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Abstract: In the present paper, we study a certain integral modification of
the well known Baskakov operators with the weight function of Beta
basis function. We establish asymptotic Voronovskaja type asymptotic
formula and error estimation in Lp-approximation for these operators.
The linear approximating method, namely steklov mean is used to prove
the main result.

Key words and phrases: Baskakov operators, Lp-approximation, Direct
results, Asymptotic formula, Error estimation.

2000 AMS subject classification: 41A36, 41A25

1. Introduction

For xe[0,o)and « >0, we consider the following type of Baskakov-
Durrmeyer type operators

(1.2) Byg (F(0),%) an,k,a X) fo Bk, (1) f @t

+(1+ax) ™% £(0),

= J‘:Wn,a(x,t) f (t)dt,
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where  p,,, (X)= F(a+k) _ (Otx)k |

I (k+1)r ( j(1+ax) g

(24

. (t)_ar(2+k+1j (at)k—l
" _I(k)r(2+1j(1+at)*“l

and Wh,a (X,t) = Z Pn,k,a (X) bn k. (t)+(1+ax)—n/a st
k=1

Ot being the Dirac’s Delta function.

The operators (1.1) were first introduced by Gupta’. As a special case, for
a =1, these operators reduce to the operators studied by Z. Finta®. The order
of approximation of the operators (1.1) is at best o(n_l) howsoever smooth

the function may be. We will solicit help from the technique of linear
combination of linear positive operators to improve the order of
approximation of the operators (1.1).

The approximation process is defined as follows:
The linear combination B, , (f,k,x) of Byir. L(f®):x), j=0,1,2........k

is defined as:
By, (f,X) dg™ d,” ... d"
. By o (f.,x) d* d* .. d, ™
1.2) mﬂ(tkng By, (f,X) d,* d,2 ... d,*|,
dkn(f x) d* d° . d*
where d,,d,,d,,....... ,d,are k+1 arbitrary but fixed distinct positive

integers and A is the Vandermonde determinant obtained by replacing the
operator's column of the above determinant with the enteries 1. On
simplification (1.2) reduces to
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13 (.kx) ZC(J B, (F %),

where C(j.k) =f!dj—_idi,k¢o, C(0,0)=1.

i%]
Let meN (the set of positive integers) and O<a<b<oo. For fel [a,b],
1<p< o, the m™ order integral modulus of smoothness of f is defined as
o, (f,7,p.[a,b])=Sup|A] f(t)HLp[a’bfmé‘] ,where A" f(t) is the m"
order forward difference of the function f with step length 6 and

O<y< E
m

The spaces AC[a,b] and BV[a,b] are defined as the classes of absolutely
continuous functions and functions of bounded variation over [a,b]

respectively. The seminorm ||f||g, .., is defined by the total variation of
f on [a,b].

Throughout the paper, we assume that
0< a <a,<a, < b3 < b2 < b1 <00, Ii =[ai ,bi], i=1,2,3 and C denotes a

positive constant, not necessarily the same at all occurrences.
For 1< p<oo, let

L5172 (11)={ f eLp[0,0): 1L AC (1 )and £ 22 e Ly (17) ],
for felLy[a,b], 1< p<oo, the Hardy Littlewood Majorant of f is defined

by
he ()= 3up§ij‘ff(t)dt (a<é<h).

E#X

2. Preliminary Results
In order to prove the main results, we shall require the following
Lemmas.
The following lemma gives Ly bound for Hardy Littlewood Majorant h¢ in
terms of f .
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Lemma 2.1: For 1< p<eo and hy, fely[a,b], we have

th HLp[a,b] pi_ln f ”Lp[a,b] '

Steklov mean: Let fely[a,b], 1< p<oo.Then for sufficiently small
n>0, the Steklov mean fr.m of m™ order corresponding to f is defined as

follows:
ni2 \" m
fmm(onm[ j J {FO+E0™ AT O TTd,
-nl2 i=1

m
where tely and u=)t;.
i=1

Lemma 2.2: For the function f;, , (t) defined above, we have
@) fn,m (t) has derivatives up to the order m over I, , fé,rpn_l) is absolutely
continuous on |, fn(”,}]) exists almost everywhere and belongs to L (l,),

®) [,

7,m

‘Lp(lz)gclnira)r(f!nill);r:1,2,3, ..... m,

© | f=Frnllipan < C0, (F,7,1,),
@ | fn Jepan<Call flqp<Cl I,
(e) H ftgmrr? H Lp(I2) < CS ” f ”y’

where Cjs are certain constants that depend on i but are independent of
fand 7.

The next lemma gives a bound for the intermediate derivatives in terms of
highest derivative and the function in L, norm, (1< p <o0).

Lemma2.3* Let 1< p<oo, fely[a,b], X e AC[a,b] and
f“* el [a,b]. Then
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[V agycifl
Lofab]

where Cis are certain constants depending only on j, k, p, aand b.

f ]=1,2,3...K
Lp[a,b]+|| ”Lp[a,b]} =123

Lemma 2.4*: For me N (the set of positive integers) and n sufficiently
large, there holds

0, m=123,....kK,k+1
B, [(t—X)",k,x]=s n"“{Q(m,k,x) +0)}, form=k+2,k+3,....,2k +2
o(n"%M), m=2k +3,2k +4,.......

where Q(m,k,x) are certain polynomials in x of degree m and x €[0,)
is arbitrary but fixed.

Lemma 2.5 : For f eBV(l,), the following inequality holds

o, sOfcw e <onep|

BV (l1)’

L1(12)

where ¢(t) is the characteristic function of 1.

Proof : For each n there exists a non-negative integer r =r(n) such that

rn?<max{b -a,,b,—a} <(r+1)n"2 Then

K =

B, U(t—w)“ df (w)¢(t):x}

L1(12)

r by | x+(1+1)n"Y2 x+(1+1)n~2

<SS IU T s X=X (W) (W] |dt

i=0a, | x+In7Y? X

x—InY2 X

o (W (BT T p(w)df (W) |dt | ox.

x—(l+1)n’1/2 x—(IJrl)n’”2
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Let ¢ ., (w) denote the characteristic function of w in the interval

[x—cn™? x+dn™?], where ¢ and d are non-negative integers. Then we
have

. by [ x+(1+1)n~Y/2 by
K<Z[nzl“ | { | ¢<t)vvn,a<t,x)|t—x|2k*5{M,.ﬂ,o(w)mf (w)@dt

wIn—Y2 by
] BOW,, X t-x { [ Brao W)l df (w) @dt}dx]
x—(1+)n~Y2 a
+| j BOW,, (¢, )]t— x|2k*{ [ B (W) df (w) @dt .
@  ay-n -1/2

Using Fubini's theorem, we get

K < Cpn-@k+/2 {Zr: |4 I:T

1=1 a

by (b by (b
+| L ) dx]l df (w) @ +| [ [ #1a(w) dx} df (w) |}

a1\ a2 ap \ a2

( [ Beoralw) dx] | df (w)|

az

< cn [

BV (l)

In order to prove our main result, we first discuss the approximation in the
smooth subspace LZ"? (1,) or L,[0,c0).

Lemma 2.6: For meNU{0}, if the mth order moment be defined as

U 003 Prs (9] K
Then U,o.¥=1, U, (x)=0and
U, e () =X@+aX)[U] () +mU, ()],
Further, we have the following consequences of U, . (X):
(i) U

(X) is a polynomial in x of degree m, m # 1;

nma
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m+1

(ii) for every xe[0,), U, .. (X) = o{n[zq, where [B ] denotes the

integral part of p.
Lemma 2.7 : Let the function T__ (x), me NU{0}, be defined as

n,ma

Tn,m,a (X) = Bn,a ((t - X)m ! X)

=3 P (00 By (O =)t + (L @X) ™ (-X)"

2X(1+ ax X) and

Then T ,,(X)=1LT,,,(xX)=0, T, (X)=
” . - n—-o

(n—am)T, (X)=x+ax)[T, ,, (X)+2mT,

n,m-1,

X)]+mI+2ax)T, . ,(X)

n>am.

M+l «

Further, we have the following consequences of T, ., (X):
(i) T, o (X) is a polynomial in x of degree m, m # 1;

m+1

(ii) for every xe[0,0), T ., (X) = O[n{z}}’ where [f ] denotes the

integral part of p.

Lemma 2.8: The function z, ., (x),meN® , can be defined as

b 09 =3 Py 00 [, €07 .

Then ., (X) =1, /Jn,l,a(x)=M, n>¢a and

2aa(N+a) x> +(n+2a)(x+2)
(n-a)(n-2«a)

7 (X)=a{ } , N>2a

_|m+l
Consequently for each x €[0,), x, . ,(X) = o(n [ 2 }J
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3. Direct Results

In this section, we establish some direct results viz-VVoronovskaja type
asymptotic formula (Lemma 3.1) and error estimation formula (Theorem
3.2) in terms of higher order integral modulus of smoothness.

Lemma3.1: (i) Let 1< p<oo and f el [0,:0), f®*?eL (1), then
for sufficiently large n, the following inequality holds

Bn,a (f ) k; X) —f H SCln_(k‘*'l) {H f (2k+2)

Lp(12) Lp(ll)+||f|||‘p[0’w)}l

(iFor p=1
Let fel[0,m). If f&*PecBV(l,) with f® eAC(l,), then for all n
sufficiently large, the following inequality holds

B, (f.k,x)—f|

n H f (2k+1)

SCZI’r(kJ'l) {H f (2k+1)
Li(12)

BV (I7) L1(1p) + ” f ||L1[0,oo)}’

where C,=C, (k, p) and C,=C, (k).

Proof: Let p>1. With the given assumptions on f, for xel,and
tel,, we can write

2k+1(t X)J 0 1
f(t)_,zf; j! PR+ (2k+1)!!(t

_ W)(2k+l) f (2k+2) (W) dW

If ¢(t)is the characteristic function of I, then

t

(2k + 1)II(

2k+1

-3 1000
0040

where F(t,x) = f(t)- zil(t )

j=0

_ W)(2k+1) ¢(t) .I: (2k+2) (W) dW

f(x), Vtel, and xel,.

Inview of B, , (Lk,x)=1, we obtain
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B (k)= 10 = 35 10

=1

B, (t=%)" .k, %)

(2k1 1)' na( (t)J" (t W)2k+1 f(2k+2) (W) dW k Xj

+B, . (F(t,x) 1-¢(1)). k, x)

=D )+,

It follows from Lemmas 2.3 and 2.4 that

<ct (]

H f (2k+2)

).

||21||Lp(|2) Lp('Z)

Lp(12)

To estimate X, let hs be the Hardy Littlewood majorant of f(2k+2) o l1.
Then using Holder’s inequality and Lemma 2.7, we get

J, =

B,., [¢(t)j (t— W)L £ 242 (w) i, x]

<B,, [gﬁ(t) jt=x™" ] £ <2 (w)|.| dwl; xj

B 1o #(0) (t= )% |n¢ (0] ),

< {80 {sO A ;X)WHB s 400, ;X)ﬂp}

b, Vp
<cn kD {j W, o (6 %) |he )] dt} .

as

Hence by Fubini's theorem, Lemmas 2.1 and 2.8, we have

bob
<cn-k+Dp f jlww (t,%)|h¢ (t)\p dt dx,

azag

94/

p(12)
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SRl U1
1

since n is sufficiently large,

<cn-(eDp H f k2|

L (|2)
consequently ||J1||L 02 <k [ §(2k+2) .
p(ly)
Thus, we have  [[£,]| < Cn (<0 | £ (Bk+2) Ly
p\il

For xel, and te[0,0)/1, there exist a §>0 such that [t—x|>& which
leads us to what follows

B.. (F (t.x)(1-¢(t)); x)‘ <5 @B, (| f (t)| (t—x)%*2, x)
2k+1 f (J) (X)
=0

=J, +J;.
It follows from Holder’s inequality and Lemma 2.7 that

1
|,| < Cntk {Bw (1 r ;x)}p .

Again, applying Fubini's theorem, we get

B ((t X)2k+j+2 )

9l g, <Cn 1]

Ly(ly) — Lo[0,0) °

Moreover, using Lemmas 2.3 and 2.7, we have

||J3||Lp(|2) <cn kD (” f ”Lp(lz) n H £ (2k+2)

Lpuz))’
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Lp('Z)).

On combining the estimates of X,,%, and Z,, (3.1) follows

Hence 1=,

< Cn—(k+l) U + H f (2k+2)

Lp(lg) | f”Lp[O,oo)

(if) Now let p =1. With the given assumptions on f for almost all x I, and
for t e 11, we can write by Taylor's Theorem,

2k+1
(t X)J £ (D) t 2k+1 ¢ (2k+2)
_ (X) + D] j (t —w)? £ 2D (w) dw,

Hence, if 4(t) is the characteristic function of t in I;. Then

1 ( X) £ (D) b a2k £ (2K+2)
2 M0+ 5 1),1( W) £ 42 (w) chw
+ F(t, X)(1—¢(t)).
Where F(t,x) = f (t Zkﬂ(t X) f 9 (x), for almost all xel, and te[0,).

Operating by B, ,on both sides of the above equation we get

2k+1 f(J)(X)

B, (f(),)—f(x)=)

B, (t=%)",)

=L
(2k1 5 B,, (I (t— )2 £ @2 () (t)dw, X)
B, (F(t,x)A—-¢(t),k,x))
=X+ + 2.

Applying Lemmas 2.3 and 2.4, we have

AN (T WY L

L1<lz))'

Next, using Lemma 2.5, we obtain

[=|

2l (1)

< Cnf(k+1) (H f (2k+1)

BV (1) )
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For all xel, and te[0,00)/I, we can choose a §>0 such that |t—x|>&.
Then

o (F(EX)A=¢®)0)] <

S =&

W, . [ f O (-4 (1)) dedx
0

Z%f na(XJ)‘fj(X)‘.|t—X|j(1—¢(t))dtdx

=J,+J,.
For sufficiently large t, we can find positive constants M and C' such that

O'—;S

(t_x)2k+2
~—————>C' Vxel, and t>M.

Applying Fubini's theorem, we get

|

Now using Lemma 2.8, we have

o

b,

]

2

2

+

o=
< 8

JWM (x, )| f (©)|dxdt:=J,+J,.

QD

2

2k+2

Mbo
Iy <5 D Tw, , (x,)]f ©)[ft—x" " dtdx

0a,
M
<Cn ™ [I£ ()t
0

2k+2
L1 w0020 e
M a

2

<Cn '[ | f (t)ldt, since tis sufficiently large.
M
On combining the estimates of J; and J, we get,

Jy<Cn | ||L1[0’w) .
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Further using Lemmas 2.3 and 2.7 we obtain,

J, < cn kD (” f ” + H f (kD)

Ll[O,oo)

L1(|2))'
Hence

B F@0a-p0:0], <D ([l +r2

Ll(lz))'

Finally combining the estimates of X, , ¥, and X,, we get (3.2).

L (1) j

§ (2ksD)

Consequently, [Z,

<cn (|1

+

L (1) L1[0,0)

Theorem 3.1: Let f eL [0,0),1< p<oo. For all n sufficiently large,
we have

B (£, <M (o2 pt e 2], |

where M is a constant depending on k and p but independent of f and n.

Proof : Let f, 5, o(t) be the Steklov mean of 2k +2)" order

corresponding to f(t) over Iy, where >0 is sufficiently small and
fy,2k+2(t) is defined as zero outside 1. Then we have

[B o (0= 000 0| =[B 0o (F = Fraarko 9
+HB na( Ty 2ke2: K X) = f;;,zk+2”,_p(|2) +H fpok2 = fHLp(lz)

=2, +X, +%;, say.

Let ¢(t) be the characteristic function of 1;, we get
Bn,a (f - f77,2k+2 (t):X)I Bn,a (¢(t)(f - f77,2k+2)(t):x)
+By o =g (Of — 1, 51.2) (1):X)

=J, +J,, say.
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Clearly, the following inequality holds for p=1. For p > 1, it follows from
Holders inequality

b, bs
I|J1|de— J JWna(X t)‘ ,72k+2 (t)‘ dt dx.

azas

Using Fubini's theorem and Lemma 2.8, we get

9.1l

Proceeding in a similar manner, forall p>1

st —f \ .
p(l2) n,2k+2 Lo(13)

<Cn®D)f -1, .,

92,

p(l2) ‘Lp[O,oo) '

Consequently by the property (C) of Steklov mean, we get
5 Cfmeal(Fmp ) 9] )

(2k+1)

H (2k+1) _
Slnce H fn,2k+2 BV (I;) _H 7,2k+2

, by Lemma 2.4 for all p >1it follows that

L (1)
Lp[ovoo)j

<cn (D (77_(k+2)w2k+2 (£ P+ o0y )

in view of properties (b) and (d) of Steklov means.

(k) [ | 5 (2K+2
£, < Cn D (H AF) +H fp2ks2

L p(ll)

Finally by property (c) of Steklov mean

23< Capp (.77, p 1)

Choosing n = nY2 and combining the estimates of X, ¥, and X3 the desired
result follows.
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