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Abstract: In this paper, a nonlinear mathematical model is proposed
and analyzed to study the removal of two gaseous pollutants and the
mixture of particulate matters formed separately by these two gases
from the atmosphere of a city by rain. It is assumed that particulate
matters are formed in the atmosphere by chemical transformations of
two gaseous pollutants emitting in the atmosphere in presence of rain.
The atmosphere, during rain, is assumed to consist of six interacting
phases namely, the raindrops phase, the two phases of gaseous
pollutants, their absorbed phases and the phase of the mixture of
particulate matters. It is also assumed that gaseous pollutants are
removed from the atmosphere by the process of absorption while the
particulate matters are removed only by the process of impaction with
different removal rates. By analyzing the model, it is shown that under
appropriate conditions, these gaseous pollutants and particulate matters
are removed from the atmosphere and their equilibrium levels,
remaining in the atmosphere, would depend mainly upon the rates of
emission of pollutants, growth rate of raindrops and the rate of
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raindrops falling on the ground, etc. It is found that if the rates of
transformations of gaseous pollutants into particulate matters and the
rainfall are very large, then these pollutants may be removed
completely from the atmosphere. The numerical simulations performed
support the analytical findings.

Keywords: Nonlinear model, gaseous pollutants, particulate matters,
precipitation, stability, numerical simulation.

1. Introduction

The most challenging problem that our society faces today is the
removal of gaseous pollutants and particulate matters present in the
atmosphere of a city caused by anthropogenic sources such as industrial
and household emissions, vehicular exhausts, etc. These gaseous pollutants
and particulate matters affect human health, plant species, monuments, etc.
and therefore need to be removed from the atmosphere. In the atmosphere,
particulate matters may be formed due to chemical transformation of gases
or by deposition of gases on the surface of the existing dust particles**. For
example, sulfuric acid vapor (H,SO,) reacts with ammonia (NH;) and

forms ammonium bi-sulfate (NH,HSO,),

SO, + H,0 + NH,(g) » NH,HSO, (p)

Sulfuricacid vapour

Now this ammonium bi-sulfate, in presence of excess ammonia, gives
ammonium sulfate ((NH,),SO,)

NH,HSO, (p) + NH;(9) — (NH,), SO, (p)

Also, SO,is oxidized to H,SO, and may undergo hetero-molecular
nucleation with H,O to form new H,SO, / H,O particles.

Some mathematical models have been proposed to study the
phenomenon of removal of pollutants in a rain system by considering
uniform distribution of rain droplets in the atmosphere*”. Hales’ studied a
linearized model for predicting the washout of gaseous pollutants from
industrial plumes by taking into account the reversibility of adsorption
process assuming the rain to be composed of spherical, non-interacting
drops of static size distribution.
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Some experimental studies also affirm that the pollutants are removed
from the atmosphere by precipitation®#. In particular, the removal of SO,
by rain in an industrial area of Sheffield, U. K. has been studied by Davies®
and significant reduction in its concentration after rain was found. In a
study by Sharma et al.*, the concentrations of suspended particulate
matters were measured in Kanpur city, U.P., India and considerable
decrease in their concentrations during and after monsoon was observed.
Similar results have been reported in***. Further, Guo et al.* have studied
the washout effects of rainfall on atmospheric particulate pollution in two
cities of China and found considerable decrease in the concentration level
of particulate matter PM,s.

It is pointed out here that the process of removal of gaseous pollutants
and particulate matters from the atmosphere by rain is a nonlinear process
and as such it involves bilinear interactions of various phases®®. For
example, Pandis and Seinfeld* studied the interaction between equilibrati-
on processes and wet or dry deposition. They have shown that the equilibr-
ation processes between two atmospheric phases, with different removal
rates, can affect significantly the amount deposited on the ground. Shukla
et al.® presented a nonlinear mathematical model for removal of a single
gaseous air pollutant by rain to study the effect of precipitation on the
equilibrium levels of pollutants in the atmosphere. Shukla et al.*” have also
proposed and analyzed a nonlinear mathematical model for the removal of
a gaseous pollutant and two particulate matters assuming that one
particulate matter is formed from gaseous pollutants. They have shown
that, under appropriate conditions, both the gaseous pollutants and
particulate matters can be washed out from the atmosphere. Shukla et al.®
further developed a mathematical model to study the effect of traffic
pollutants on human population with some control measures such as spray
of liquid drops used for abatement of traffic pollutants. They have shown
that the concentration of traffic pollutants decreases significantly when
some liquid species are sprayed in the atmosphere.

Since various chemical reactions occur in the atmosphere, certain
gaseous species may also get transformed into particulate matters due to
these chemical conversions. This aspect has not been explored in the above
studies. Using this concept, in the present study, we have assumed that two
gaseous pollutants emitted in the atmosphere are converted into two
different particulate matters forming a combined phase of mixture of these
particulates. Thus, a six dimensional nonlinear mathematical model is
proposed to study the removal by rain of these gaseous pollutants and
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mixture of particulate matters formed by these gaseous pollutants from the
atmosphere of a city.

2. Mathematical Model and Description

Consider the atmosphere of a polluted city where the phenomenon of
removal of two gaseous pollutants and the mixture of particulate matters
formed separately by these two gases takes place in presence of water in
the rain system. During rain, both gaseous pollutants and the particulate
matters interact with raindrops and get removed from the atmosphere by
the process of absorption in the case of gases and by impaction in the case
of mixture of particulate matters. The other natural removal phenomenon
such as gravitational settling also occurs. Thus, the following six
interacting phases are taken into account in the atmosphere,

1. The raindrops phase, which occurs due to rain fall.

2. The separate phases of two gaseous pollutants which occur due to
emission of gaseous pollutants into the atmosphere by various
sources such as industries, power plants, vehicles, etc.

3. The phase of the mixture of particulate matters, which is formed
due to transformation of gaseous pollutants to particulate matters in
the atmosphere.

4. The separate absorbed phases of gaseous pollutants due to
absorption of these in raindrops.

Let C,be the number density of raindrops in the atmosphere occurring

with a constant growth rate q, C,,C, be the cumulative concentrations of
two different gaseous pollutants respectively and C, be the cumulative

concentration of the mixture of particulate matters formed by C, and C,in
the atmosphere. Further, C,, and C,, be the concentrations of respective

gaseous pollutants absorbed in the raindrops. It is assumed that the number
density of raindrops may deplete naturally and also due to interactions with
gaseous pollutants (which may be discharged heated). This depletion is
assumed to be directly proportional to the number density of raindrops as
well as the cumulative concentrations of gaseous pollutants (i.e. ,C,C, and

r,C,C,) where rand r, are depletion rate coefficients of raindrops due to
interactions with C, andC, respectively, r, is the natural depletion rate
coefficient of raindrops. Further, Q andQ, be the constant emission rates of
two different gaseous pollutants with their natural depletion rates §,C, and
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6,C, respectively where constantss,and o,are natural depletion rate
coefficients of C, and C,. It is assumed that the absorption of these
gaseous pollutants by raindrops is in direct proportion to the cumulative
concentrations of these pollutants and the number density of raindrops (i.e.
a,CC,, a,C,C, respectively) where constants«, and «, are the removal rate
coefficients of these gaseous pollutants due to interaction with raindrops.
As pointed out above, the two gaseous pollutants are converted to
particulate matters due to chemical transformation with a rate »C, and

7,C, to form a combined phase of the mixture of the particulate matters so
formed where y, and y, are the conversion rate coefficients of
C,and C, respectively into particulate form. The constants ¢, and «, are
the natural depletion rate coefficient and the removal rate coefficient of the
combined phase of particulate matters formed by these gaseous pollutants.

The gaseous pollutants in the absorbed phase may also be removed
naturally with rates kC, and k,C,, wherek, k, are removal rate

coefficients. It is also assumed that the removal of gaseous pollutants in the
absorbed phase is directly proportional to their concentrations in the
respective absorbed phases and the number density of raindrops (i.e.
v,C,C,, and v,C.C,, respectively) where v, v,are their removal rate

coefficients.

In view of the above considerations, the dynamics of the system is
assumed to be governed by the following nonlinear differential equations,

dC

(2-1) d'[r =0q-rC, -rCC, -rC,C,,
dcC
(2.2) d_tl:Q1_51C1_a1C1Cr’
dcC
(2.3) d_t2=Q2_5zcz_azczcrv
dc,
(2.4) F=71C1+y2C2—5pCp—apCpCr,
dC
(2.5) < =¢,C,C, -k C,, -1,C,C,,

dt
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dC
(2.6) Tzazaz C,C, -k,C,, —v,C.Cy,,

withC,(0)>0, C,(0)>0, C,(0)>0,C,(0)>0, C,(0)>0, C,,(0)=0.
3. Equilibrium and Stability Analysis

Now we analyze the model system (2.1) — (2.6) using stability theory of
differential equations which provides a strong mathematical tool to analyze
the qualitative behavior of the solutions of a model system. The model has
only one non-negative equilibrium point namely E*(C;,C, C;, C;,C;,,C,.)
where C/,C/,C,,C,,C,and C,, are the positive solutions of the following
set of simultaneous equations obtained by setting right hand side of model
system (2.1) - (2.6) to zero,

(3.1) C=— 3
r,+rC +r,_C,
(3.2) c=— 2
o,+a,C,
(33) C=— 2,
0,+a,C,
(3.4) C 271C1+72C2
" S,+a,C,
(3.5) . - aGC
k1+vl Cr
(3.6) c, =-%CC
k,+v,C,

To show the existence of E” from equations (3.1)-(3.3), we write

(37) FC)=q-1C,—h—2 ¢ % ¢ 0.
o +a,C, 0,+a,C,
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From above equation, we note that

() F(0)=g>0,
(ii) F[3J<O,
rO
(iii) F/(C)=—r, - A% B%Q 4

G+ C)  (5,+a,C)

Thus, F(C,)=0 has exactly one root (sayC, ) between 0 and L without any
I

0
condition. Using C;, the values of C[, C;,C.,C},and C,, can be found from

(3.2)-(3.6) respectively.

It may also be noted from equations (3.2)-(3.6) that C,, C,,C,,C,,,C,, -0 as
C, — o showing that all the pollutants would be removed completely from
the atmosphere if the number density of raindrops is very high.

Now we check the characteristics of equilibrium values of some
variables with respect to relevant parameter,

(i) Variation of C, withq: We can write equation (3.7) as

Q Q,

rC, +1, C +r,
o,+a,C, 0,+a,C,

C =q.

Differentiating this equation with respect to g ,we get

dc, 1 o
dq r+ r151Q1 + r252Q2 .

° (51-i-6¥1C:r)2 (52+a2 Cr)2

This implies that the number density of raindrops C, increases in the
atmosphere with increase in the growth rate of rain q.
(i) Variation of C, with g : From equation (3.2), we get

~<0 and since 9, >0,
dg
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dc,_dc, dc, g
dg dC, dq

This shows that the cumulative concentration C,of gaseous pollutants
emitted in the atmosphere decreases with increase in the growth rate of
raindrops q .

(iii) Variation of C, with g : Similarly from equation (3.3), we get

it follows that

=— > <0 and since £>0,
dC,  (5,+a,C,) dq

dc, _dc, dc, g
dg dC, dq

Therefore, the cumulative concentration C, of gaseous pollutants also
decreases with increase in the growth rate of raindrops g in the atmosphere.

it follows that

. dC e
It can be easily shown that dqp < 0which indicates that as the growth rate of

raindrops qincreases (i.e. as the rain intensity increases), the cumulative

concentration of mixture of particulate pollutants decreases in the
atmosphere. Now to analyze the stability behavior of the equilibrium point,
we state the following theorems for its local and nonlinear stability.

Theorem 3.1: The equilibrium E"is locally asymptotically stable
without any condition.

Proof: To establish the local stability behavior of E*, we compute the
eigenvalues of the Jacobian matrix evaluated at E™. The three eigenvalues of
the Jacobian matrix are obtained as, —(k, +v,C’),—(k, +v,C’) —(k+w1C,)
and —(5, +«,C;) which are negative. The remaining eigenvalues are given
by the following characteristic equation,

A +al’+a,A+a,=0,

where a, = g +6,+a,C, +a,C’,

r

2, = (1 + ,C,)(S, + onCY) + (8, + rC/)(S, +,C;) +6,nC;
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+(r, +1C)(5, +a,C)) +5,1,C,
8, =[r, (5, + aZC:) +9, I’ZC;] + rzCQ)[(51 + alc:) + 51"101* (6, + aZC:)]

It is easy to check that the conditions of Routh-Hurwitz criterion for the
above characteristics equation i.e. a >0,a,>0,a,>0and aa,>a, are
satisfied. Hence, all the eigenvalues of the Jacobian matrix corresponding to
E"are either negative or have negative real parts. Hence, E’is locally
asymptotically stable.

To establish the nonlinear stability of E", we need the bounds of
dependent variables involved. For this we find the region of attraction for
which we state the following lemma without proof.

Lemma 3.1: The set

Q:{(Cr,CI,C2,C Lco0<c <% o<crc, <2,
r-O §m
0<C,+C, <2 0<c, <« | 22, 122
5 5p s 5

attracts all solutions initiating in the interior of the positive octant,
where &, = min{s,,k;},5, =min{s,,k,} .

Theorem 3.2: Let the following inequalities hold in Q,
(3.8) ra,QC, <%(51+0(1 CHro,,
(3.9) ra,Q,C. < 5(5 +a,CN6,,

then E”is nonlinearly asymptotically stable.

Proof: Consider the following positive definite function about E”,

(3.10) U =2[my(C, ~C))* +m(C, €Y +my(C, ~C.)

+my(C, ~C;)? +m,(C,, - C;,)* +my(C,, -C;,) |,



236 Shyam Sundar, S. N. Mishra and Ram Naresh

where m,,i=0-5 are positive constants to be chosen appropriately.

Differentiating U with respect to ‘t’ along the solutions of the system (2.1) -
(2.6), we get after some simplifications,

dU * *
(3.11) dt =-my(rC, +,C,)(C, -C/)* -m,a,C, (C, - C/)*

-ma,C, (C, —C;)* —myz,C,(C, —C,)* —mr, (C, —C)?

-ms,(C, -C;)* ~m,5,(C, -C;)* ~m5,(C, -C.)°

—m, (k, +¥,C/)(Cp, —Cp)* —my (k, +v,C)(C,, —C)°

~(myrC; +me,C)(C, ~C,)(C, -C)) —(M,C; +m,a,C;)

X(C, —~C/)(C, ~C}) ~me,C:(C, ~C)(C, —Co) + M, (e, ~11Cyn)
x(C, —=C/)(C,, —Cp,) + My (:Cy —:C,,)(C, —C/)(C,, —C;,)
+my,(C, ~C/)(C, -C,) +m,C, (C, -C/)(C,, - Cy,)

+myy,(C, -C;)(C, —C,) +ma,C (C, -C;)(C,, —Cy,) -

Now for (L—Ltj to be negative definite, the following sufficient conditions

must be satisfied

(3.12) (myrC; +ma,C))* < %mom1r051 ,
(3.13) (m,r,C~ +m,a,C,)* < %momzr()&z,
(3.14) m,(«,C,) <Em0r05p,

(3.15) m, (&,C, —v,C,,)* < %mo Rk +vC/),
(3.16) m, (a,C, —v,C,,)* < %moro (k, +v,C),

4
(3.17) m,y,> < 3 m,6,5, ,
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4
(3.18) m,y,” < §m252§p :
(3.19) m(@C.)* <2 m(k +1C),
(3.20) m, (a,C;)* < %mz (k, +v,C)3,.

After maximizing the L.H.S. of above conditions, the stability conditions
can be obtained appropriately.

*

Now choosingm, =1, mlzﬁr*, m, = szr“
alCl azcz
8,0,kC. 4 5,0,1,C,
m3<35pmin 4 ro* 2,ﬂ —e- :,f 2oz
8 5 (apcp) 3 aC 3y, aC,

2 *
m4 < (kl + VlC:) mln E r05m 2~ 2 ,E rl*é‘lg:r * (1
5(y+v,)'Q° 3(xC,) aC,

2 *
m; < (K, +1/2Cr*)min{E o — z r2*522C' }
5(a, +v,)°Q," 3(,C,) ,C,

OLI—LthiII be negative definite provided the conditions (3.8) and (3.9) are

satisfied. This implies that U is a Lyapunov function and hence the theorem
is proved.

Remark: We note here that if the parameters r,r,,«, and «, tend to zero,

the conditions (3.8) and (3.9) are automatically satisfied. This shows that the
removal parameters have destabilizing effect on the system. From these
conditions, we further note that if the rates of emission of both the gaseous
pollutants i.e. QandQ,are small enough then the possibility of satisfying

these is more plausible.
4. Numerical Simulation and Discussion

To study the model system (2.1)-(2.6) numerically, we consider the
following set of parameter values so as to satisfy the stability conditions,
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q=51,=04,1=0.0271,=0.040Q,=4,Q,=2,
51 =0.20, 52 =0.15, 5') =0.35, o = 0.45, a, = 0.30, a, = 0.75,

k, =0.55, k, =0.60, v, =0.65,v, =0.60, 7, =0.16,y, =0.14.

The equilibrium values of different variables in E”are calculated as follows,

C, =11.4334, C; =0.7483, C, = 0.5586,C," = 0.0022, C,, =0.4823, C,, =0.2568 -

The eigenvalues corresponding to E are obtained as follows,

—36.1999,—-31.6198,-29.2798,—0.3998,— 21.7136,—14.4955 .

Since all the eigenvalues are negative and hence E’is locally asymptotically
stable.

The nonlinear stability behavior of E with respect to above parameter
values in C,-C, and C,-C,plane is shown in the Figs. (1)-(2)

respectively. The variation of cumulative concentrations of both the gaseous
pollutants (i.e. C,andC,) and the mixture of particulate matters (C,) with
time ‘t” is shown in Figs. (3)-(5) for different values of growth rate of
raindrops i.e.q=0,10,20. From these figures, it can be seen that the
cumulative concentrations of both the gaseous pollutants (i.e. C,andC,) and
the mixture of particulate matters (C,) decrease as growth rateqof
raindrops increases. This implies that the concentrations of gaseous
pollutants and particulate matters can be washed out significantly if the

intensity of rain increases. It is also noted that in the absence of raindrops in
the atmosphere i.e. q=0, the cumulative concentration of gaseous

pollutants as well as particulate matters increase continuously. In Figs. (6)-
(7), the variation of concentrations of absorbed phases of gaseous pollutants
(i.e. C,andC,,) with time ‘t’ is shown for different values of growth rate of

raindrops i.e. q=10,15,20. It can be noted that the concentrations of gaseous
pollutants in absorbed phases (i.e. C,andC,,) decrease as growth rate of
raindrops qincreases. This is due to the fact that as the intensity of rain

increases, both the gaseous pollutants will be washed out significantly
leading to decline in the concentration of gaseous pollutants in the absorbed
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phases. In Figs. (8)-(9), the variation of concentrations C,, andC,, of the
gaseous pollutants absorbed in raindrops with time ‘t’ at q=>5is shown at
different levels of removal parameters v,andv,respectively. From these

figures, it is observed that the concentrations of both the gaseous pollutants
in absorbed phases decrease with increase in respective removal parameters.
In Fig. (10), the variation of cumulative concentration C_ of the mixture of

particulate matters with time ‘t’ is shown at different levels of conversion
parameters y,and y, of formation of particulate matters. From this figure, it
is seen that the cumulative concentration of particulate matters (C,)

increases with increase in the values of of y,and y,. It is also noted that if
the conversion rate coefficients y,andy, of the two gaseous pollutants to
particulate matters are zero then the equilibrium concentration of particulate
matters (C,) may tend to zero.
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Figure 1. Nonlinear stability in C, —C, plane
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5. Conclusion

A nonlinear mathematical model is proposed for the removal of two
gaseous pollutants and the mixture of particulate matters formed separately
by these two gases from the atmosphere of a city by rain. The removal of
gaseous pollutants is assumed to take place due to absorption by raindrops
falling on the ground while the removal of mixture of particulate matters by
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the processes of impaction or entrapment by falling raindrops. The model
has been analyzed qualitatively using stability theory of differential
equations. It is shown that the gaseous pollutants and consequently formed
mixture of particulate matters can be removed from the atmosphere under
appropriate conditions and the rate of removal would depend upon the rates
of emission of pollutants, the intensity of rain and other removal
parameters. The equilibrium level of two gaseous pollutants and that of the
mixture of particulate matters in the atmosphere has been found to be much
smaller after rain than their corresponding value before rain. It has also
been observed that if the intensity of rain is high enough (large growth rate
of raindrops), the equilibrium concentration of all the pollutants reduces
considerably in the atmosphere and may even lead to complete wash out of
pollutants. The numerical simulations have also been carried out to support
the analytical results quantitatively. Thus, a rain system provides an
important removal mechanism for the gaseous pollutants and particulate
matters formed by these gases in the atmosphere.
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