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Abstract: We considered a special (&, ) -metric given by

_ B o’
L—A_L(a+ » ]+A2[a—,8}

where A; and A, are constants, « is Riemannian metric given by
a=(g; (X)y'y")"? and B is one form given by B=b(X)y' and

obtained the Berwald connection and the condition under which a Finsler
space with above metric is a Berwald space. Further main scalar of two
dimensional Finsler space and equations of geodesics of the Finsler space
with this metric have been also determined.
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1. Preliminaries

M. Matsumoto® while studying a Finsler space with («, ) -metric of
Douglas type, introduced a special («, ) -metric given by

(1.1) Leas Do
a

While measuring the slope of mountain with respect to time measure, he?

2
.The metric is called Matsumoto

introduced a metric given by L=

metric. In this paper we have considered a special («, ) -metric, which is
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the linear combination of metric (1.1) and Matsumoto metric, and is given
by

(1.2) L:A(a+ﬂ—2j+A2( Ofﬂ}

if Ay = 0, the above metric is homothetic to Matsumoto metric and if A, =
0, it is homothetic to the metric (1.1). We shall denote the n-dimensional
Finsler space with metric (1.2) as F" and associated Riemannian space by
R".

In the following Riemannian metric « is not supposed to be positive
definite and we shall restrict our discussion to a domain of (X, y), where
S does not vanish. The covariant differentiation with respect to the Levi -

Civita connection {y}k(x)} of R" is denoted by semi-colon. Let us list the
symbols* here for the use

1.3) b'=a"b,, b?=a"h b, 2r, =b,  +b

r ~s?

28y =by; =y,

r=a"r,,si=a"s,, r=b 1", s =bs .

! Yj i roior i

i

The Berwald connection BI'=(G;, ,G}) of F"plays a leading role in the
present paper. We shall denote by B}k the difference tensor® of G}k from

Yk -

(1.4) G (%, ) =75 () + B (%, Y).
Transvecting (1.4) by yk and yi successively, we get
(L.5) Gi=y;;+B}.  2G'=p,+2B,
where B|=0,B', B =0,B, .

It is noted that the Cartan connection also has the non-linear
connection {G}} common to BI'.B'(x, y) is called the difference vector in

the present paper and for an («, ) -metric it is given by?

(1.6) B' =Ey‘+%s§J —a_Lﬂc*KLi_Zbi]'
o L L, a pB

where



On Finsler Space with Special (&, ) - Metric 339

(17) E = &C*, C*= aﬁ(roo L1 Zas Lz) ]/2:b2 a2_ﬁ2’
L 2(8°L +ar’Ly)

and subscripts 1 and 2 denote partial derivatives with respect to « and f

respectively.

2. Finsler space with metric (1.2)

From (1.2) we have

21 L= '-F%7 '—z=—83 7
ala-p) a“(a—-p) a(a—p)
_ 2/3°C, _ 2C, ~ —2BC,
L, as(a_ﬂ)s’ 22 0!(0{——,8)3’ L,= o (0( ,B)
where
(22) H, = A (@’ +p°)a-B)+Aa’,

A =Aa-p)(a+p)+Aa’ (a-2p),
B, = 2AB(a-B)+Aa’, Cy=Al(a-pB)+Ac’.
Since BI'is L-metrical, i.e., L,;=L, «,+L,p,;=0,therefore from (2.1) we

have Ay, +aB; B,; =0 and so

(2.3) o = _%ﬁu :

It is observed that S, =b,; y* + (b, —b, B;)y®, which implies
(2.4) By =t,—2bB".
For the scalar b* we have b%y' = (,b%)y' =2b'(r,; +s,,)y' which shows that
(2.5) b% y' =2(r, +5,).

Next the quadratic form »*=b*ca’ —*=(b*a; —bb,)y' y’, plays a role in
the following. From above equation it is easy to show

(2.6) A g2y = 2A (5, +5,)a? —2B %+ A B(r, — 2b,B").
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The following lemma has been shown:

Lemma (2.1)°. If &®=0(mod B),that is, a;(x)y'y’ contains bi(x) y' as a
factor, then the dimension is equal to two and b? vanishes. In this case we
have & = d, (x)y'satisfying a”=5,and d, b'=2.

In the following we consider that a® == O(mod p).

3. The Berwald space with metric (1.2)
The equation L :aiL—G;f(ak L)=0 is written in the form

(3.1 A, Bly'y, =a’B, (b, —Bib)y’,

where we have put y, =a,, y'.Putting the values of A,and B,from (2.2) and
rearranging, the equation (3.1) may be written in the form

(3.2) P, B;yiyk +Q; (b, —B:.‘ibk)yj
—2a[R, Bf‘.yjyk +S, (bj;i _B;bk)yj]:O’

n

where P, , S, are homogeneous function of degree 4, R; is homogeneous
function of degree 3 and Qs is homogeneous function of degree 5 in « and
[, and these are given as

B3) R =(A+A)'-Ap,  Q=-2Ac"B(a’+p°)
Ri=(A+A)a’f-A B, S,=—a’(AS°-Aa’).

Assume that the Finsler space with metric (1.2) is a Berwald space, i.e,
G, =G}, (x). Then we have B} =B (x),so that Bj y'y, (=B} a,y'y") isa
quadratic from iny. Since P4, S4, Rz, Qs and bj; y' are rational functions of
y' whereas « is an irrational of y', we have

(3.4) P4B;fiyjyk +Q5(D;; _B;'(ibk)yj =0,
and
(3'5) RBB;'(iyjyk+ 84(bj;i_B;<ibk)yj:0,

If «®#0(mod B),then P, S, —Q, R,=0. Hence
Bia,, + Biay, =0, b,.,—Bib, =0.
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The former yields Bjki:o immediately. Consequently the latter gives
b;; =0.

Conversely if b, ; =0, then (1.3) leads to r; =s; =0. Hence (1.6) and (1.7)
lead to B'=0,Bj=0and so Gj =y} (x).Hence F" is a Berwald space.
Therefore we have

Theorem (3.1). The Finsler space with the metric (1.2) is Berwald
space if and only if the vector bj is covariantly constant (b, ;=0) and the

Berwald connection is given by BL'=(y},,7,;,0).
4. Main scalar of two dimensional Finsler space
with («, f) -metric (1.2)

The main scalar | of two dimensional Finsler space F? with metric
L (e, B) is given by>:

LY [T
4.1 12=| = 2
“h e (a] { RE
where ¢ is signature of the space, y*=b*a” -7,
(4.2) T=p(p+ pob2 + P B) (PP, _(pil)z)}yz’
(4.3) p=LLa", p=LL,+L5, p,=(LL,+LL)a",
p,=La”(L,~La)+Lea”

and T, :%. if g denote the determinant of matrix (gi;) and a denote that of

matrix (a;) then in n-dimensional Finsler space with («, f)-metric, we
have>:

(4.4) g=(p"*T)a.
Putting the values of L, Ly, Ly, L1, L2, and Ly, from (2.1) in (4.3) we get
H.A, 2H.C B?
4.5 = 3 , Py = e 3 :
@ P ey iy Wy
> _AB,~2BHC, _2BCH+ Al HiA

da-pt T T e @ py
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where Hs, A4, B3 and C; are given in equation (2.2)
For a two dimensional Finsler space with («, ) -metric, we have®:

(4.6) 9t =(£) (L1+iy2j.
a o a

Substituting the values of L, Ly, Ly, from (2.1) in (4.6), we have

(47) T:HS[(a_ﬂ)AA_'_Z?/ZCB]
a’(a—p)

where Hs, Asand Cs are given in (2.2). From (4.6) it follows that
2 3 2
48) Tzﬂzg[L JLZ(L@%HLJ (HMJ
a a

o o a

oL  6Ad’

B (a-p)
in (4.8) we get

where L,,, =

- Substituting the values of L, Lo, Li2 and Lo

Hs’zBs _ 2
(4.9) T, :3(WJ[(Q B)A, +2y°Cy]
6H;

—W[ﬂ(a—ﬂ)cs —ay A,

where Hs, A4, Bs and Cj are given in equation (2.2). Putting the values of L
in (4.1) we get the main scalar of two dimensional space with metric (1.2)
as

410)  e1P=— 1 4{72(@2},
a’(a—p) 4T

where Hs, T and T, are given by (2.2), (4.7) and (4.9) respectively. Thus we
have the following

Theorem (4.1). The main scalar of two dimensional Finsler space with
(a, B) -metric (1.2) is given by (4.10).

5. Equations of geodesic of a Finsler space with («, ) -metric (1.2)
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By the arc length s (Finslerian parameter) the equations of geodesic of
F" are written in the well- known form®

d*x dx
o ()

S

where functions G'(x, y) are given by

2

2G'=g"(y'0,0,F —o,F), F:"?

Using the parameter 7, (5.1) may be written as

d?x dx 7 dx’
5.2) X ( ]——.—,

"dr r dr

. dr
where 7'=—.
ds

But for an (e, ) -metric L the equation of geodesic is given by®

d*x' 2LL,E
5.3 —+7 + 2s' 1= p'=0,
( ) dfz 7/00 L1 0 Lleﬁ p

where p‘:b‘—ﬁ2 y' and E is given by equation (1.7). Substituting the
(04

values of Ly, Ly, Li; from (2.1) in the expression of C* and E given by (1.7)
we get

(5.4) o @ PlnA, —25,0°B,]
| Al A, +27°C]

__aBilrA, - 25,0°By]
2H,l(a - DA, +27°C]

(5.5)

Putting the values of L, Lj, Ly, Lix and E in (5.3) we get equations of
geodesic for a Finsler space with metric (1.2) as
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2, . 2 _
(5.6) d >§ +7§,0+2aB3 § + 2C,[r, A, —2s,x B3]2 o' =0,
dr A A(a-PBl(a-PB)A +2y°C,]

Theorem (5.1). In terms of arc length 7 in the associated Riemannian
space R" = (M", «)the equations of the geodesic of Finsler space F" with

(a, B) -metric (1.2) are written as (5.6) where 7}k(x) are the Christoffel
sumbols of R" and Ay, Bs, Cs are given by (2.2).
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