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Abstract: In the present paper, we study a certain integral modification of 

the well known Baskakov operators with the weight function of Beta 

basis function. We establish asymptotic Voronovskaja type asymptotic 

formula and error estimation in Lp-approximation for these operators. 

The linear approximating method, namely steklov mean is used to prove 

the main result. 
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1. Introduction 
 

For [0, )x  and 0  , we consider the following type of Baskakov-

Durrmeyer type operators  
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t being the Dirac’s  Delta function.  
 

The operators (1.1) were first introduced by Gupta
1
. As a special case, for 

1  , these operators reduce to the operators studied by Z. Finta
2
. The order 

of approximation of the operators (1.1) is at best 1( )o n  howsoever smooth 

the function may be. We will solicit help from the technique of linear 

combination of linear positive operators to improve the order of 

approximation of the operators (1.1). 

The approximation process is defined as follows:  

The linear combination  , , ,nB f k x of  , ( ): ,d nj
B f t x 0,1,2.......,j k   

is defined as: 
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where 0 1 2, , ,........, kd d d d are 1k   arbitrary but fixed distinct positive 

integers and Δ is the Vandermonde determinant obtained by replacing the 

operator's column of the above determinant with the enteries 1. On 

simplification (1.2) reduces to 
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Let m  (the set of positive integers) and 0 a b   . For [ , ]pf L a b , 

1 ,p    the m
th

 order integral modulus of smoothness of f  is defined as   
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The spaces AC[a,b] and BV[a,b] are defined as the classes of absolutely 

continuous functions and functions of bounded variation over [a,b] 

respectively. The seminorm [ , ]BV a bf  is defined by the total variation of 

f on [a,b]. 

Throughout the  paper, we assume that 
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2. Preliminary Results 
 

In order to prove the main results, we shall require the following 

Lemmas. 

The following lemma gives pL  bound for Hardy Littlewood Majorant fh  in 

terms of f . 
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Lemma 2.1: For 1 p  and fh , [ , ],pf L a b  we have 

                                  
1/

[ , ][ , ]
2 .

1 pp

p
f L a bL a b

p
h f

p



 

 

Steklov mean: Let [ , ] , 1 .pf L a b p   Then for sufficiently small 

0  , the Steklov mean ,mf of m
th

 order corresponding to f  is defined as 

follows: 

               
/2

1
,

/2 1

( ) ( ) ( 1) ( ) ,

m
m

m m m
n m u i

i

f t f t f t dt




 

 

 
     
 
 

  

where 1t I  and 
1

.
m

i
i

u t


   

Lemma 2.2: For the function , ( )n mf t defined above, we have  

(a) , ( )mf t has derivatives up to the order m over ( 1)
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where iC s  are certain constants that depend on i  but are independent of 

f and  . 

The next lemma gives a bound for the intermediate derivatives in terms of 

highest derivative and the function in pL  norm, (1 )p  . 

 

Lemma2.3
3
: Let 1 , [ , ] , [ , ]k

pp f L a b f AC a b     and 
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where iC s  are certain constants depending only on j, k, p, a and b. 
 

Lemma 2.4
4
: For m  (the set of positive integers) and n sufficiently 

large, there holds 
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where ( , , )Q m k x  are certain polynomials in x  of degree m  and [0, )x   

is arbitrary but fixed. 
 

Lemma 2.5 : For 1( )f BV I , the following inequality holds   
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where ( )t  is the characteristic function of 1.I  
 

Proof : For each n there exists a non-negative integer ( )r r n  such that 
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Let , , ( )x c d w  denote the characteristic function of w  in the interval  

1/2 1/2[ , ],x cn x d n    where c and d are non-negative integers. Then we 
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Using Fubini's theorem, we get  

             

(2 1)/2 4

,0, 1

1

, 1,0 ,1,1

( 1)

( )

1 2

1 2

1 2 1 2

1 2 1 2

1

( ) | ( ) |

( ) | ( ) | ( ) | ( ) |

.

b br
k

x l

l a a

b b b b

x l x

a a a a

k

BV I

K Cn l w dx df w

w dx df w w dx df w

Cn f



 

  







 

   
    

     
             



  

     

 

In order to prove our main result, we first discuss the approximation in the 

smooth subspace (2 2)

1( ) [0, ).k
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Lemma 2.6: For  {0}m , if  the mth order moment be defined as 
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Further, we have the following consequences of , , ( )n mU x :  
 

(i) , , ( )n mU x  is a polynomial in x of degree m, m ≠ 1;  
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3. Direct Results  

In this section, we establish some direct results viz-Voronovskaja type 

asymptotic formula (Lemma 3.1) and error estimation formula (Theorem 

3.2) in terms of higher order integral modulus of smoothness.  
 

Lemma 3.1 : (i) Let 1 p   and (2 2)
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In view of , (1, , ) 1,nB k x   we obtain 
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It follows from Lemmas 2.3 and 2.4 that 
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Cn f f       

 

To estimate Σ2, let hf be the Hardy Littlewood majorant of (2 2)kf   on I1. 

Then using Holder’s inequality and Lemma 2.7, we get  
 

                  
2 1 (2 2)

1 ,: ( ) ( ) ( ) ;

t

k k

n

x

J B t t w f w dw x   
 

  
 

  

                        
2 1 (2 2)

, ( ) ( ) .| |;

t
k k

n

x

B t t x f w dw x 
 

 
  

 
  

                     2 2
, ( ) ( ) ( ) ; ,k

n fB t t x h t x     

 

                        
1/1/

(2 2)

, ,( ) ; ( ) ( ) ;
pq pk q

n n fB t t x x B t h t x  
   

   
  

 

 

                          
1

1

1/

( 1)
, ( , ) ( ) .

p
b

pk
n f

a

Cn W t x h t dt
 

  
  

  
  

Hence by Fubini's theorem, Lemmas 2.1 and 2.8, we have 
 

               
2 1

( )2
2 1

( 1)
1 , ( , ) ( ) ,

p I

b b
pp k p

n fL
a a

J Cn W t x h t dt dx
       
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1 2

1 2

( 1)
, ( , ) ( )

b b
pk p

n f

a a

Cn W t x dx h t dt
           

                                   
1

1

( 1) ( )
1

b
pk p

f

a

n
Cn h t dt

n

 


  

 

                                   
1

( 1)

( )
,

p

pk p
f L I

Cn h     

since n is sufficiently large, 

                                   
2

( 1) (2 2)

( )
,

p

p
k p k

L I
Cn f    

consequently  
2 ( )1

( 1) (2 2)
1 ( )

.
p p I

k k

L I L
J Cn f    

 

Thus, we have        
1

( 1) (2 2)
2

( )
.

p

k k

L I
Cn f      

 

For 2 1and t [0, )/Ix I    there exist a 0   such that t x    which 

leads us to what follows  
 

                       

              

     (2 2) 2 2

, ,

( )2 1
2 2

,

0

, 1 ( ) ; ( ) ( ) ,

( )
(( ) , )

!

k k

n n

jk
k j

n

j

B F t x t x B f t t x x

f x
B t x x

j

 



    


 



  

 
 

                                                               2 3: J J  . 

It follows from Holder’s inequality and Lemma 2.7 that 

                                 
1

( 1)

2 , ; .
p pk

nJ Cn B f t x

   

Again, applying Fubini's theorem, we get 
 

                              
2

( 1)

2 ( ) [0, )
.

p p

k

L I L
J Cn f 


  

 

Moreover, using Lemmas 2.3 and 2.7, we have 

                                
2 2 2

( 1) (2 2)

3 ( ) ( ) ( )
,

p p p

k k

L I L I L I
J Cn f f     
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Hence              ( 1) (2 2)

3 ( ) [0, ) ( )2 2
.k k

L I L L Ip p p
Cn f f  



    
 

 

 

On combining the estimates of  1 2 3, and , (3.1) follows     

(ii) Now let 1p  . With the given assumptions on f for almost all 2x I  and 

for 1t I ,  we can write by Taylor's Theorem,  

             
2 1

( ) 2 1 (2 2)

0

( ) 1
( ) ( ) ( ) .

! (2 1)!

jk t
j k k

x
j

t x
f t f x t w f w dw

j k


 




  


   

Hence, if ( )t  is the characteristic function of t  in 1I . Then 
 

       
 

2 1
( ) 2 1 (2 2)

0

( ) 1
( ) ( ) ( )

! (2 1)!

( , )(1 ( )).

jk t
j k k

x
j

t x
f t f x t w f w dw

j k

F t x t


 




  



 

 
 

 

Where  
2 1

( )

0

( )
( , ) ( ),

!

jk
j

j

t x
F t x f t f x

j






   for almost all 2x I and [0, )t  . 

Operating by ,nB  on both sides of the above equation we get 

 

 
 

( )2 1

, ,

1

2 1 (2 2)

,

,

( )
( ( ), ) (( ) , )

!

1
( ) ( ) ( ) ,

(2 1)!

( , )(1 ( ), , )

jk
j

n n

j

t
k k

n
x

n

f x
B f t x f x B t x x

j

B t w f w t dw x
k

B F t x t k x

 













 

  

 


 



  

                                                          

                               1 1 3: .     
 

Applying Lemmas 2.3 and 2.4, we have 
 

 
1 2 1 2 1 2

( 1) (2 1)

1 ( ) ( ) ( )
.k k

L I L I L I
Cn f f       

 

 Next, using Lemma 2.5, we obtain 
 

                             
1 2 1

( 1) (2 1)

2 ( ) ( )
.k k

L I BV I
Cn f      
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For all 2 1and t [0, )/Ix I    we can choose a 0   such that t x   . 

Then  

    
1 2

,
( )

, 1 ( ) ;n
L I

B F t x t x    
2

2

,

0

( , ) ( ) . 1 ( )
b

n

a

W x t f t t dt dx 


                                                                                                                                               

                                       
2

2

2 1

,
0 0

1
( , ) ( ) . 1 ( )

!

bk
jj

n
j a

W x t f x t x t dt dx
j

 




                      

                                                1 2: J J  . 

For sufficiently large t, we can find positive constants M and C' such that  
 

                              
 

2 2

22 2
and t M.

1

k

k

t x
C x I

t






   


 

 

Applying Fubini's theorem, we get 
 

                  

2 2

2 2

1 , 3 4

0

( , ) ( ) : .

b bM

n

a M a

J W x t f t dx dt J J

 
   

 
 
     

 

Now using Lemma 2.8, we have 
 

                  

2

2

2 2(2 2)
3 ,

0

( , ) ( )

bM
kk

n

a

J W x t f t t x dt dx
     

 

                        
( 1)

0

( ) .

M

kCn f t dt    

 

                  
 2

2

2 2

4 , 2 1

1
( , ) ( )

1

kb

n k
M a

t x
J W x t f t dx dt

C t









 
   

 

                       
( 1) ( ) ,k

M

Cn f t dt



     since t is sufficiently large. 

On combining the estimates of 3 4andJ J  we get,  
 

                                      
1

( 1)

1 [0, )
.k

L
J Cn f 


  
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Further using Lemmas 2.3 and 2.7 we obtain, 
 

                                       
1 1 2

( 1) (2 1)

2 [0, ) ( )
.k k

L L I
J Cn f f  


   

Hence  

      
11 2 1 2

( 1) 2 1
, [0, )( ) ( )

( ( , ) (1 ( ); ) k k
n LL I L I

B F t x t x Cn f f    



 
   

 
. 

 

Consequently,   
1 2 1 1 2

( 1) (2 1)

3 ( ) [0, ) ( )
.k k

L I L L I
Cn f f  


    

 

Finally combining the estimates of 1 2 3, and ,    we get (3.2). 
 

Theorem 3.1: Let [0, ), 1 .pf L p     For all n  sufficiently large, 

we have  

         
2

1/2 ( 1)
, 2 2 1 [0, )( )

( , , ) , , , ,
pp

k
n k LL I

B f k x f M f n p I n f    
 

  
 

 

where M is a constant depending on k  and p  but independent of f  and n . 
 

Proof : Let ,2 2( )kf t   be the Steklov mean of (2 2)thk   order 

corresponding to ( )f t  over 1I , where 0   is sufficiently small and 

,2 2( )kf t   is defined as zero outside 1I . Then we have 

 

2
2

22

, ( ) , ,2 2 ( )

, ,2 2 ,2 2 ,2 2 ( )( )

( , , ) ( ) ( , , )

( , , )

p
p

pp

n L I n k L I

n k k k L IL I

B f k x f x B f f k x

B f k x f f f
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   



  

  

   

                                               1 1 3, say.      
 

Let ( )t  be the characteristic function of 1I , we get 

                 
, ,2 2 , ,2 2

, ,2 2

( ( ): ) ( ( )( ) ( ): )

(1 ( )( ) ( ): )

n k n k

n k

B f f t x B t f f t x

B t f f t x
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 





 



  

  
 

 

       1 2 , sayJ J  . 
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Clearly, the following inequality holds for 1p  . For p > 1, it follows from 

Holders inequality 
 

                               
2 2 3

2 2 3

1 , ,2 2( , ) ( ) .

b b b
pp

n k

a a a

J dx W x t f f t dt dx       

 

Using Fubini's theorem and Lemma 2.8, we get  
 

                          
( )2 ( )3

1 ,2 2 .
p I p I

kL L
J f f    

 

Proceeding in a similar manner, for all 1p   
 

                          
( )2 [0, )

( 1)
2 ,2 2

p I p

k
kL L

J Cn f f


 
  . 

 

Consequently by the property ( C ) of Steklov mean, we get 
 

                             ( 1)
1 2 2 1 [0, )

, , , .
p

k
k L

C f p I f   
 

    

 

Since 
1 1 1

(2 1) (2 1)

,2 2 ,2 2( ) ( )
,k k

k kBV I L I
f f 

 

   by Lemma 2.4 for all 1p  it follows that   

                                  
1

( 1) (2 2)
2 ,2 2,2 2

( ) [0, )p p

k k
kk

L I L
Cn f f
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



 
   

 
 

 

            ( 1) ( 2)
2 2 1 [0, )

, , , ,
p

k k
k L

Cn f p I f     
 

   

in view of properties (b) and (d) of Steklov means. 
 

Finally by property (c) of Steklov mean 
 

                                 3 2 2 1, , , .kC f p I    

Choosing 1/2n   and combining the estimates of Σ1, Σ2 and Σ3  the desired 

result follows. 

[ 
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