii= Ly
A i)
where,
4 _ 4+ 2 _p2
L ()

aZ

Therefore, from equation (3.32) in (3.34) and the equation (3.32), then we
obtained the claims (i) and (ii). Here, we also observed the terms, y, ¢ and

6 from above theorem 3.1, then immediately wecan stated as;
2
Theorem 3.4: Let F=« +,B+ﬁ— be non-Hermitian R —complex

(04
Finsler space with («, 8)-metric, then they have the following

(3.35) y+y=ln' +lini =a;n'n' +a,n'n’ =2a°,



On R-Complex Finsler Space with Special (o, S)- Metric 261

(3.36) e+e=bpl+bn! =28, 5=e,
where,
) az(a—Z/i’) , at ) )
e L A/ R N S T - 3 M :ajkjk:kk’ =9,
lL.=a,n', n ( ,6’)3 a;n +( ﬂ)3b 14 n'n“=ln*, e=bn’
a- a—

4. Conclusion

The R -complex Finsler space is an important quantities in complex
Finsler geometry and it has well known interrelation with the other

quantities like R —complex Finsler space with class of («, 8)—metrics.
In this paper we determined the fundamental metric tensors g,; and g;; of
R—complex Finsler space with («, 8)—metrics and also find their

determinants. Finally, we studied the property of non-Hermitian
R —complex space with («, 8)—metric.
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